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ZUSAMMENFASSUNG

Die numerische Simulation komplexer dynamischer Systeme spielt heutzutage eine wichtige
Rolle in der Entwicklung technischer Komponenten. Die Modellgleichungen dieser dynami-
schen Systeme werden héufig mit Hilfe von automatisierten Modellierungsprogrammen er-
stellt und bestehen iiblicherweise aus differentiell-algebraischen Gleichungen (DAEs), d.h.
aus Differentialgleichungen, die das dynamische Verhalten des Systems beschreiben und
daran gekoppelte algebraische Zwangsbedingungen, die diese Dynamik auf eine bestimmte
Mannigfaltigkeit zwingen. Neben den bekannten Schwierigkeiten in der numerischen Losung
von DAEs, wie das Auftreten von Ordnungsreduktionen in den numerischen Verfahren, In-
stabilititen oder das Abdriften der numerischen Losung von der Losungsmannigfaltigkeit,
konnen komplexe Systeme zusétzlich Differentialgleichungen héherer Ordnung enthalten,
oder die Modellgleichungen dndern sich mit der Zeit, so dafl die Systeme zwischen verschie-
denen Systemskonfigurationen schalten, in Abhéngigkeit von Schaltbedingungen. Deswei-
teren treten hiufig differentiell-algebraische Systeme mit strukturierten Koeffizienten auf.

Diese Arbeit beschéftigt sich mit der Analyse sowie mit der numerische Losung von struk-
turierten und geschalteten differentiell-algebraischen Gleichungen. Im wesentlichen werden
drei Schwerpunkte behandelt.

Zunichst werden differentiell-algebraische Systeme zweiter Ordnung betrachtet. Die klas-
sische Ordnungsreduktion, die verwendet wird um gewohnliche Differentialgleichungen ho-
herer Ordnung in Systeme von Differentialgleichungen ersten Ordnung zu iiberfiihren, kann
bei der Anwendung auf differentiell-algebraische Gleichungen zu verschiedenen Problemen
fithren, wie zum Beispiel zu einer Erhohung des Index der DAE oder sogar zum Verlust der
Losbarkeit. Aufgrund dessen wird in dieser Arbeit ein Indexreduktionsverfahren, sowohl
fiir lineare als auch nichtlineare DAE Systeme zweiter Ordnung entwickelt, das basierend
auf Ableitungsfeldern des Systems zweiter Ordnung die Konstruktion eines dquivalenten
differentiell-algebraischen Systems bestehend aus entkoppelten Differentialgleichungen ers-
ter und zweiter Ordnung sowie davon unabhéngigen algebraischen Gleichungen erméglicht.
Dieses reduzierte System besitzt die gleiche Losung wie das urspriingliche System. Weiter
erlaubt das Verfahren die Transformation in ein reduziertes System erster Ordnung von
niedrigem Index sowie eine explizite Losungsdarstellung im Fall von Zeit-invarianten linea-
ren Systemen zweiter Ordnung.

Der zweite Teil der Arbeit befafit sich mit strukturierten differentiell-algebraischen Sys-
temen. Da die Strukturen in den Koeffizientenmatrizen die physikalischen Eigenschaften
des Systems widerspiegeln, sollten diese Strukturen wéihrend der numerischen Losung er-
halten bleiben, um auch die physikalischen Eigenschaften des Systems zu erhalten. In der
vorliegenden Arbeit werden lineare DAEs mit symmetrischen und selbstadjungierten Koef-
fizientenmatrizen untersucht und strukturerhaltende Normalformen fiir symmetrische und
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selbstadjungierte lineare DAE Systeme entwickelt. Es stellt sich heraus, dass eine struk-
turerhaltende strangeness-freie Formulierung sowohl fiir symmetrische als auch fiir selbst-
adjungierte Systeme nur fiir Systeme mit Strangeness Index kleiner oder gleich 1 existiert.
Fiir symmetrische Systeme benotigt man auflerdem weitere starke Voraussetzungen an die
Koeffiezientenmatrizen, um die Struktur erhalten zu konnen. Desweiteren wird ein struk-
turerhaltendes Indexreduktionsverfahren fiir selbstadjungierte lineare DAEs entwickelt, ba-
sierend auf minimaler Erweiterung des Originalsystems, welches eine strukturerhaltende
numerische Behandlung erlaubt.

Der dritte Teil der Arbeit beschéftigt sich mit geschalteten oder so genannten hybri-
den differentiell-algebraischen Systemen, welche auf der Basis von Schaltbedingungen zwi-
schen verschiedenen Zustandsbeschreibungen schalten. Zunéchst wird die Formulierung
dieser Systeme untersucht, sowie die Existenz und Eindeutigkeit von Losungen nach dem
Umschalten. Danach wird die numerische Losung von hybriden differentiell-algebraischen
Systemen behandelt. Hierbei spielt insbesondere die konsistent Re-Initialisierung nach
dem Umschalten und die Behandlung von numerischen Schnattern (sogenanntes "Chat-
tering”) wihrend der numerischen Simulation eine wichtige Rolle. Fiir die konsistenten Re-
Initialisierung wird ein Verfahren verwendet, welches es erlaubt bestimmte Komponenten
des Losungsvektors an der Stelle des Umschaltens festzuhalten, um so die Losung des Ge-
samtsystems auf physikalisch sinnvolle Weise fortzufiithren. Unter Verwendung sogenannter
“Sliding Mode Simulation” ist es moglich das dynamische Verhalten des Systems wahrend
des Schnatterns zu approximieren, um durch die Losung eines Ersatzmodells stdndiges Um-
schalten zwischen verschiedenen Systembeschreibungen und den damit verbundenen hohen
Rechenaufwand zu vermeiden. Eine Modussteuerung fiir die numerische Simulation hybri-
der differentiell-algebraischer Systeme, die die numerische Integration der DAEs mit der
Organisation der Moduswechsel verbindet und Sliding Mode Simulation erlaubt wurde im-
plementiert. Die Funktionalitdt der Modussteuerung wird durch eine Anzahl numerischer
Beispiele illustriert, insbesondere im Hinblick auf elektrische Schaltkreise mit schaltenden
Elementen und mechanische Systeme mit Haft- und Gleitreibung. Desweiteren werden die
grundlegenden Ideen zur Steuerung von linearen geschalteten Deskriptorsystemen betrach-
tet.



ABSTRACT

The numerical simulation of complex dynamical systems nowadays plays an important role
in technical applications. Typically, the dynamical systems arising from automatic model
generating tools are described by differential-algebraic equations (DAEs), i.e., by differ-
ential equations describing the dynamical behavior of the system coupled with algebraic
constraints forcing these dynamics onto a specific manifold. Besides the already known
difficulties in solving DAEs numerically, as e.g. order reduction of numerical methods,
instabilities, or the drift-off from the solution manifold, complex systems additionally can
contain higher order differential-algebraic equations, or the system can switch between
different system configurations or operation modes based on certain transition conditions.
Further, the coefficient matrices of the DAEs can exhibit certain structures.

In this thesis we discuss the analysis as well as the numerical solution of structured and
switched differential-algebraic equations. Basically, the thesis focuses on three topics.
First, second order differential-algebraic equations are considered. It is known that the
classical order reduction that is used to transform higher order ordinary differential equa-
tions into first order systems leads to a number of difficulties when applied to DAEs, as
e.g. an increase in the index of the system or even the loss of solvability. In this thesis,
an index reduction method for linear as well as nonlinear second order DAEs based on
differentiation of the second order system is derived that allows to construct an equivalent
second order system of low index in a numerical feasible way. This approach also enables
the transformation into so-called trimmed first order form of low index and an explicit
representation of solutions in the case of linear time-invariant second order systems.

The second topic involves structured differential-algebraic systems. As the structure of the
coefficient matrices represent certain physical properties of the system the symmetry struc-
ture should be preserved during the numerical solution. In particular, linear differential-
algebraic systems with symmetric and self-adjoint coefficient matrices are considered and
structure preserving condensed forms for symmetric and self-adjoint linear DAEs are de-
rived. It turns out that a structure preserving strangeness-free formulation for symmetric
and self-adjoint systems only exists if the strangeness index of the system is lower or equal
one. For symmetric systems we need in addition strong assumptions on the coefficient
matrices in order to preserve the symmetry. Further, a structure preserving index reduc-
tion method based on so-called minimal extension is investigated that allows a structure
preserving numerical treatment.

The third topic involves switched or so-called hybrid differential-algebraic systems that
switch between different modes of operation based on certain transition conditions. First,
we examine the formulation of hybrid systems and the existence and uniqueness of solu-
tions after switching. Afterwards, the numerical solution of hybrid systems is considered.
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In particular, a consistent reinitialization after mode switching is considered that allows a
continuation of the previous solution in a physical reasonable way by fixing certain com-
ponents of an initial value vector, and the treatment of chattering behavior during the
numerical simulation using so-called sliding mode simulation is studied. A hybrid mode
controller is implemented for the numerical solution of hybrid differential-algebraic systems
that organizes mode switching and allows sliding mode simulation. The functionality of
the mode controller is illustrated by several examples, in particular, considering electrical
circuits with switching elements and mechanical systems with dry friction phenomena. Fur-
ther, the basic concepts for the control of linear hybrid descriptor systems are considered.
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NOTATION

time derivative of z(t), i.e., #(t) = £x(t),

i(t) = La(t), 29(t) = La(t), see Chapter 2
partial derivative of a function f, see Definition 2.1

backward difference, see Definition 6.12

vector norm, see Definition 2.4

sesquilinear form, i.e., (f,g) = [, f7(t)g(t)dt for

f,g € CO(I,R™), see (4.19) and Definition 4.14

transpose of a matrix A € R™"

inverse of a matrix A € R™", see Definition 2.14
Moore-Penrose pseudo-inverse of a matrix A € R"™",

see Definition 2.17

Drazin inverse of a matrix A € R™", see Definition 2.20
number of algebraic variables (in mode [)

coefficients of a BDF method, see (6.16)

coefficients of a Runge-Kutta method, see (6.8)

right-hand side of a linear first order DAE (in mode 1), see (2.5)
set of k-times continuously differentiable functions f : 1 — V
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set of impulsive smooth distributions, see Definition 2.44

set of complex numbers
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number of second order differential variables, see Lemma 3.8
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Dirac delta distribution at a point a € R

domain of z, &, z(®

set of test functions, see Section 2.2.3
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see Definition 4.15
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set of event times for a hybrid time trajectory 77, see Section 5.1
right-hand side of a linear second order DAE;, see (3.6)
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normal force, see Example 5.2
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F F function describing a nonlinear DAE (in mode 1),
see (2.3), (5.3)

r; switching surface, see (5.9)

I boundary of the constraint manifold A!; see (5.10)

9959 switching functions, see Definition 5.3
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Lé-, transition condition, see Definition 5.3
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Ny number of integration intervals, see Definition 5.3
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see Definition 5.3
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o discretization method, see (6.7)

R set of real numbers
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R reachable set in mode 1, see Definition 5.35
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see Definition 5.40
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CHAPTER 1

INTRODUCTION

The numerical simulation of complex dynamical systems nowadays plays an important role
for technical inventions and requires reliable mathematical models of the physical systems
as well as efficient numerical solution methods. In almost all areas of electrical, mechan-
ical, chemical, or traffic engineering the modeling of the dynamics of complex technical
systems is today highly modularized, thus allowing the easy and efficient automatic gener-
ation of mathematical models. Modern modeling tools automatically generate models for
substructures and link them together via constraints. The numerical simulation of these
models, however, exhibits a number of difficulties that have to be dealt with. The dy-
namical behavior of physical processes is usually modeled via differential equations. If the
states of the physical system are in some ways constrained, then the mathematical model
also contains algebraic equations to describe these constraints. Such systems, consisting
of differential and algebraic equations, are called differential-algebraic equations (DAESs).
Differential-algebraic equations arise naturally in the modeling process and are therefore
widely used in the simulation and control of constrained dynamical systems in numerous
applications, such as mechanical systems, electrical circuit simulation, chemical engineer-
ing, fluid dynamics and many other areas. In the following, we present some of the most
important examples.

Mechanical Systems. In the industrial simulation and mathematical modeling of me-
chanical systems the multibody approach is frequently used [34, 130]. A multibody system
is the result of describing a mechanical system by a finite number of bodies with masses
and torques and the interconnections between these bodies. The equations of motion of a
constrained multibody system are given by

M(p7 t)p = fa(p7p7 t) - GT(p7 t))‘a
0=g(p,1).

Here, p € R™ denotes the vector of generalized position coordinates of the mechanical
system with n, degrees of freedom, M (p,t) € R"™" is the mass matrix, which is usu-
ally positive semi-definite and symmetric, and the vector f,(p,p,t) € R™ describes the
applied forces acting on the system. Further, the vector g(p,t) € R™ describes con-
straints restricting the motion of the system which are coupled via the constraint matrix
G(p,t) :== d%g(p, t) € R™™ and the Lagrange multipliers A € R™ to the dynamical sys-
tem. Thus, the multibody approach leads to a nonlinear differential-algebraic equation

(1.1).

(1.1)



2 INTRODUCTION

Linearization of the equations of motion (1.1) along the equilibrium solution or the dis-
cretization of mechanical structures by finite element methods leads to systems of the form

M@)p+C(t)p+ K(t)p = f(1), (1.2)

where M (t) € R™ " is again the mass matrix, C(t) € R"" is the damping matrix that
can also contain Coriolis forces for gyroscopic systems [65, 89], K (t) € R""» is the stiffness
matrix, and f(t) € R" denotes time-dependent external forces. When the leading matrix
M(t) is singular, then the system (1.2) forms a linear second order differential-algebraic
equation.

Optimal control problems. Classical control applications such as stabilization of a
system or path following often are formulated as optimal control problems. The linear-
quadratic optimal control problem as in [77, 83] is the problem of minimizing a cost func-

tional
st = [ L1852 El

subject to the initial value problem
E(t)t = A(t)r + B(t)u, xz(tg) = w0, (1.3b)

with control input u, where E,A € C(I,R™"), B € C(I,R™*), Q € C(I,R™™), R €
C(I,RM), S € C(I,R™) and Q(t) = QT (t), R(t) = RT(t) for all t € I = [to,t]. By
application of the Pontryagin maximum principle [83] this linear-quadratic optimal control
problem leads to the boundary value problem for a differential-algebraic equation of the
form

0 E(t) 0] [A 0 Aty B@®)] [A
—ET®t) 0 0| |z| = [(AD)+E®)T Q1) S®t)| |=]|, (1.3¢c)
0 0 0f |u BT(t) ST(t) R(t)| |u

with boundary conditions

z(to) = xo, ET(t;)A(ts) = 0.

Electrical circuits. In the simulation of electrical circuits the modified nodal analysis
(MNA) [35] leads to a quasi-linear differential-algebraic equation of the form

dqc(ALe, t)
a4l A A

A 7 + ART(AEQ t)+ Arjr + Avjv + Arig(t) =0,
w — A7L“e =0, (1.4)

A‘T,e — ’Ug(t) =0.



Here, the vector e denotes the node potentials, j;, and j, are the currents through induc-
tances and voltage sources, respectively, the input functions ig and vg describe the cur-
rent and voltage sources, the function r describes the resistances, and go and ®j, are the
functions describing the charges of the capacitances and the fluxes of the inductances, re-
spectively. Further, the incidence matrix A = [A¢c A Ag Ay A;] contains the information
on the topology of the circuit, with Ac, Ap, Ar, Ay and A; describing the branch-current
relation for capacitive, inductive, resistive branches and branches for voltage sources and
current sources, respectively. Thus, the vectors ALe, ATe, ALe and AL e describe the branch
voltages for the capacitive, inductive, resistive and voltage source branches, respectively.

Compared to ordinary differential equations (ODEs) there are many difficulties in solving
DAESs analytically as well as numerically. An important property describing the difficulty to
solve a DAE is the so-called index of the DAE. There are several index concepts such as the
differentiation indez (d-index) [17, 59|, the strangeness index (s-indez) [82], the perturbation
index (p-index) [24, 59| or the tractability index (t-index) [55, 97]. The differentiation index
roughly states how often all or part of the DAE have to be differentiated with respect to
time ¢t in order to obtain an ordinary differential equation, i.e., a system of the form
& = p(t,x). The concept of the differentiation index is widely-used in the analysis of
differential-algebraic equations, but it has the major drawback that it is not defined for
over- and underdetermined systems as it is based on a solvability concept that requires
unique solvability. Therefore, the concept of the strangeness index was developed in [72,
78, 79, 84] as a generalization of the differentiation index to over- and underdetermined
systems. We will use the concept of the strangeness index throughout this thesis. As
the differentiation index determines how far the differential-algebraic equation is away
from an ordinary differential equation, an ordinary differential equation has d-index zero,
while an algebraic equation has d-index one. In contrast, the strangeness index measures
the distance to a decoupled system of ordinary differential equations and purely algebraic
equations. Hence, ordinary differential equations and purely algebraic equations both have
s-index zero. In this way, the index also determines the smoothness that is needed for
the inhomogeneity of a linear differential-algebraic equation to guarantee the existence of
a classical solution. Also of great importance in the numerical treatment of differential-
algebraic equations is the perturbation index that measures the sensitivity of solutions
with respect to perturbations of the problem in the initial values and right-hand sides.
For a detailed analysis and a comparison of various index concepts with the differentiation
index, see [24, 82, 98]. In the following, differential-algebraic equations with a d-index
higher than 1 or an s-index higher than 0 are called higher index problems. It is well-
known that under the standard assumptions that the mass matrix M is symmetric and
positive definite and the constraints are independent, meaning that the constraint matrix
G has full row rank, the equations of motion (1.1) of multibody systems are of d-index 3
or s-index 2 respectively, see e.g. [34]. Also in electrical circuit analysis it is well-known
which influence specific elements and their combination may have on the index, see [56, 57].
Furthermore, in [36, 141] topological methods have been derived that analyze the network
topology and show which equations are responsible for a high index. It has been shown
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in [36] that for wide classes of circuits the t-index of the MNA equations (1.4) does not
exceed 2 and can be determined by topological criteria assuming positive definiteness of
the Jacobians of the element-characterizing functions.

The accuracy and stability of the numerical solution of a DAE depends on the index, in such
a way that the higher the index of the DAE, the more sensitive is the numerical solution
to perturbations and errors in the data. In particular, for higher index problems numerical
methods may not converge and instabilities can occur. Further, due to hidden algebraic
constraints in higher index problems the discretization errors can cause the numerical
solution to drift-off from the constraint manifold that is given by the algebraic relations
in the system. To overcome these difficulties in the solution of higher index problems,
regularization techniques can be applied to transform the system to an equivalent system
of lower index. In many applications like multibody systems or circuit simulation problems
the differential-algebraic equations have extra structure that can be used to determine
the reduced systems. For mechanical multibody systems there are several regularization
techniques, see e.g. [14, 50, 34, 137], all of them involving differentiations of the constraint
equations. Further, an index reduction method that allows to conserve certain structural
properties of the given problem based on introducing some new variables is the index
reduction by minimal extension studied in [80] and in [6] for the MNA equations (1.4). Index
reduction techniques for general linear and nonlinear over- and underdetermind DAEs are
given in [82].

Besides the challenges already given in the numerical solution of general nonlinear DAEs
some more difficulties arise that have not yet quite been settled. First of all, the differential-
algebraic system can contain certain structures describing physical properties of the system.
In the linearized equations of motion (1.2) of mechanical systems the matrices M and K are
typically symmetric, positive definite and sparse, and C' is symmetric, or skew-symmetric
for gyroscopic systems [65, 89]. In linear-quadratic optimal control problems (1.3) the ma-
trices () and R are usually positive semi-definite and positive definite, respectively, and the
corresponding pair of matrix functions in (1.3c) is self-adjoint. These structures present
physical properties of the system and numerical integration methods should preserve the
structure to meet these characteristic properties. Furthermore, most of the differential-
algebraic systems arising in engineering applications are second order systems due to the
fact that forces are proportional to accelerations. In the following, differential-algebraic
systems where derivatives of the unknown x of order k£ with £ > 2 occur are called higher
order systems. The classical approach for the solution of higher order differential-algebraic
systems is the transformation into a first order system by introducing new variables for
higher order derivatives. While this approach works well for ordinary differential equations
it can lead to a number of problems for DAEs. On the one hand, it may increase the index
of the DAE as has been shown in [102, 135] and on the other hand numerical methods can
fail for which various examples are given in [4, 17, 129, 151, 152]. Furthermore, in practical
applications the differential-algebraic system may be badly scaled and perturbations are
present in the data, such that the transformation to first order leads to very different solu-
tions in the perturbed system. Moreover, the transformation to first order leads to systems
of double dimension and may destroy structures present in the system. Therefore, numer-



ical methods are proposed in [129, 151, 152] which enable the direct numerical solution of
higher order differential-algebraic systems. Otherwise, introducing only some derivatives in
the transformation to first order systems may avoid an increase of the index, but in general
it is not known which derivatives can be included without difficulties. A condensed form for
linear higher order differential-algebraic systems is introduced in [102, 135] which allows an
identification of those higher order derivatives of variables that can be replaced to obtain a
first order system without changing the smoothness requirements or increasing the index.
This condensed form allows the analysis of existence and uniqueness of solutions for higher
order DAEs and a definition of the strangeness index for higher order linear DAEs, but
it is not really numerically computable as it involves derivatives of computed orthogonal
transformations.

Another difficulty is that in many technical applications the behavior of the system or the
mathematical model can change with time, e.g., due to switching elements in electrical
circuits like electric switches or diodes, or friction phenomena and impacts in mechanical
systems, see e.g. [34, 88]. Thus, we are faced with so-called switched or hybrid differential-
algebraic systems that were studied e.g. in [12, 60, 61, 94]. In these systems discrete
event dynamics and continuous time dynamics interact and influence each other such that
they must be analyzed and solved simultaneously. Switching system models also involve
discontinuities in the system and in the solution or changes in the index of the system. The
analysis of singular points and the behavior of solutions of differential-algebraic systems
at critical points, such as singularities or those points where characteristic quantities of
the DAE change, as well as the behavior at impasse points, i.e., points beyond which
the solution of the DAEs cannot be continued, is still a widely open problem. Only few
results in this direction have been obtained, mainly for specially structured systems, see
e.g. [99, 120].

In this thesis we treat some of the encountered difficulties concerning the analysis and
numerical solution of structured and switched differential-algebraic systems. With regard
to higher order differential-algebraic systems, we will present an index reduction method
that allows the determination of an equivalent reduced higher order system locally at every
time step in a numerical feasible way. The approach also allows to find trimmed first order
formulations of s-index 0 for linear second order DAEs and explicit solution representation
in the case of time-invariant linear systems. Further, we will consider structure preserving
condensed forms for linear differential-algebraic systems with symmetric coefficients as well
as self-adjoint system, and derive a structure preserving index reduction method that allows
to preserve the structure and therefore also the physical properties of the system during
the numerical integration. In the numerical simulation of switched differential-algebraic
systems, besides the already existing problems in the numerical integration of DAEs there
are new difficulties. An index reduction has to be done in the same way as for DAEs
and appropriate numerical methods for DAEs have to be used, but index reduction and
integration is often done in small intervals resulting in high computational effort. Further,
besides consistent initial values that are needed to start the integration also consistent
values at each point where the system behavior changes are needed to restart the integration
at those points. The states at the switch points have to be determined exactly, as they are
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the basis for the consistent reinitialization and for the restart of the numerical integration.
Special phenomena arising in the numerical solution of switched systems like chattering,
i.e., cyclic switching between modes of operation, have to be treated in an appropriate way
to ensure the termination of the numerical integration. We will consider these difficulties in
the numerical integration of switched systems as well as the detection and location of switch
points and the restarting of integration methods including consistent reinitialization. We
will also consider existence and uniqueness of solutions of switched differential-algebraic
systems after switching and the control of linear hybrid DAE systems.

This thesis is organized as follows. Chapter 2 contains some basic definitions and well-
known results used throughout the thesis and a short overview of the existing analysis of
linear and nonlinear DAEs. For linear DAEs we present condensed forms that allow to
transform the system into an equivalent so-called strangeness-free system of s-index 0, and
for general nonlinear DAEs we present the so-called derivative array approach that uses
the derivatives of the system to obtain an equivalent strangeness-free system. Further, we
introduce the concept of generalized functions and distributions that allows discontinuities
in the solution of a differential-algebraic system. In Chapter 3 we consider second order
DAEs and we present an derivative array approach for linear second order systems that
allows to derive an equivalent strangeness-free systems locally for every time step in a
numerical feasible way. For this, the relationships between the local and global charac-
teristic invariants of linear second order DAEs are derived. The approach is also used to
determine so-called trimmed first order formulations for second order systems and to give
explicit representations of solutions in the case of linear time-invariant systems. Conclud-
ing, the approach is also generalized to general nonlinear second order systems. In Chapter
4 we derive structure preserving condensed forms for linear systems with symmetric coeffi-
cients as well as self-adjoint systems, and we present a structure preserving index reduction
method using the ideas of minimal extension. In Chapter 5 we consider switched DAEs.
First, we introduce the formulation of so-called hybrid differential-algebraic systems and
explain the basic properties and behavior of switched differential-algebraic systems. Then,
we consider existence and uniqueness of solutions of switched systems. Further, we consider
consistent reinitialization of switched systems after switching that allows the continuation
of a given solution in a physically reasonable way and we introduce so-called sliding motion
for switched differential-algebraic systems that allows an efficient treatment of chattering
behavior during the numerical integration. In the last part, we show how control theoretical
results for DAEs can be extended to switched systems. Chapter 6 describes the numerical
methods used during the numerical solution of switched differential-algebraic systems. We
describe numerical integration methods for DAEs, in particular BDF and Runge-Kutta
methods, that can also be used efficiently to interpolate the numerical solution between
the grid points given by the stepsize selection. This is needed to determine the solution
of a switched system at a switch point from which the integration is resumed. The switch
points are determined as the roots of so-called switching functions using a modified secant
method as root finding routine. Finally, we show how a mode controller can be realized that
uses existing integration methods for DAEs as inner integration routine and organizes the



mode switching and restarts of the integrator. In Chapter 7 we describe the implemented
mode controller GESDA that is designed to solve general switched differential-algebraic
systems using suitable DAE integration routines. To illustrate the algorithms we present
several numerical examples. Finally, in Chapter 8 we summarize and discuss the obtained
results and point out several open problems that should be investigated in the future.






CHAPTER 2

PRELIMINARIES

In this chapter we introduce some basic definitions and general results in analysis and
linear algebra used throughout the thesis. We shortly present the existing analysis of
linear and general nonlinear differential-algebraic equations that will serve as basis for our
investigations. Further, we introduce the concept of generalized functions or distributions
that can be used to handle discontinuous solutions of linear differential-algebraic equations.

2.1 DEFINITIONS AND BASICS

In this section we introduce some notations and definitions and review some of the funda-
mentals that are used throughout the thesis. Most of the proofs can be found in [54, 82].

Definition 2.1 (Differentiable function). A function f : D — R™ on an open subset
D C R" is called differentiable at a point xy € D if there exists a linear function u : h —
A(zo)h with A(zg) € R™" such that

NS0+ h) = (o) —u(h)]]

lim
h—0 |7l

=0.

Then A(zy) is called the derivative of f at xo. If f is differentiable at every point zy € D
the function f is called differentiable on D and the function A : D — R™" is called the
derivative of f. The derivative of the function f (with respect to z) is denoted by % = fu

Definition 2.2 (Continuously differentiable). A differentiable function f : D C R* —
R™ is called continuously differentiable if the derivative of f is continuous in . The
set of continuously differentiable functions from D into R™ is denoted by C'(D,R™). A
function f : D C R® — R™ is called [-times continuously differentiable if the derivative
of fis an (I — 1)-times continuously differentiable function from D into R™. The set of
I-times continuously differentiable functions is denoted by C!'(ID, R™). Furthermore, the set
C>*(D,R™) is called the set of infinitely continuously differentiable functions.

Let z :TCR —R"and f: D C R" — R™ be differentiable functions. In the following,
the derivatives of x(t) with respect to ¢ are denoted by @(t) = Lx(t), i(t) = %x(t),
2 (t) = L-x(t), and partial derivatives of f(z) with respect to selected variables p from
x = [%];=1,..n are denoted by f.,, e.g.,
0 0 0
@) = 5 F0), San0) = | 1 (0)

.....

f(z)

Oxiyj
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Further, we define the directional derivatives of a function f.

Definition 2.3 (Directional derivative). Let D C R" be open and consider a function
f D — R. For a point z € D and a vector v € R", the directional derivative of f in x
along v is defined by

D,f(x):= if(x—l—sv) = lim flotsv) = f(x)

ds e 50 s

If the function f is continuously differentiable then it holds that D, f(z) = f..(x)v, see e.g.
[42, p. 50]. The directional derivative of a function along a vector v at a point = represents
the rate of change of the function, moving through z, in the direction of v.

Definition 2.4 (Vector norm). A function ||.|| : R® — R is called a vector norm if for
all x,y € R" and a € R the following conditions are satisfied:

L. ||lz]| > 0 and ||z]| =0 2 =0,
2. [l +yll < =l + llyll,
3. ezl = |alfl].

In the following, we will always consider the so called Holder norms which are defined for

p € NU{oo} by
1
]l = (Z |$i|p>
i=1

for vectors = [x;];=1,..,» € R", where in particular |||l = maxj<;<, |2;|. Furthermore,
with respect to matrices we will use the associated norms defined for p € NU {oco} by

[ Az ][,
[A[l, = sup
T el

for a matrix A € R™". In the following, it is not necessary to distinguish between different
p, so we will use |.|| instead of ||.||,.

Definition 2.5 (Homeomorphism, homeomorphic). A function f : D C R" — R™
is called a homeomorphism if f is bijective and both f and its inverse function f~! are
continuous. Two subsets D C R™ and G C R™ are called homeomorphic if there exists a
homeomorphism f : D — G between them.

Definition 2.6 (Diffeomorphism). A function f : D C R® — R™ is called a diffeomor-
phismif f is bijective and both f and its inverse function f~! are continuously differentiable.

Definition 2.7 (Manifold). A subset M C R" is called a manifold of dimension r if
every point € M has an open neighborhood in M which is homeomorphic to an open
subset of R".
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Theorem 2.8. Let H € CY(D,R%), D C R" open, k € NU oo, with M = H*({0}) # 0
and suppose that rank H . (x) = a <n for all x € M. Then, M is a manifold of dimension
r=mn-—a.

Proof. See [82, Theorem 4.65]. O

Theorem 2.9 (Implicit Function Theorem). Suppose that f : D C R" x R™ — R™ is
continuous on an open neighborhood Dy C D of a point (zo,yo) for which f(zo,vyo) = 0.
Assume that f.. exists in a neighborhood of (xo,v) and is continuous at (zo,yo), and that
f.x(z0,v0) is nonsingular. Then there exist open neighborhoods U, C R™ and U, C R™ of
zo and yo, respectively, such that, for any y € U,, the equation f(x,y) = 0 has a unique
solution x = ¢(y) € U, and the mapping ¢ : U, — U, is continuous. (Here, U, and U,
denote the closure of U, and Uy, respectively.) Moreover, if f,, exists at (xo,yo), then ¢ is
continously differentiable at yo and its derivative is given by

¢y(Yo) = — [f;m(ioayo)]_l Fu(T0,90)-
Proof. See [113, p. 128]. O

In the following, we will often use the left- and right-hand limits of functions z : I — R”
that are defined by

r(77) = lim z(t) = %imx(t), x(17) = hIIi x(t) = %imx(t).
t—1— —T t—T1 —T
t<t t>1

Next, we introduce some important properties concerning subspaces and matrices. Impor-
tant subspaces associated with a matrix A € R™" are the range and the nullspace or kernel
of the matrix.

Definition 2.10 (Orthogonal complement). The orthogonal complement of a subspace
S C R is defined by St = {y € R" : yT2 = 0 for all z € S}.

Definition 2.11 (Kernel, cokernel, range and corange). Let A € R™". The kernel,
cokernel, range, and corange of A are defined by

kernel(A) = {xr € R" : Az =0},

cokernel(A) = (kernel(A))*,

range(A) = {y € R™ : there exists an x € R" such that y = Az},
corange(A) = (range(A))*.

Lemma 2.12. Let A € R™", then
cokernel(A) = range(A”) and corange(A) = kernel(A”).

Proof. See [54, p. 69]. O
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Definition 2.13 (Rank and corank). Let A € R™". Then, the rank of the matrix A is
defined by
rank(A) = dim(range(A4)),

where dim(S) denotes the dimension of a subspace S C R™. The corank is defined as the
dimension of the corange of A, i.e.,

corank(A) = m — rank(A).

Definition 2.14 (Nonsingular matrix and inverse matrix). If for a matrix A € R™"
a uniquely determined matrix X € R™" exists with AX = XA = [,,, where the matrix
I, € R™™ denotes the identity matrix, then the matrix A is called nonsingular or invertible
and the matrix X is called the inverse of A and is denoted by A~! = X.

Definition 2.15 (Orthogonal matrix). A matrix A € R™" is said to be orthogonal if
ATA =1,

Definition 2.16 (Orthogonal projection). Let S C R™ be a subspace. A matrix P €
R™" is called the orthogonal projection onto S if range(P) = S, P? = P, and PT = P.

From Definition 2.16 it follows that I — P is the orthogonal projection onto S*. Further-
more, the orthogonal projection onto a subspace S is unique, see [54, p.75].
Generalizations of the inverse of a matrix are given by the Moore-Penrose pseudoinverse
or the Drazin inverse, see [27, 54].

Definition 2.17 (Moore-Penrose pseudo-inverse). Let A € R™". The Moore-Penrose
pseudo-inverse of A is defined as the unique matrix AT € R™™ that satisfies the following
Moore-Penrose conditions

AATA = A, (2.1a)
ATAAT = AT (2.1b)
(AAT)T = AAT, (2.1c)
(ATA)T = AT A (2.1d)
Lemma 2.18. Let A € R™". Then
AAT s a projection onto range(A),
I — AA" s a projection onto corange(A),
I — ATA s a projection onto kernel(A),
AT A s a projection onto cokernel(A).
Proof. See [54, p. 257-258]. O

Definition 2.19 (Index of nilpotency). Let A € R™". The quantity
v =min{l € Ny | kernel (A" = kernel(A")}
is called the indez (of nilpotency) of A and is denoted by v = ind(A).
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Definition 2.20 (Drazin inverse). Let A € R™" have the index v = ind A. A matrix
X € R™" satistying

AX = XA, (2.2a)
XAX =X, (2.2b)
XA =AY (2.2¢)

is called the Drazin inverse of A and is denoted by A” = X.

The Drazin inverse is unique for every matrix A € R™", and for nonsingular matrices it
corresponds to the inverse A” = A7! see e.g. [82, Theorem 2.19, Lemma 2.10]. Further,
we have the following properties of the Drazin inverse.

Lemma 2.21. For a matriz A € R™" and a nonsingular matriz T € R™" we have

(T'ATYP = T APT.

Proof. See [82, Lemma 2.20]. O
Lemma 2.22. Consider two matrices E, A € R™" that commute, i.e., EA = AE. Then
we have
EAP = APE,
EPA = AEP,
EPAP = APEP.
Proof. See [82, Lemma 2.21]. O

Theorem 2.23 (Singular value decomposition (SVD)). Let A € R™"™. Then there
exist orthogonal matrices U € R™™ and V € R™" such that

2. 0
0 0

)

UTAV:E:[

where ¥, = diag(oy,...,0,) € R and oy > -+ > 0, > 0.
Proof. See [54, p.70]. O

The singular value decomposition allows the computation of the range, corange, kernel,
and cokernel of a matrix A.

Lemma 2.24. Let A € R™" with rank(A) = r and suppose that A = UXVT € R™" is an
SVD of A. If we have the partitioning U = [Ul U2:| e R™™ with U; € R™", Uy € R™™™"
and 'V = [V1 ‘/2:| e R™ with V, € R™", Vo € R™™™" ) then

U\UL  is a projection onto range(A),

UsUY is a projection onto corange(A),

VoVl is a projection onto kernel(A),

ViVE is a projection onto cokernel(A).
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Proof. See [54, p. T5]. O

Note that these orthogonal projections are uniquely determined by U and V' although the
matrices U and V are in general not unique. There also exists a continuous version of the
singular value decompositions for smooth matrix-valued functions.

Theorem 2.25. Let E € C*({I,R™"), k € Ny U {oc}, with rank E(t) = r for all t € L.
Then there exist pointwise orthogonal matriz-valued functions U € C*(I,R™™) and V €
C*(I,R™"), such that

UT(H)E()V (1) = F’"O(t) 8}

with pointwise nonsingular ¥, € C*(I, R"™").

Proof. See [82, Theorem 3.9]. O

2.2 DIFFERENTIAL-ALGEBRAIC EQUATIONS

In this section we review the general theory of linear and nonlinear differential-algebraic
equations as presented in [82]. In the most general form a nonlinear differential-algebraic
equation (DAE) is given by

F(t,z, i) =0, (2.3)

where F' : [ x D, x D; — R™ is a sufficiently smooth function on a compact interval
I=[to,t;] C R and D,,D; C R" are open sets. In addition, an initial condition

z(ty) = xg € R”, (2.4)

might be given. If not otherwise specified, we will use the classical concept of solvability
yielding continuously differentiable solutions as follows.

Definition 2.26 (Solution of a DAE). Consider a nonlinear system (2.3) with a suf-
ficiently smooth function F. A function x : I — R" is called a solution of (2.3) if
r € CYI,R") and x satisfies (2.3) pointwise. It is called a solution of the initial value
problem (2.3)-(2.4) if x is a solution of (2.3) and satisfies the initial condition (2.4). An
initial condition (2.4) is called consistent if the corresponding initial value problem has at
least one solution.

This notion of solution can be weakend, since the derivative & does not occur in the kernel
of E such that the solution has to be continuously differentiable only on the cokernel of
E. Later on, considering switched systems we will also allow so-called strong solutions and
generalized solutions in a distributional setting, see Section 5.3.
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2.2.1 Linear Differential-Algebraic Equations

At first, we consider the initial value problem for linear differential-algebraic equations of
the form

E(t)i = A(t)z + b(t), (2.5)

with E, A € C(I,R™") and b € C(I,R™) together with an initial condition (2.4).
The special case of linear DAEs with constant coefficients £, A € R™" of the form

Ei = Ax + b(t) (2.6)
is well-understood using purely algebraic techniques, e.g., through the Kronecker canonical
form [71] or the Weierstrafl canonical form [150] derived via equivalence transformations
of matrix pairs.

Definition 2.27 (Strong equivalence). Two pairs of matrices (E;, A;), E;, A; € R™"
1 = 1,2, are called strongly equivalent if there exist nonsingular matrices P € R™™ and
@ € R™" such that

E2 = PElQ, A2 - PAlQ (27)
If this is the case, we write (Fy, A1) ~ (Esy, Ag).

Definition 2.28 (Regularity). Let E, A € R™". The matrix pair (E, A) is called regular
if m = n and the so-called characteristic polynomial p defined by

p(A) =det(AE — A), XeC
is not the zero polynomial. Otherwise, the matrix pair is called singular.

A canonical form under strong equivalence transformations (2.7) for regular matrix pairs
is the Weierstraf$ canonical form given in the following theorem.

Theorem 2.29. Let E; A € R™" and (E, A) be reqular. Then, there exist nonsingular
matrices W,'T' € R™" such that

(E,A)N(WET,WAT):([Igl ﬂ[g In(_)nD (2.8)

where J 1s a matriz in Jordan canonical form, and N is a nilpotent matrix also in Jordan
canonical form. Moreover, it is allowed that one or the other block is not present.

Proof. See [82, Theorem 2.7]. O



16 PRELIMINARIES

The eigenvalues of J are called the finite eigenvalues of the pair (E, A) and subspaces
W, T C R™ are called the left and right deflating subspaces of (E, A) if dim(W) = dim(7")
and W = ET + AT. The matrices

I, 0

_ -1
A=W {o 0

. ITL1 O —1
}W, PT_T{O O}T , (2.9)
are the projections onto the left and right deflating subspace of (E, A) corresponding to
the finite eigenvalues, see e.g. [139)].

Definition 2.30 (Index of a matrix pair). Consider a pair (F, A) of square matrices
that is regular and has a canonical form as in (2.8). The quantity v defined by N = 0,
N1 2£ 0, i.e., by the index of nilpotency of N in (2.8), if the nilpotent block in (2.8) is
present and by v = 0 if it is absent, is called the index of the matriz pair (E, A), denoted
by v =ind(E, A).

Using Definition 2.30 the index v of a matrix A € R™" as in Definition 2.19 is also given
by v = ind(A) = ind(A, ). In this way, the Weierstrafl canonical form (2.8) allows to
determine the index of a linear DAE (2.6) with constant coefficients and to analyze the
existence and uniqueness of solutions. The linear DAE (2.6) is uniquely solvable for a
consistent initial value xq if the matrix pair (E, A) is regular. In this case, i.e., if the pair
is regular, we can find a A such that (AE'— A) is nonsingular. Multiplication of the original
system with (AE — A)~! from the left, corresponding to a scaling of the system, does not
change the solution and we get the equivalent system

Ei = Az +b(t), (2.10)
with £ = (\E — A)'E, A= (\E — A)™'A, and b = (AE — A)~'b. Then, we can give an
explicit formula for the solution of the linear system (2.6).

Theorem 2.31. Let the matriz pair (E, A) be regular and let b € C (I, R™) with v = ind(FE)
and ty € 1. Then every solution z € C*(I,R™) of (2.6) has the form

o . . t o . . v—1 o o
a(t) = PTAI BD oy 4 / PP A P (s)ds — (I — EPE) > (EAP) APHO)(¢)
to i=0

for some v € R", where E = (A\E — A)"'E, A= (A\E — A)'A, and b = (\E — A)~'b for

some \.
Proof. See [82], Theorem 2.29 and Lemma 2.31. O

Remark 2.32. For commuting matrices E and A, i.e., EA = AFE, the solution represen-
tation given in Theorem 2.31 can be formulated directly in terms of E and A, see e.g. [82,
Theorem 2.29]. To obtain the solution representation for general non-commuting matrices
E and A we have used a trick due to Campbell [26]. If we can find a X such that (AE — A)
is nonsingular, then the matrices E = (A\E — A)"'E and A = (AE — A)"'A commute, see
e.g. [82, Lemma 2.31].
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In the analysis of linear DAEs some more care has to be taken in the case of time dependent
coefficients, see e.g. [82, Examples 3.1, 3.2]. An appropriate equivalence relation in this
case can be defined as follows.

Definition 2.33 (Global equivalence). Two pairs (F;, 4;), i = 1,2, of matrix-valued
functions F;, A; € C(I,R™™) are called globally equivalent if there exist pointwise nonsin-
gular matrix-valued functions P € C(I,R™™), @ € C*(I,R™") such that

Ey,=PEQ, Ay,=PAQ— PEQ. (2.11)
There exists a condensed form for pairs of matrix-valued functions via global equivalence
transformations (2.11), which allows to extract the characteristic quantities of the corre-
sponding DAE (2.5). In the following, we say that a matrix is a basis of a vector space
if this is valid for its columns. We additionally use the convention that the only basis of
the vector space {0} C R" is given by the empty matrix 0,0 € R™" with the properties
rank (), = 0 and det()yo = 1. For a given matrix 7', we use the notation 7" to denote a
matrix that completes 7" to a nonsingular matrix, i.e., [I" 7”] forms a nonsingular matrix.
This also applies to matrix-valued functions.

Theorem 2.34. Let £, A € C(I,R™™) be sufficiently smooth and let
T be a basis of kernel F,

Z be a basis of corange F,
T’ be a basis of cokernel F,
V be a basis of corange (ZT AT),

with local characteristic values

r =rank E, (rank)

a =rank (ZTAT), (algebraic part)

s =rank (VT ZTAT"),  (strangeness)

d=r—s, (differential part)
u=n-—r-—a, (undetermined variables)
v=m-—r—a-—s, (vanishing equations)

and suppose that
r(t)=r, a(t)=a, st)=s foraltel (2.12)

holds for the local characteristic values of (E, A). Then, the pair (E,A) is globally equiva-
lent to a pair of matriz-valued functions of the form

IS 0 0 0 0 Alg 0 A14 S
0 I; 00 0 0 0 Ay d
0 0 00O0[,]0 0 I, 0 a. (2.13)
0 0 0O Is, 0 0 O s
0 0 0O 0 0 0 O v

Here, all entries A;; are again matriz-valued functions on I and the last block column in
both matriz-valued functions has size u.
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Proof. See [82, Theorem 3.11]. O

By a stepwise reduction procedure involving differentiations of some of the algebraic equa-
tions we can eliminate the strangeness in the global condensed form (2.13) and finally
obtain a so-called strangeness-free system where s = 0. The number of steps involved in
this reduction procedure defines the strangeness index of the DAE.

Definition 2.35 (Strangeness index (s-index)). The minimum number of times p that
all or part of the differential-algebraic equations (2.5) have to be differentiated in order to
obatin a system of purely ordinary differential equations and algebraic equations is called
the strangeness index (s-index) of the DAE.

The strangeness index is well-defined if the assumptions of Theorem 2.34, and in particular
the regularity assumptions (2.12) hold.

Theorem 2.36. Let the strangeness index p of (E, A) be well-defined and let b € C*(I, R™).
Then the linear differential-algebraic equation (2.5) is equivalent (in the sense that there
is a one-to-one correspondence between the solution sets) to a strangeness-free differential-
algebraic system of the form

&1 = As(t)xs + bi(2), (d, differential equations)
0 = z9 + bo(t), (a, algebraic equations) (2.14)
0 = bs(t), (v, consistency conditions)

where A3 € O(I, R%U) and the inhomogeneities by, by, by are determined by the deriva-
tives b, ... b,

Proof. See [82, Theorem 3.17]. O

The strangeness-free form (2.14) allows to decide on existence and uniqueness of solutions
of the linear DAE (2.5), see e.g. [82].

2.2.2  Nonlinear Differential-Algebraic Fquations

In this section, we consider nonlinear differential-algebraic equations of the form (2.3). As
a general approach for the analysis of general nonlinear DAEs, Campbell introduced the
derivative array, which summarizes the original equations of the DAE and all its derivatives
up to a certain order [ in one large system, see [22, 25, 78]. The derivative array F; of level
[ € Ny is given by the inflated system

Ft,z,z,... 24 =0, (2.15)
where F; has the form
F(t,x, )

d .
LF(t, x, 1)
Filt,w,a,. ..oty = |4

1 ) .
L F(t, z, @)
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We introduce the solution set of the nonlinear equation associated with the derivative array
F; for some integer [, given by

L= {(t,z,&,..., 20Dy e R | Bt x, i, ..., 2HY) = 0}, (2.16)

and we define the Jacobians

Ml(tv T, T, .. >$(l+1)) = f.l;a'c,...,ac(lJrl)(t; T, T, ... ,x(l+1))7

2.17
M(tvl’:ia"wx(l—i_l)) :_[ﬂ;x<taxai>-"7x(l+1))a07'--70]' ( )

The following hypothesis was stated in [79]. Note, that we will use the convention that
corank F_;., = 0.

Hypothesis 2.37. Consider a nonlinear differential-algebraic equations (2.3). There exist
integers i, v, a,, d, and v, such that the solution set I, is nonempty and such that for
every point (ty, o, To, . . - ,a:(()“H)) € L, there exists a (sufficiently small) neighborhood in

which the following properties hold:
1. The set L, C RWHIn+L forms a manifold of dimension (u+2)n+1 —r.

2. We have rank F,

it =T 0T L,.

3. We have corank F .. ;. 1) —corank F )y 5w = v, on L.

4. We have rank M,,(t,z, %, ..., 2%V} = r —a, on L, such that there exist smooth
matriz functions Zy and Ty defined on L, of size ((pn + 1)m,a,) and (n,n — a,),
respectively, and pointwise maximal rank, satisfying

ZIM, =0, rank ZIN,[1,0 ... 0" =a,, ZIN,[I,0...0"T,=0
on L,.

5. We have rank ;15 = d,, = m —a, —v, on L, such that there exists a smooth matriz
function Zy defined on L, of size (m,d,) and pointwise mazimal rank, satisfying
rank Z1 F, Ty = d,,.

In Hypothesis 2.37 we have omitted the function arguments for convenience. Further, note
that the matrix functions Z;, Z,, and T5 are smooth along a solution with respect to ¢,
even if the matrix functions formally are defined on L,. When a nonlinear DAE (2.3)
satisfies Hypothesis 2.37, then we call the smallest possible u the strangeness index (s-
index) of (2.3). A nonlinear system (2.3) with vanishing strangeness index p = 0 is called
strangeness-free. The corresponding numbers d,, and a, are the numbers of differential and
algebraic equations of the DAE and the quantity v, measures the number of redundant
equations such that a complete classification of the equations is given.

Definition 2.38 (Regularity). A nonlinear DAE (2.3) that satisfies Hypothesis 2.37 with
n=m=d,+ay,, ie., v, =0,1is called reqular.
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Under Hypothesis 2.37 projection matrices Z;, Z5 and T can be computed for every point
2z, € L, which allow locally to construct a reduced strangeness-free system with the same

solution set as the original DAE and separated differential and algebraic parts. Let 2,0 =

(to, o, do, . .., 2 ) € IL,, be fixed. By assumption L,, is a manifold of dimension (p+2)n+

1 —r that can locally be parameterized by (14 2)n + 1 — r parameters. These parameters
can be chosen from (¢, z, 2, ..., z#*Y) in such a way that discarding the associated columns
from F, . ;.0 (240) does not lead to a rank drop. As F,, ;. .+ already has maximal
rank r, t can always be chosen as a parameter. Since

-----

corank M, (2,0) = a,, rank(Za(z,0)" N (zu0) [In 0 .. O}T) = a,,

we can choose n—a,, parameters out of x. Without restriction we can write x as (z1, x2, x3)
with z; € R, 2, € R*™% % g3 € R% and choose (71, z5) as these n — a, parameters.
In particular, the matrix ZJ F,., is then nonsingular. The remaining parameters p €

RwFDntan=r associated with the columns of ., w1 (20) that we can remove without

having a rank drop, must then be chosen out of (,...,z#*Y). Let (to, z10, 720, p0) be the
part of 2, that corresponds to the selected parameters (¢, 1,22, p). The implicit function
theorem (Theorem 2.9) then implies that there exists a neighborhood V C R#+2n+1=7 of
(to, 210, T2,0, o) and a neighborhood U C R#+2n+1 of 2,0 such that

U=1L,NU={0(t x1,29,p) | (t, 21, 22,p) € V},
where 0 : V — U is a diffeomorphism. Thus, the equation
Fult,z,a,... ,x(“+1)) =0
can be locally solved according to
(t,z,a,...,c ")) = 0(t, zy, 29, p)

for some (t,z1,x2,p) € U. In particular, there exist locally defined functions G, corre-
sponding to x5, and H, corresponding to (&, ..., z#+)) such that

fu(tax1>$27G(taxlax2ap)>H(tax17$27p)) =0 (218)

on V. Setting y = (&,..., 2 V), it follows with Z, as defined by Hypothesis 2.37 that

d
d_p<Z2T}—u) = (Z2T;;z3]:u + Z2T~7:u;:c3)G;p + (Z2T;y~7:u + Z2T'7:u;y)H;p = Z2T~7:u;x3G;p =0,

on V, since F, = 0 and ZQT}",W = ZQTM,L = (0. By construction the variables in x3 were
selected such that ZI F,.., is nonsingular. Hence,

Gp(t, 21, 29,p) =0
for all (¢, 21, xq,p) € V, implying the existence of a function R such that

T3 = G<t7x17x27p) = G(t7x17x27p0) = R(t,l’l,.fg),
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and
f#(t7x17x27R<t7x17x2)7H(tvmth?p)) =0

on V. In a similar way we then get that

d
d—l‘l(Z;fM) = (Zg:xlf/ﬁ + Z2TFM§1‘1) + (Zg:ngu + ZgFIMJEB)Rﬂ?l + (Z%:y]:lt + Zg]:u;y)H;m
= Z3 Fpwy + Z3 Frzg Ry = 0
and
d
d—xz(ZQTfu) = (Zg;ngu + ZQTJ:H;M) + (Zg;ngﬂ + Zg]:mm)R;@ + (ZQT;y}-u + Zg]:my)H;m

= ZQT‘F“UCQ + ZQT}_N;MR;M =0

on V, again using that F, = 0 and Z] F,,., = 0. Thus,

ZyNy [ 0 ... o]T[é’:a:}:o.

Following Hypothesis 2.37 we can therefore choose T5 as

]n—a
Bt = [y T ]
1,22 \Yy )

Thus, Hypothesis 2.37 yields a matrix function Z; which only depends on (¢, z,&). Due to
the full rank assumption, we can choose the neighborhood V so small that we can take a
constant Z;. The corresponding reduced differential-algebraic equation therefore reads

F(t,x, &) = {F]l&txx?)l =0, (2.19)

with
F(t,x, i) = ZVF(t,a, @), Fy(t,x) = ZLF,(t,z, H(t,z)).

Theorem 2.39. The reduced system (2.19) satisfies Hypothesis 2.37 with characteristic
values p =0, r = a, +d,, a,, d,, and v,.

Proof. See [82, p. 208|. O

The condition FQ(t,x) = 0 is locally equivalent via the implicit function theorem to a
relation x3 = R(t,x1, z2) such that we get the system

~

Fl(t7$171’27x37j:17i’2ai‘3) :O, (220&)
rs — R(t, T, Ig) =0. (220b)
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We can eliminate x3 and 43 in (2.20a) using (2.20b) and its time derivative to obtain

Fi(t, 1, 2, R(t, x1,22), &1, T2, Ry (t, x1, x2) + Rg, (8, 21, 22) &1 + Rogy (¢, 21, 22)E2) = 0.

By Hypothesis 2.37 we may assume without loss of generality that this system can be
locally solved for #;. In this way, we obtain a decoupled differential-algebraic system of
the form

il = L(t7 x17x27$2)7 (2 21)
x3 = R(t, 11, 72), |

which has a vanishing strangeness index y = 0 with d,, differential and a, algebraic equa-
tions. In this system zo € C'(I, R**) with u, = n—d, —a, can be chosen arbitrarily. Then,
the resulting system has locally a unique solution for x; and x3, provided that consistent
initial values are given. This means that x5 can be interpreted as a control.

Theorem 2.40. Let F' as in (2.3) be sufficiently smooth and satisfy Hypothesis 2.37 with
characteristic values i, r, a,,d,,v,, and u, =n —d, — a,. Then every sufficiently smooth
solution of (2.3) also solves the reduced DAE (2.19) and (2.21) consisting of d,, differential
and a, algebraic equations.

Proof. See [82, Theorem 4.31]. O

In the case of linear DAEs (2.5) with sufficiently smooth matrix-valued functions £, A and
inhomogeneity b the inflated system (2.15) takes the form

M)z =Nit)z+ a(t), 1=0,... 4, (2.22)

where for 7,7 =0,...,] we have

Milis = (;) B (jL)A(i‘j‘”, =0 L

AW fori=0,...,1,j=0,
WNilis = { 0  otherwise, (2.23)
[z]; =29, j=0,....1,
[gl]lzb(l)7 iIO,...7l,

7

using the convention that (j) =0fori<0,7 <0orj>1 In this case the Hypothesis
2.37 can be formulated as a Theorem.

Theorem 2.41. Let the strangeness-index pu of (E, A) in (2.5) be well-defined. Then there
exist integers u, a,, d,, 0 and w, such that the inflated pair (M,,N,) associated with
(E, A) has the following properties:
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1. For allt € I it holds that rank M ,(t) = (u+ 1)n — a, — 0, such that there ezists a
smooth matric function Z with orthonormal columns and size ((u+1)m,a, +v) and
pointwise mazimal rank satisfying Z* M,, = 0.

2. For all t € T we have rank ZT N, [In 0 ... O]T = a, and without loss of gen-

erality Z can be partitioned as [Zy, Zs], with Zy of size ((u + 1)n,a,) and Zs of
size (1 + 1)n,9), such that Ay = ZIN, I, 0 ... O}T has full row rank a, and
Zg]\/’# [In 0 ... O}T = 0. Furthermore, there exists a smooth matrix function Ty

with orthonormal columns and size (n,d,, + u,), satisfying ATy = 0.

3. For allt € I it holds that rank E'T5 = d,,, such that there exists a smooth matriz func-
tion Zy with orthonormal columns and size (m,d,,) yielding that ZI'E has constant
rank d,,.

Proof. See [84, Theorem 11]. O

Remark 2.42. The integers p, a,, d, and u, in Theorem 2.41 correspond to the charac-
teristic values of the strangeness-free system (2.14).

Using Theorem 2.41, it is possible to derive an equivalent strangeness-free system of the
form

E(t)i = At)z + b(), (2.24)
. El . Al R 1:71
with E= | 0|, A= |A,| and b= |by| defined by
0 0 b
By =2TE, Ay=2TA, Ay=ZIN,[I, 0 ... 0]",

BlzZipf, lA),-:ZiTgu for ¢ =2, 3.

In general, the solution of a DAE is restricted to a subset . C I x R™ by certain algebraic
constraints implicitly contained in the DAE. In the following, this subset is called the
constraint manifold. The constraint manifold of a DAE is defined by all constraints, i.e.,
explicitly given algebraic constraints in the DAE and additionally hidden constraints that
are not stated explicitly as equations but results from differentiations of certain parts of the
DAE in higher index problems. For nonlinear DAEs given in the reduced strangeness-free
forms (2.19) or (2.21) the constraint manifold is explicitly given by

L={(tz) el xR" | Ftz) =0},
or

L= {(t,l‘l,.l’g,l'g) el xR" ‘ R(t,ﬂ?l,l’g) = 1’3},
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respectively, and the corresponding differential parts ﬁ’l(t,x,x') = 0in (2.19) or & =
L(t,zq,x9,22) in (2.21) then describe the dynamical behavior inside the constraint mani-
fold. Thus, the constraint manifold L is a subset of the solution set L, of the derivative
array defined in (2.16). For a linear DAE in reduced form (2.24) the constraint manifold
is given by

L= {(t,z) € I x R" | Ay(t)x + by(t) = 0}.

In particular, initial values (2.4) have to lie in the constrained manifold L in order to be
consistent with the DAE.

2.2.3 (Generalized Functions and Distributional Solutions

In the previous section is was assumed that the solution of a DAE is a continuously dif-
ferentiable function z : I — R™. It is also possible to allow jumps or discontinuities in the
solution at a number of distinct points in a distributional setting. In particular, this will
be important when considering switched differential-algebraic systems. In this section, we
recall a few important facts about generalized functions, see e.g. [82, 133]. In the distribu-
tional setting we follow an approach based on the space of impulsive smooth distributions
introduced in [62] and for DAEs in [51, 52, 118, 119] for a single point of discontinuity. In
[82] ideas for the extension to the case, where nonsmooth behavior occurs at a countable
number of points is proposed. This approach allows generalized functions (or distribu-
tions) as solution of a differential-algebraic system, relaxed smoothness requirements for
the inhomogeneities, as well as non-differentiability or discontinuous inhomogeneities, and
non-consistent initial values. The proofs of the theorems given in this section are all given
in [82] for a single point of discontinuity at ¢ = 0. If nonsmooth behavior of the solution
occurs at points 7; € 7, where the set 7 has no accumulation points, then all results can
be obtained in an analogous way. In the following, we denote by D" = C§°(R,R"™) the
set of infinitely differentiable functions with values in R” and compact support in R. The
elements of D" are also called test functions.

Definition 2.43 (Generalized function/Distribution). A linear function f: D" — R”
with
flargr + azda) = anf(¢1) + af(¢o)

for all ay, a0 € R and ¢y, ¢, € D", is called a generalized function or distribution if it is
continuous in the sense that f(¢;) — 0 in R” for all sequences (¢;);eny with ¢; — 0 in D™,
We denote the space of all distributions acting on D" by C".

In order to use distributions in the framework of differential-algebraic equations, we need
derivatives and primitives of distributions. The g-th order derivative f@, ¢ € Ny, of a
distribution f € C" is defined by

£ () = (—=1)% (@) for all ¢ € D"
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The so obtained functional f(9 is linear and continuous, hence, every distribution has
derivatives of arbitrary order in C", see e.g. [133]. For a given distribution f € C™ any
distribution x € C™ which satisfies

x(¢) = f(¢) for every ¢ € D"

is called a primitive of f, i.e., x is a solution of x = f. Further, the Dirac delta distribution
0, € C" is defined by

do(¢) = ¢(a) forall ¢e€D", a€R,
and we can use multiplication by matrix-valued functions in the form
Ax(¢) = x(AT¢) for all ¢ € D,

where A € C®(R,R™") and x € C". Note the difference in notation for continuous
functions z € C(R,R") and distributions x € C". For ease of notation we treat every
function x : T — R, T C R as being defined on R by trivially extending it by zero, i.e.,
setting z(t) = 0 for ¢ ¢ I. Nonsmooth behavior of the solution is restricted to happen at a
countable number of points 7; € 7 C R. Away from 7; the solution should be as smooth
as the solution in the classical sense.

Definition 2.44 (Impulsive smooth distribution). Suppose that the set 7 = {7; €
R|7; < Tj+1,J € Z} has no accumulation point. A generalized function x € C" is called
impulsive smooth if it can be written in the form

X =R+ Ximp, K=Y &5, (2.25)
jez
where z; € C™([1;, 7j41], R") for all j € Z and the impulsive part X, has the form

4d;j

Ximp = inmp,ju Ximp,j — Z Cij(sq(—j-)7 Cij € Ca q; € No. (226)

jez i=0

The set of impulsive smooth distributions is denoted by C}!, (7).

imp
Lemma 2.45. Impulsive smooth distributions in Cy,, (T ), where T C R has no accumu-
lation point, have the following properties:

1. A distribution x € C' _(T) uniquely determines the decomposition (2.25).

mmp

2. With a distribution x € CI (T), we can assign a function value x(t) for everyt €

imp
R\T by
x(t) = &;(t)  fort € (15,7541),
and limits
x(r) = lim &54(8), x(r) = lim 2;(),

for every 7, € T.



26 PRELIMINARIES

3. All deriwatives and primitives of x € C!, (T) are again in Cl}, (T ).

imp imp

4. The set C}!

mp(T) is a vector space and closed under multiplication with functions
A € C®(R,R™™). In particular, we have

Ax = A%+ ) qz %Z<—1)k (k Z Z) AB(75)ci 08 (2.27)
JEZ i=0 k=0
for x as in (2.25).
Proof. See [82, Lemma 2.38]. O
Further, we introduce a measure for the smoothness of impulsive smooth distributions.

Definition 2.46 (Impulse order). Let the impulsive part of x € Cj;, (7) have the form
(2.26). The impulse order of x at 7; € T is defined as iord x|, = —¢ — 2 if x can be
associated with a continuous function in [7;_;, 7j41] and ¢ with 0 < ¢ < oo is the largest
integer such that x|, -, € C¥([7j-1, Tj31), R"). It is defined as iord x|, = —1 if x can
be associated with a function that is continuous in [7;_1,7;+1] except at ¢ = 7;, and it is

defined as
iord x|, = max{i € No| 0 <7 < g5, ¢; # 0}
otherwise. Further, the impulse order of x is defined as

iord x = max iord x|,..
;€T J

Lemma 2.47. Let x € CI!, (T) and A € C*(R,R™™). Then

imp
iord Ax < iord x
with equality for m = n and A(7;) invertible for each 7; € T.

Proof. For the impulse order of x at every 7; € 7 the inequality iord Ax|;, < iord x|,
follows directly from (2.27), see also [82, Lemma 2.40]. Thus, the inequality holds also for
the maximum over all 7; € 7. O

To describe impulsive smooth solutions x € C!,, (7) for a linear distributional DAE

imp
E(t)x = A(t)x + b, (2.28)
with b € Cjy, (7)), we must require that E, A € C*°(R,R™") in order to have well-defined

products Ex and Ax.
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Theorem 2.48. Let E,A € C®(R,R™") and let the strangeness index p of (E,A) be
well-defined. Furthermore, let b € Cjn (T) with iord b = ¢ € Z U {—oc}. Then the
differential-algebraic system (2.28) is equivalent (in the sense that there is a one-to-one
correspondence between the solution sets) to a strangeness-free system of the form

%1 = Aws(t)xs +bi(t),  (d, differential equations)

0 = x9 + ba(1), (a, algebraic equations) (2.29)
0 = bs(t), (v, vanishing equations)
by
where Az € C°(R,R%) and iord |by| < q+ p.
b

Proof. The constructions that lead to the condensed form (2.13) can be done by using
infinitely often differentiable matrix functions due to Theorem 2.25. Then the form (2.29)
follows directly from Theorem 2.36, where the inhomogeneities are determined from the
derivatives of b via transformations with infinitely often differentiable matrix functions.
See also [82, Theorem 3.72]. O

Corollary 2.49. Let E, A € C*(R,R™") satisfy the assumptions of Theorem 2.48. Then
we have:

1. The problem (2.28) has a solution in Cj,, (T) if and only if the v, distributional
conditions

by =0 (2.30)
are fulfilled.

2. Letty € R\T and xo € R". There exists a solution x € Cj, (T) satisfying one of the
initial conditions
x(to) = xo, x(1;7) =m0, x(7;7) =m0, forsomeT; €T, (2.31)

if and only if in addition to (2.30) the corresponding condition out of
Xa(to) = —ba(to), Xo(7; ) = —=ba(7;), Xa(7;") = —ba(7}")
1s implied by the initial condition.

3. The corresponding initial value problem has a unique solution in Cfmp(’]') if and only
if in addition it holds that

u, = 0.

Moreover, all solutions x satisfy iord x < max{q + p,iord x3}.



28 PRELIMINARIES

Proof. The proof follows directly from the strangeness-free form (2.29) in Theorem 2.48.
O

In the following, we will call a solution x € Cj, (T) of (2.28) a generalized solution of

the DAE. To treat initial conditions for the DAE (2.28) in the distributional setting we
decompose the system as in (2.25) into

X =R+ Xipp, £=> &, and b=Db+by, b= b, (2.32)

jez jez
and therefore consider the DAEs
E(t)X = A(t)X + ij t e [Tj, Tj+1], for all j S Z, (233)

with b; € C([rj,7;41), R™). The problem of solving (2.33) with x(7;) = z;o for an
arbitrary ;o € R" that is not necessarily consistent with the DAE at 7; often arises when
a known function is to be extended into a solution of the current DAE. If x(7;") = z;,
exists for some past solution z(t) defined for ¢ < 7, then this would be a natural initial
condition at time 7;, but it does not have to be consistent with the DAE (2.33). Inconsistent
initial conditions can be treated as impulses in the inhomogeneity. We can change the
inhomogeneity of the DAE such that it satisfies a given history and solve the modified
system. Let the distributional DAE (2.28) satisfies the assumptions of Theorem 2.48 with
u, = v, = 0 and suppose that a function 2}, € C*([rj_1,7;],R") is given that describes
a certain history for the system. The initial condition z, = x{(7;), however, may not be
consistent for (2.33). Setting

b; = E(t)i} — A(t)x) (2.34)

forces 7, to be a solution for (2.33), thus making the initial condition consistent. For an
initial value x;( at 7; the problem under consideration therefore should be

Et)x=At)x+b, &, =) (2.35)

where b = b+ by, b = Y ien b; and b; satisfies (2.34). Then, according to Corollary 2.49,

the problem (2.35) with initial condition z; at 7; has a unique solution x € Cj;, (7). Since

X=X+ Kjonp + Y _(&4(75) — Fi21(73)) 0,
i€z
the system (2.35) can be written as

B)G + Simp + 3 (84(73) = 21(7))57) = AWD)E + Ximp) + b+ by,

€7
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with #;_; = ) and due to (2.34) we get
E(t)(& + Kimp + Y _(£4(73) — 2121(7))67,) = A(t) (% + Ximp) + E(1))
i€z
i#]
Setting X = x — Z;_; and b=b-— l;j this can be expressed in the form

E(t)x = A(t)X + b+ E()xj00,,, #j-1=0, (2.36)

where ;o = £,_1(7;). The initial condition does not occur as it is stated in the classical for-
mulation, as we cannot prescribe values of distributions, but as part of the inhomogeneity.
The general formulation of an initial value problem

E(t)x = A(t)x+ b+ E(t)r;edr, x;-1=0, (2.37)

suggests that for sufficiently smooth b the smoothness of x will depend on the initial
condition. Thus, the impulsive behavior and the future smooth development of the system
does not depend on the whole history but only on the initial condition.

2.2.4 Remarks

A drawback of the presented DAE theory is the restrictive constant rank assumption (2.12)
that needs to be applied in each step of the index reduction procedure leading to the reduced
system (2.14). Thus, the strangeness index (as in Definition 2.35) is only defined on a dense
subset of the given closed interval T which can be shown using the following properties of
the rank of continuous matrix-valued functions.

Theorem 2.50. Let I C R be a closed interval and M € C(I,R™™). Then there exist open
intervals I; C I, 7 € N, with
UL =1 LnL =0 fori#j (2.38)

and integers r; € Ny, j € N, such that
rank M (t) =r; for allt € I;.
Proof. See [82, Theorem 3.25] or [27, Ch. 10]. O

Applying this property to a continuous matrix-valued function we immediately obtain the
following result.

Corollary 2.51. Let I C R be a closed interval and E,A € C(I,R™") be sufficiently
smooth. Then there exist open intervals I;, 7 € N, as in Theorem 2.50, such that the
strangeness index of (E, A) restricted to 1; is well-defined for every j € N.
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Proof. See [82, Corollary 3.26]. O

Thus, the consequence of the constant rank assumption in Theorem 2.34 is that the
strangeness index is defined on a dense subset of a given closed interval I C R. Note,
that the proof of Theorem 2.50 and Corollary 2.51 is given in [82] only for the case of
complex matrix-valued functions. Nevertheless, the proof can be given in the case of real-
valued continuous matrix functions under the additional assumption that no accumulation
of critical points, i.e., points where the constant rank assumption is not fulfilled, occur. In
the following, we will exclude the case that accumulation of critical points occur from our
examinations. As a consequence, we can transform to the global canonical form (2.13) on
each component I; separately, but the theory does not allow to treat jumps in the index
and in the characteristic values between the intervals I; of (2.38). Even within the frame-
work of impulsive smooth distributions it is not straightforward to define impulsive smooth
distributions with impulses allowed at every point of a set

T=1\{JI,
JjeN

as the set T does not need to be countable. Further, jumps in the characteristic values
may affect the solvability within the set of impulsive smooth distributions as can be seen
in the following example.

Example 2.52. [82] Consider the initial value problem

For this DAE the strangeness index is not defined, but there exits a unique smooth solution
of the initial value problem in C*(R,R), namely x = 0. Within the solution space Ci,,, a
possible decomposition according to Corollary 2.51 is given by

R = (—00,0) U (0,00).

Obviously, all distributions of the form x = ¢ with ¢ € R solve the initial value problem.
Hence, we may loose unique solvability when we turn to distributional solutions. Moreover,
there is no initial condition of the form (2.31) that fixes a unique solution.

A further drawback of the distributional solution theory presented in Section 2.2.3 is that
we have to require infinitely often differentiable matrix-valued functions E(t) and A(t).
Another distributional solution theory for linear DAEs considering so-called piecewise-
smooth distributions is presented in [144] that also allows discontinuities in the coefficient
matrices E(t) and A(t). In this case, a suitable multiplication for distributions need to be
defined. Note, that the space of impulsive smooth distributions is a subspace of piecewise
smooth distributions where jumps and Dirac impulse can only occur at times 7;.



CHAPTER 3

HIGHER ORDER DIFFERENTIAL-ALGEBRAIC SYSTEMS

General nonlinear k-th order differential-algebraic systems of the form

F(t,z, &, ...,a®) =0, (3.1)

with F': I x D, xD; x --- x D, — R™ sufficiently smooth on a compact interval I C R

and open sets D, D;, ..., D& C R", as well as linear k-th order differential-algebraic
equations of the form

Ae®)x® 4 Ay ()z* D 4 At = f(1), (3.2)

where A; € C(I,R™*") fori =0,1,...,k, k € Ngand f € C(I, R™) naturally arise in many
technical applications. In particular, second order differential-algebraic systems with k£ = 2
play a key role in the modeling and simulation of constrained dynamical systems, e.g., in
the simulation of mechanical multibody systems or in electrical circuit simulation, as we
have seen in Chapter 1.

In the classical theory of differential equations, higher order systems are turned into first
order systems by introducing new variables for the derivatives. For DAEs this classical
approach has to be performed with great care since it may lead to a number of mathematical
difficulties as has been discussed in several publications, see [4, 32, 102, 129, 135]. In [102,
135] several examples are presented that show that the classical approach of introducing
the derivatives of the unknown vector-valued function x(¢) as new variables may lead to
higher smoothness requirements for the inhomogeneity f(t) that are needed to ensure the
existence of a solution, which corresponds to an increase in the index of the DAE. By
introducing only some new variables, however, this difficulty can be circumvented.

Example 3.1. [102] Consider the linear second order constant coefficient DAE

1 0f. 1 0f. 0 1
[0 O]x+ [O O]x+ [1 O}x—f(t), tel, (3.3)
where x = [z1,25]7, and f = [fi, fo]7. System (3.3) has the unique solution
I = f27 ) .
To = f1— f2— fo,

and hence the minimum requirement for the existence of a continuous solution is that f; is
continuous and fs is twice continuously differentiable. Using the classical transformation
to first order by introducing

v = [U17U2]T - [i‘17{i”‘2]T7 Yy = [U17U27x17x2]T7

31
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we get the additional solution components

V1 = f2a
; . 5
02:f1—f2—f2()7
and thus, f; has to be three times continuously differentiable to obtain a continuous solu-

tion. If, however, we only introduce v; = @9, then no extra smoothness requirements are
needed.

Another difficulty that arises in practical numerical applications is that the system may be
badly scaled and that there are disturbances and perturbations in the data, such that the
transformation to first order may lead to very different solutions in the perturbed system.

Example 3.2. [102] Consider the second order system
61T + €90 + €3x = €4f<t>, te H, (34)

with coefficients ¢;, ¢ = 1,...,4 of absolute value close to the machine precision and f
of norm approximately 1. If we transform (3.4) to first order in the classical way by
introducing

Y= [ylayQ]T = [iax]Ta

o [5 o-[4]

For different values of the ¢;, in finite precision arithmetic, we may decide that the system
(3.5) has a unique solution, no solutions at all, or is actually underdetermined.

then we obtain the system

Recently, it has been shown in [129, 152] that the direct discretization of the second order
system may yield better numerical results and is able to prevent certain numerical difficul-
ties as the failure of numerical methods, see also [4, 17, 151]. Therefore, a proper treatment
of higher order differential-algebraic systems requires either the direct numerical solution
of the high order system by appropriate numerical methods as proposed in [129, 152], or
carefully chosen first order formulations.

Example 3.3. Consider the example of a multibody system
M(p, t)p = fa(papa t) _GT(pa Zf))\,
0 = g(p,t).

In such systems it is common practice to derive a first order formulation by just introducing
new variables v = p but not the derivative of A, i.e.,

p = v
M(p,t)l) = fa(p,v,t)—GT(p,t))\,
0 = g(p.t).

In this way an unnecessary derivative of the Lagrange multiplier A is avoided.
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The theoretical analysis of linear high order differential-algebraic equations of the form
(3.2) regarding existence and uniqueness of solutions has been studied in [102, 135], where
condensed forms and corresponding invariants under equivalence transformations are de-
rived and a definition of the strangeness-index is given. Further, a stepwise index reduction
procedure allows to transform the original system to a strangeness-free system that enables
an identification of those higher order derivatives of variables that can be replaced to ob-
tain a first order formulation without changing the smoothness requirements. However, the
computation of these condensed forms is not numerical feasible as it involves the derivatives
of computed transformation matrices.

In this chapter, we first give a brief survey of the relevant results for linear second order
DAEs obtained in [102, 135] and introduce the characteristic invariants. Then, we present
a numerically computable method to determine the strangeness index as well as the char-
acteristic invariants using derivative arrays, following the ideas that were presented in
Section 2.2.2. An equivalent strangeness-free differential-algebraic system can be obtained
from the original system and its higher derivatives that has the same solution behavior as
the original DAE. In Section 3.2 the ideas are extended to nonlinear DAEs. Further, in
Section 3.3, we discuss first order formulations for linear second order DAEs and present a
trimmed first order formulation, see also [21] for further trimmed first order formulations.
The trimmed first order formulation also allows an explicit representation of solutions for
linear second order DAEs with constant coefficient matrices. In the following, we restrict
to second order systems for ease of representation and since they are most frequently used.
In principle, all ideas can also be extended to arbitrary k-th order systems.

3.1 LINEAR SECOND ORDER DIFFERENTIAL-ALGEBRAIC SYSTEMS

In this section we consider linear second order differential-algebraic equations with variable
coeflicients of the form

M)+ C(t): + K(t)x = f(t), (3.6)
where M,C, K € C(I,R™") and f € C(I,R™) are sufficiently smooth functions, together
with the initial conditions

z(to) =x9 € R™,  i(ty) =19 €R", forty el (3.7)

At first, we introduce the condensed forms that have been derived in [102, 135] for linear
second order systems (3.6) that allow to describe the characteristic quantities of the DAE.
In Section 3.1.2 these condensed forms and the relationships between the characteristic
quantities are used to extract a strangeness-free reduced system using derivative arrays.

3.1.1 Condensed Forms

To analyze linear second order DAEs of the form (3.6) we first derive condensed forms for
the corresponding triple (M (t),C(t), K(t)) of matrix-valued functions under appropriate
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equivalence transformations. An equivalence relation for triples of matrix-valued functions
can be defined in the same way as for pairs of matrix-valued functions in Definition 2.33.

Definition 3.4 (Global equivalence of matrix triples). Two triples of matrix-valued
functions (M,,Cy, K;) and (M,, Cy, Ky), with M;, C;, K; € C(I,R™*™), i = 1,2 are called
globally equivalent if there exist pointwise nonsingular matrix functions P € C(I, R"™*™)
and Q € C?*(I,R™*") such that

My = PM,Q, Cy=2PMQ+ PC,Q, K,=PMQ + PC,Q + PK,Q. (3.8)

For equivalent matrix triples we write (M7, Cy, K1) ~ (My, Cy, K3).

At first, we consider the action of the equivalence relation (3.8) locally at a fixed point
t € 1, taking into account that for given matrices P, Q Ry and R, of appropriate size,
using Hermite interpolation, we can always find matrix functions P and (), such that at
a given value t = f we have P(f) = P, Q(f) = Q, Q(f) = Ry and Q(f) = Ry, i.e., we can
choose Q(%), Q(), Q(f) independently. Therefore, we can define local equivalence of matrix
triples in the following way.

Definition 3.5 (Local equivalence of matrix triples). Two matrix triples (M, Cy, K;)
and (M, Cy, Ko) with M;, C;, K; € R™*" i = 1,2, are called locally equivalent if there exist
nonsingular matrices P € R™™ and ) € R™*" and matrices R;, Ry € R"*™ such that

M2 - PMlQ, CQ - 2PM1R1 + PClQ, K2 == PM1R2 + PClRl + PKlQ (39)

Again, we write (M, Cy, K1) ~ (M, Cy, K5) if the context is clear.

It has be shown in [135, Propositions 3.2 and 3.4] that the relations (3.8) and (3.9) are
equivalence relations on the set of tuples of matrix-valued functions, and on the set of
tuples of matrices, respectively. Further, condensed forms for matrix triples under strong
equivalence, i.e., for Ry = 0 and Ry, = 0 in (3.9), are considered in [102, 135], that corre-
spond to the case of linear time-invariant second order differential-algebraic systems. For a
linear second order differential-algebraic system of the form (3.6) a condensed form under
local equivalence transformation (3.9) of the corresponding matrix triple (M (%), C(£), K(t))
at a fixed point # € I has also been derived in [102, 135]. This local condensed form if given
in the following Lemma.

Lemma 3.6. Consider matrices M,C, K € R™". Then the matriz triple (M, C, K) is
locally equivalent via equivalence transformation (3.9) to a matriz triple (M, C, K) of the
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following local condensed form
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where the quantities sMCK)  gMC) - (ME) = ((CK) ~q2) q(D) "¢ and v are nonnegative inte-
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gers and the last column in each matriz is of width u.
Proof. See [102, 135]. O

Remark 3.7. For convenience of expression, in Lemma 3.6 and in the following, we drop
the subscripts of the elements of block matrices unless they are needed for clarification.

The quantities s(MCK) (M) - s(ME) = 5(CK) = q2) (M) g v and u in (3.10) are called the
(local) characteristic values of the linear second order DAE (3.6). Each of these charac-
teristic values appearing in Lemma 3.6 can be expressed in terms of ranks of matrices and
dimensions of column spaces. In addition, it can be shown that the quantities are invariant
under the local equivalence relation (3.9).

Lemma 3.8. Let M,C, K € R™ "™ and let

Vi be a basis of kernel( M),
Vy be a basis of kernel(M),
Vs be a basis of kernel(M™) N kernel(C7),
Vi be a basis of kernel(M) N kernel(V,'C).

Then, the quantities

r = rank(M) (rank of M)

a = rank(V;' KV)) (algebraic part)

sMCEK) — dim(range(M™T) Nrange(CTV;) Nrange(K7V3))  (strangeness of M, C, K )

s(OK) = rank (V' KV,) — a (strangeness of C, K )

dM = rank(V;'CVy) — s(CK) (1st-order diff. part)

sMC) = yank(VI'C) — sMCK) — 5(CK) _ (1) (strangeness of M, C')
sME) = yank(Vi'K) — a — sMOK) — 5(CK) (strangeness of M, K )

d? = — sMCOK) _ 5(MC) _ o(MEK) (2nd-order diff. part)

CK) _ g(1) _ 94(MCK) _ 4(MC) (MK)

v=m —r — 25 —a—s (vanishing equations)
u=n—r—s% —qdb _gq (undetermined part)
are invariant under the local equivalence relation (3.9).

Proof. See [102, 135]. O

Thus, in contrast to linear first order DAEs which are characterized by their differential,
algebraic and strangeness parts, see Theorem 2.34, second order differential-algebraic sys-
tems require a distinction into first and second order differential parts, algebraic parts, and
the strangeness s(MCK)  5(MC) - g(MEK) - (CK) que to the different possible couplings between
the matrices M, C' and K. For trlples (M(t),C(t), K(t)) of matrix-valued functions we
can compute the local condensed form (3.10) at any fixed value £ € I and determine the
characteristic quantities given in Lemma 3.8 for the triple (M (%), C(t), K(t)), so that we
obtain the functions

@) () GMOK) ((CK) (MO) ((MK)

r,a,d ,u,v : [ — Ng.
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In the following, we assume that these functions are constant over the considered interval
Iie.,

r(t) = at)=a, dY(t)=dV, sMOE)(4) = sMOK)

T?
sCR () = 5(CF) sMO) gy = JMO) - JME)(p) = M) g all ¢ € I, (3.11)

From Lemma 3.8 it then follows that d® (t), u(t) and v(t) are also constant in I. We will
call (3.11) the regularity conditions for the triple (M (t), C(t), K(t)). Under this assumption
we can obtain a global condensed form for triples of matrix-valued functions via the global
equivalence transformations (3.8).

Lemma 3.9. Let the matriz-valued functions M, C, K € C(I, R™*™) be sufficiently smooth,
and suppose that the regularity conditions (3.11) hold for the local characteristic values of
(M,C,K). Then, (M,C,K) is globally equivalent to a triple of matriz-valued functions
(M,C,K) of the condensed form

[Lcxy 0 0 0 0000
0 ILwey 0 0 0000
0 0 ILaw 0 0000
0 0 0 Iy 00 0 0
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 000 0] ,
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
L0 0 0 0 00 0 0
[0 0 CcCc 0 0 C C]
0 o ¢cc o0 0 CC
0 o ¢cc o0 0 CC
0 o ¢cc o0 0 CC
0 0 0 0 Iws 0 0 0
0 0 00 0 Im 0 0
Lowery O 0 0 0 0 0 0] , (3.12)
0 Iwe 00 0 0 0 0
0 0 00 0 0 0 0
0 0 00 0 0 0 0
0 0 00 0 0 0 0
0 0 00 0 0 0 0
0 0 00 0 0 0 0]
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Here, all blocks are again functions on 1 and the last block columns have size u.
Proof. See [102, 135]. O

The global condensed form (3.12) can now be used to derive an equivalent strangeness-free
second order DAE by a stepwise index reduction procedure. The associated differential-
algebraic system with coefficient matrices (M,C, K) in global condensed form (3.12) is
given by

Ty + Ci33 + Cryig + Crriy + Ciglg + Kiowo + Kiawy + Kieze + Kigrs = fi, (a)
Ty + O3y + Coyy + Cority + Cogg + Kooy + Koyxy + Koss + Kogs = fo, (0)
T3 + O35 + U342y + Csrir + C3sg + Koy + K3gxg + K366 + K3srs = f3, (c)
T4 + Cy3¥3 + Cuyy + Cyrivy + Cagg + Koy + Kygwy + Kise + Kagts = fu, (d)
T5 + Ksoxo + K4y + Ksrs + Kssrs = fs, (e)

T + Keao + Keaty + Koo + KesTs = fo, (f)

&y + Kopwy + Kqgy + Kree + Krgs = f7, (9)

Ty + Kgoto + Kgaty + Ky + Kggrs = fs, (h)

x7 = fo, (1)

r5 = fuo, (J)

T3 = fi1, (k)

T = fia, (l)

0=fiz. (m)

If we differentiate the equations (g) — (1) once, we can eliminate the corresponding deriva-
tives @y, 43, T5, T7, T1, T2 in the equations (a) — (e) and (g). This, yields the differential-
algebraic system

—Kyoig 4 (C1g — Kqa)iq — Krgie + (Crg — Krg)ig 4+ (K1 — K72)29
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+(K14 — Kng)zg + (K16 — Kr6)w6 + (K1 — Krg)as = f1,

— Kgoio 4 (Coy — Kga)iq — Kggie + (Cog — Kgg)ig + (Koo — Kgo)xo

+(Koy — Kga)g + (Kog — Kgg)w6 + (Kog — Kgg)ag = fo,

i3 + Caadig + Casis + Ko + Kaawg + Ksexe + Kaszs = fs,
&4+ Caadig + Cusiis + Kaoma + Kaawg + Kaoxe + Kaszs = fu,
Ksowa + Ksazy + Ksgrg + Kssas = f,
i + Keawa + Keara + Koo + Kesrs = fo,
Koty + Knawa + Krae + Krsws = fr,
Tg + Kgoxo + Ksary + Kgewe + Ksszs = fs,

where

fl = fl - f7 - Cl7f9 - Cl3f117
fo=fo— Corfo— fs — Casfur,
fs = fs— Carfo — Cas fun,
fi=fi=Cufo = Cisfur,

fs = f> — fuo.

f? = fr — f12-

r7 = fo,
Ty = flOa
xr3 = flla
xr1 = lea

0= fis,

Thus, after one differentiation and elimination step we get an equivalent second order

system of DAEs

M<1>(t)i‘+C’<1>(t)xL—|—K<l>(t)i _ f<1>(t),

with (M<'>, C<'> K<1>: f<1>) being of the form
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| fe : (3.13)
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The triple (M<'>,C<!> K<!'>) in (3.13) can then again be transformed to the global
condensed form (3.12) and the reduction step is repeated, i.e., again, the derivatives of
certain equations are added to other equations to eliminate the coupling between equations.
Note, that the identity block of size s%) in the matrix M is not eliminated in the first
reduction step, as this would require the second derivative of equation (k). This block is
eliminated in the second reduction step by differentiating equation (k) twice and eliminating
Z3 in equation (c). Continuing this process, we obtain a sequence of triples of matrix-
valued functions (M<*(t),C<">(t), K<*>(t)), i € Ny, with corresponding characteristic
values (ry, d\", a;, s s{ %) ME) JMOK) o 02), where (M<0>(t), C<0>(t), K<9>(t)) =
(M(t),C(t), K(t)). During this reduction procedure the identity blocks of size s\ are
decomposed into two blocks of size s; and s;_q, with SEMK) = s; + s;_1, and sg = séMK),
in such a way that s;_; denotes the part of SEMK) that can be eliminated in the (i + 1)-th
reduction step, while s; denotes the part that cannot be eliminated until reduction step
1+ 2. Here, we set s_; = 0 and for the following we use the convention that characteristic
quantities with negative subscript are zero. The relations

i MCK MC
rank (M<z+1>) =Tip1 =T, — 85 ) - 8( ) — Si—1,

rank (K<) > a;41 > a; + SECK) 4 §MOK)

i

guarantee that after a finite number of steps p, the strangeness s,(LMCK), SLMK), s,(LCK)

and SELMC) corresponding to (M <t=(t), C<F=(t), K== (t)) vanish and the process becomes
stationary. We call p the strangeness index or s-index of the second order system of DAEs
(3.6) and we call the final equivalent second order system of DAEs strangeness-free.

Remark 3.10. Here, we differ slightly from the index reduction procedure described in
[102, 135], where the identity block of size sMK) is also completely eliminated in every
reduction step. Thus, for one reduction step one or two differentiations of equations are
required, depending on the occurrence of strangeness blocks. In this way, the index definition
does not correspond to the differentiability requirements for the right hand side. In our
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approach the right-hand side is only differentiated once in each elimination step before
the system is again transformed to global condensed form such that the strangeness index
corresponds to the differentiability requirements for the right hand side, which is the case
for all general index concepts.

Theorem 3.11. Consider the linear second order system (3.6), suppose that the reqularity
conditions (3.11) hold, and let p be the strangeness index of (3.6). If f € CH(I,R™),
then system (3.6) is equivalent (in the sense that there is a one-to-one correspondence
between the solution sets) to a strangeness-free system of second order differential-algebraic
equations of the form

B1 + Cn(t)in + Cua(t)ia + K (t) @ + Kio(t) %2 + Ku(t) 2 = fi(t), (dP)
To + Ko1 ()71 + Koo ()% + Koa(t) T4 = folt), ( dﬁ) ) (3.14)
i3 = f3(t), (au
0=fu(t), (vu)
where the inhomogeneity f = [fL,..., fTT is determined by f©, ... fW. In particular,
d,(f), d&l) and a, are the number of second order differential, first order differential, and
algebraic components of the unknown & = [z{,...,21]7, while u, is the dimension of the

undetermined vector T4, and v, is the number of conditions in the last equation.

Proof. The proof is similar to the proof of [135, Theorem 2.12] with slight modifications
concerning the definition of the strangeness-index and the counting of the differentiations
(see Remark 3.10). O

Using the strangeness-free form (3.14) we can analyze existence and uniqueness of solutions
and consistency of initial conditions for linear second order differential-algebraic systems
(3.6), see [102, 135]. Further, Theorem 3.11 allows an identification of those second order
derivatives of variables that can be replaced to obtain a first order system without changing
the smoothness requirements or increasing the index.

Corollary 3.12. Under the assumptions of Theorem 3.11, let u be the strangeness index
of the matriz triple associated with the system (3.6) and let f € C*(I,R™). Then, the
solution set of system (3.6) is in one-to-one correspondence (without further smoothness
requirements) to the partial solution set given by the components Z1,...,T4 of the system
of first order differential-algebraic equations

5+ Cra(t)i + Cra(t)2s + Kin ()71 + Kia(t)da + Kia(t)3s = f1(1),
By + Ko ()% + Koo ()2 + Kaa ()4 = f(1),

73 = fa(t), (3.15)
= falt),
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Proof. See [102]. O

Remark 3.13. The linear first order DAE (3.15) is strangeness-free and has the charac-
teristic values d,, = 2dL2) + d,(}), Ay, Uy, and uy,.

We give an example to illustrate how we can derive an equivalent strangeness-free system
using the described index reduction procedure.

Example 3.14. Consider the linear second order DAE

10001 [&] [000 ¢]1[&] [000 0] [m] [AG)
0t 00| i |t 000||in] 0000 e |kt
000 0| i Tloo 1 ol las| Tt oo o as| = |Hw| GO
000 0| & |00 o0of|i] |00 1 0| e |fu(0)

for t € [to,tf] with tg > 0, z = [I1,$2,$3,I4]T and f = [fl,fg,fg,f4]T. System (316) is
already given in global condensed form (3.12) with characteristic values

(MEK) _

d[()z) _9 SéCK) _ 1 JMOK) _ SéMC) ¢

) 0 - &ozd(()l):U(]:uO:O.

One index redcution step consisting of differentiation of the last equation and elimination
of &3 in the third equation yields the system

1 0 0 0f [xy 00 0 t| |2 00 0 O] |= fi
0t 00 @_f_tOOO 3'52+0000 .Tg_fz‘
0 0 0 O |23 0 0 0 Of [z3 100 Of [z3|  |fs— fal’
0 0 0 O |24 0 0 0 Of |24 0 0 1 O x4 f1
with characteristic values
4P =1, ngK):l, ar =1, ngCK)ZSSMC):SSCK):dgl)zvl—ul_o
In the second reduction step nothing is changed, i.e.,
A =1, sM =1, ay =1, s =MD = S0 = ) = vy = uy = 0,

and in the last reduction step differentiating the third equation twice and eliminating &
in the first equation yields the system

00 0 0] [# 00 0 t] [i 00 0 0] [ fi—fa—fa

0t 00 :i2+t000 i*2+0000 To| fo

00 0 0| |23 00 0 0f |23 1 00 0| |x3] fz— fa ’

0 0 0 Of |24 0 0 0 0f |4 0 0 1 Of |24 fa
which is strangeness-free with characteristic values

I A I

and thus p = 3.
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The sequence of characteristic values (r;, d(»l), a;, sMCK) (MO (ME) S(CK),ui,vZ-) that is

% % ) 24 ) 24 ) 94
obtained during the stepwise index reduction procedure can be further characterized in
terms of ranks of block matrices of the matrix triple in order to get some insight into the

index reduction procedure described above.

Lemma 3.15. Let the functions M,C, K € C(I,R™*") be sufficiently smooth and let
the strangeness index u be well-defined. Further, let the process leading to Theorem 3.11

yield a sequence (M= C<> K<) i € Ny, with (M<%>,C<%> K<) = (M,C,K) and

characteristic values (r;, dgl), a;, SEMCK), SEMC), SEMK), SECK), u;, v;) according to Lemma 3.8.

The triple (M <%, C<"> K<*>) of matriz-valued functions is globally equivalent to the triple

L wery 0 O 0 0 00 0 0
0 IS<_MC) 0 0 0O 0 0 00
0 0 I,, 0 0 0000
0 0 0 L, 0 0000
0 0 0 0 Ie 0000
0 0 0O 0 0 0000
0 0 0O 0 0 0000
0 0 O 0 0 000 0| °
0 0 O 0 0 0000
0 0 0O 0 0 0000
0 0 O 0 0 0000
0 0 0O 0 0 0000
0 0 O 0 0 0000
0 0 0O 0 0 0000
L0 0 O 0 0 000 0
0 0 o o o 0 0 oFr o
00 GyT GyT O 0 0 Ot Oy
O 0 Gl G Gl 0 0 OT Gy
SO A N e W
0 0 O~ Gy~ Cg 0 0 Cx~ Cg
0 0 0 0 0 Iex O 0 0
0 0 0 0 0 0 Iw 0 0
Ivery 0 0 0 0 0 0 0 0 , (3.17)
0 Laey O 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
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_ 0 K1<27,> 0 0 K1<5@> 0 K1<71> 0 K1<91> T SZ(-MCK)
i i i i MC
0 Ki® 0 0 Ki¥ 0 K57 0 Ky” sME)
0 Ky~ 0 0 Ky~ 0 Ky~ 0 Ky~ Si-1
0 Kz~ 0 0 Kg~ 0 Kg= 0 Ky~ %
0 K> 0 0 K3® 0 Kg> 0 K d%CK)
0 Kg~ 0 0 Kg= 0 Kg» 0 Kg~ %
0 Ki” 0 0 KT 0 K5 0 K5 dE'MCK)
0 K& 0 0 Kg~ 0 Kg~ 0 Kg” % o) :
0 K> 0 0 K& 0 Kgv 0 Ko 5
0 0 0 0 0 0 0 I, 0 azoK)
0 0 0 0 0 Is(.CK) 0 0 0 i
0 0 I, , O 0 0 0 0 0 Si—1
0 0 0 I 0 0 0 0 0 Si
ey 0 o 0 0 0 0 mero
o 0 0 0 o o 0 | v;
where SEMK) 1s separated into SZ(»MK) = s; + S;_1 and the last block columns have size u;.
We define
C<z> — C<z> K8<ji>7 ] — 5’ 97
C<z> — C<z> K9<ji>7 ] — 5 9
K1<jz> e K1<jl> K8<]z> + K8<21>K<z> 4 K8<7i>K7<ji>7 ] — 2’ 5, 77 9’
K2<ji> — K2<ji> _ K9<jz> + K9<2’>K<’> + K9<7i>K7<ji>, j= 2,5,7.,9,
Cy = [C<Z>T C<z>T C<1>T} T ’
62 [C<z>T C<Z>T C«<z>T}
as well as
= 4 4 €K o ~
ko =dy’ + sy, ki1 = rank Cy,
ey = d(()l) (() 9 (CK) + (MCK), e;+1 = rank ([C’l ég])
Then, let U and V be nonsmgular matriz-valued functions of size (SEMCK) + SEMC) +
Si—1,8 Z(MCK) + S(Mc) +s;-1) and (d + uy, dg )+ u;), respectively, such that

Y = L., 0
Ut ¢ Cz]vzl o o}'

Further, let U and V' be partitioned into U = [Ul U, Ug] and V = [Vl Vs VE;} such
that

UlT B 5 I€i+1_k’i+1 0 0

Uf | [Cr Gl [Vi Vo V3] = 0 Iy OF,

ur 0 0 0
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)

and with a splitting of V3 into V3 = [V},l VE;Q:| with V31 of size (dl@ + u;, d?

and V3o of size (dZ@) + wi, u; — kiy1) we can define

(K1 K, K3 Ky Ks Kg|:=

—eit1+kit1)

K™ | K Ko~ | Kg” 1 vive] 0 0 0
[ 0 I] Ros | Ko™ Koy~ | Ry 0 0 Taey 0 |
K6<51> K6<71> K6<22> K6<92> SE )
K< | g<i> <> | g<i> 0 0 0 [Va V3ol
85 87 82 89
where the identity matrixz on the left-hand side is of size SECK) —i—sEMCK). Further, we define
bo = ay, biy1 = rank ([Ke)),
CK
po—a0+5( )7 pz+1—rank([ KGD,
to = ag + s(()CK) s(()MK), tiv1 = rank([ K Kﬁ}),
do = Qo + S(CK), Z+1 = rank([ K4 K5 Kﬁ]),
ho=ag+ sy " + 55", hity = rank ( [Kg Ks Ki K5 Kg)),
co = ap+ sg 4 s SO ey =rank ([Ky Ky Ky Ky Ks Kg)),
Wo = Vo, Wit1 = Vit1 — Vs,
do = €o, Qit1 = €iy1 T C — S(CK) EMCK)-
Then, we have
Tiv1 = Ti — S(-MCK) - Z(-MC) — Si—1,
MCK CK MK
Cit1 = bip1 + S§+1 "4 Sz(+1 - 5§+1 )~ S
Mc MCK
€it1 = kiy1 + 5§+1 e 5§+1 g
Qiy1 = a; + s(CK) + S(MCK) +5si—1 + b1 =co+ -+ cip — Sz(ff() - SEﬁK) - SEﬁCK)>
(MCK) _
Sit1 = Cit1 — Nit1,
Mc
52('+1 ) = €iy1 — Kip1 — cip1 + higa,
Siy1 = hig1 — dig,
EflK) = Sjt1 t Sis
c
s\ = digy — by,
c c
dz(—Qi-)l Tit1 — «5‘% o 3% ) 3§+M1K) = dm — €iy1 + Kip1 — Siy1,
di = dV + s 4k — s
c c c
:q0+...+qi+1_co_..._c_SZ(_]KK) SE%)_SE+{()7
Wiyl = QS(MCK) + SECK) + SZ(-MC) + 81 — €41 — Cig1,
Uip1 = Ug — by — -+ — iy,
Vig1 = vo 4wy + -+ wipy = 2 4 O L MO L e — i + 0
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Proof. Form Lemma 3.9 it directly follows that each triple (M~ C<"> K<">) i € Ny is
globally equivalent to the form (3.17). The identity blocks of size SEMK) are decomposed
into two identity blocks of size s; and s;_1, such that in one differentiation and elimination
step the block of size s;_; can be eliminated. To prove the relations for the characteristic
quantities we first perform one differentiation and elimination step for system (3.17) and

thus get the matrix triple

000 0 0 0000 [0 0 00CF 0 0 0 CF~7]
000 0 O 0O0OGO |0 0 00CH> 0 0 0 C5~
000 0 O 00OGOl [0 0 00CF 0 0 0 Cx~
000T1I O 00OGOfl [0 0 00Cg 0 0 0 Cg~
oooo.rd@oooooo0005<5@'>0000§;>
0000 0 0000l o 0o 00 0o 0o 0o 0o o0
0000 0 0000 [0 0 00 0 0Ly o0 0
0000 O O0O0OOGO|,j0 0 00 O 0 0 0 0 |,
0000 0 000GO| [0 Iawe 00 0 0 0 0 0
0000 0 0000/ {0 o 00 0 0 0 0 0
000 0 0 0000 10 0 00 0 0 0 0 0
0000 0 0000 0 0 00 0O 0 0 0 0
0000 0 0000 o0 0 00 0 0 0 0 0
0000 0 0000 0 0 00 0O 0 0 0 0
ooo o0 0 0000 Jjo o 00 0 0 0 0 0 |
0 K o0 0 K0 K0 Ky
0 Ky> 0 0 K3 0 Ki” 0 Ky~
0 Ky~ 0 0 K~ 0 Ki” 0 Ky~
0 Ky~ 0 0 Kg” 0 K§¥ 0 Ky
0 Ky~ 0 0 K3 0 Ki”® 0 Ky~
0 Kg> 0 0 Kg” 0 Kg” 0 Kg”
0 K> 0 0 Kz” 0 K& 0 Ky
0 Kg~ 0 0 Kg~ 0 K§® 0 Kg”
0 K&~ 0 0 Kg~ 0 Kg” 0 Kg~
0 0 0O 0 0 0 0 I, 0
0 0 0 0 0 IS(CK) 0 0 0
0 0O L., 0 0 0 0o 0 0
0 0 0 I, 0 0 0 0 0
[ ey 0 0 0 0 0 0 0
B 0 0 0 0 o 0 0 |

In the following, we omit the subscript i. Permutation of the resulting triple of matrix-
valued functions yields
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(I 00 0/0 00007 [Cs 0O 0 Cs|0 0000
0 00 0|l 0000 G 0 0 Cypj0 0000
0 000[0 0000 Cis 0 0 Ciw 0 0000
0o 0o0o0lo 00 0 0 Cos 0 0 Cow|0 000 O
o 00 o0lo 00 0 0 Css 0 0 Cp|0 0000
0 00 0/0 000 0 0 few 0O 0100000
0O 00 0/0 0000 0 0 Ioe 0 ]000 00
0 0000 0O0O0OOI|,| o o 0 010000 0
0O 00 0/0 0000 0 0 0 01000 0 0
0 0000 0000 0 0 0 010 00 0 0
0O 00 0/0 0000 0 0 0 01000 0 0
0O 00 0/0 0000 0 0 0 01000 0 0
0O 00 0/0 0000 0 0 0 01000 0 0
0O 000/0 0000 0 0 0 01000 0 0

L 0 00070 00001 | 0 o 0 01000 00

[ Kss Ksv Kso K| O 0 0 0 0 ]

K45K47K42K49000 0 0

Kis Ky Kis Kig| 0 0 0 0 0

Kos Kor Koy Ko | 0 0 0 0 0

K35K37K32K39000 0 0

K75K77K72K79000 0 0

Kos Kor Koo Kog| 0 0 0 0 0

Kogs Kg7 Kgo Kgg | O 0 0 0 0

Kss Ksi Kgo Kso| 0 0 0 0 0
0 0 0 0]0 0 0 0 0
o 0 o0 oL o0 0 0 0
o 0 o o]0 I, 0 0 0
o 0 0 0|0 0 I 0 0
0 0 0 0[]0 0 0 Iew 0
0O 0 0 0[]0 0 0 0 Iueo

The so obtained triple has to be transformed to global condensed form (3.12). We can
restrict ourselves to the upper left blocks and use global equivalence transformations to
separate the corresponding nullspaces. In the following, we only specify the blocks we are
using in the transformations for convenience. Thus, we consider the triple of matrix-valued

functions

Css
Cys

Cis

i Id<2)
0

O O O OO O o oo
O O OO O oo oo
O OO OO oo oo
&
exs

OO OO o oo

&’\(
oD o0 o0 o oo

o O O

~

w0

co0or cocoocooo

)

Csg
Cao

Kss
Kys

Kis

Kos
K3ss

Ks7
Ky7

Kz
Ko7
K37
K77
Ko7
Ker
Kgr

Kss
Ky

Ky
Koo
K3
Kro
Ko
Kgo
Kgo

Ksg
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Ty = bit1, r6 = hip1 — diq1,
T3 = Piy1 — biy1, r7 = Ciy1 — hig1,
Ty = lit1 — Dit1, e1 = Kiy1,

rs = dip1 — tig1, €2 = €41 — kg1,

and thus we get

Qiy1 = a; + SZ('CK) + SEMCK) + Si—1 + 712,

(MCK) _
Sit1 =T,
Mc)y _
Siy1 — Se = €2 —T'7,
(MK) _
(CK) _
Sit1 =Ts+rse+7s,
2 _,. _ 42
d;iy =18 =d;” — ea — T,
1 1 MC
d§+)1252+33+84:d§)+35 )+€1—T3—T4—T5,
Wit1 = Vi1 — Uy
MCK CK MC
:255 )+s§ )—I—sg )+Si_1—€1—62—7’2—7“3—7’4—7”5—7’6—7’7.

3.1.2  Derivative Array Approach

The algebraic approach described in the previous section allows for the theoretical analysis
of linear second order DAEs (3.6), but it cannot be used for the development of numerical
methods as neither the inductive process of the reduction to the strangeness-free formula-
tion (3.14) nor the condensed form (3.12) are obtained in a way that is feasible for numerical
methods, since we would need derivatives of computed transformation matrices. Therefore,
we look for other ways to compute the characteristic invariants of a given DAE as well as a
condensed form similar to (3.14) in a numerically stable procedure. The basic idea due to
Campbell [22] is to differentiate the differential-algebraic equation (3.6) a number of times
and put the original DAE and its derivatives into a large system. Then, purely local invari-
ants can be constructed via local equivalence transformations, which allow to determine
the global invariants including the strangeness index, wherever they are defined. Further,
it is also possible to derive a strangeness-free formulation using only local informations.
The great advantage of derivative arrays is that we can deal with them numerically, since
only the original data functions together with their derivatives are included.

In the following, we consider matrix-valued functions M, C, K € C(I,R™™) that are suffi-
ciently smooth and we assume that the strangeness index p is well-defined, i.e., the ranks
are constant in the considered interval and none of the invariant values changes its value
during the process. Differentiating the differential-algebraic equation (3.6) and putting the
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original DAE and its derivatives up to a sufficiently high order into a large system, in a sim-
ilar way as in Section 2.2.2, we obtain the derivative array, or inflated differential-algebraic
equation associated with the linear second order DAE (3.6) of the form

M) g+ Li(t) 4+ Ni(t)z = gi(t), 1€ N, (3.19)

where M, £;, Nj, z; and g; are defined as follows

A o S
.77
f

CO 4+ iK@Y fori=0,...,1,j=0,
0 otherwise,

K® fori=0,...,1,j=0,

0 otherwise,

1=0,...,1,
1=0,...,1

[ ]

For [ = 3, for example, the extended system (3.19) is of the form
(2

M 0 0 01T 2

M+C M 0 0 i
M+2C+K M + C M 0 Ex
M® 1+3C+3K 3M+3C+K 3M+C M| 2@

C 000 [2z1"Y [K 000z f
C+K 000 1@l K 000 i| |/
C+2K 0 0 0| | @ K 00 0] ] & i
C®+3K 0 0 0] [2® K® 0 0 0] |[2® f®

For every | € Ny and every t € I, we can now determine the local characteristic values of
the triple (M(t), £;(t), Ni(t)) by transforming to the local condensed form (3.10). We can
show that these local quantities at a fixed point ¢ € I are invariant under global equivalence
transformations of the original triple (M(t), C(t), K(t)) of matrix-valued functions. To do
this, we need the following Lemmas.

Lemma 3.16. Let D = ABC' be the product of three sufficiently smooth matrix valued
functions of appropriate dimensions. Then

i =] . .
DO — Z ( )( ) AW k) or(i=i—Fk)
=0

Proof. See [82, Lemma 3.28|. O

Q
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Lemma 3.17. For all integers i, 5, k,l withi >0,71>7>0,1—35 >k >0, we have the

identities
—j—k
l

U0
EE - 0t k><zk><fz<j;1><@;1><@fzkl>

()=
WEEGR)-Co0 )

Proof. The proof follows by straightforward calculations using the definition of the binomial
coefficient. O

Now, we can show that the local quantities of the triple (M, (t), £;(£), Ni(t)) are invariant
under global equivalence transformations of the original triple (M (t), C(t), K(t)) of matrix-
valued functions.

Theorem 3.18. Consider two triples (M,C,K) and (M,C,K) of sufficiently smooth
matriz-valued functions that are globally equivalent via the transformation

M =PMQ, C=PCQ+2PMQ, K=PKQ+ PCQ+ PMQ

according to Definition 3.4, with sufficiently smooth matriz-valued functions P and Q). Let
(M, L, N}) and (M, L, N;), | € Ny, be the corresponding inflated triples constructed as
in (3.20) and introduce the block matriz functions

. . . ﬂ (Z+1) ) pr— 1 =
]y = (P, [, = { p QU Jori=0,..,1 =0, (3.21)

0 otherwise,

[©1]:; = (?+2)Q(Fj)7 [Xi)iy = { QU fori=0,....1,j=0,

0 otherwise.
Then,
. O(t) 2¥(t) %u(?)
[Mu(t), Li(2), Ni(t)] = IL()[M(t), Li(t), Mi(2))] 8 @zo(t) gzgti (3.22)
(2t

for every t € I, and the corresponding matrixz triples are locally equivalent.
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Proof. First, we note that all matrix-valued functions My, £;, Ni, My, £;, N, 11,, ¥y, ©; and
¥, are block lower triangular with the same block structure. Furthermore, N, M,El, El,
U, and ¥; have nonzero blocks only in the first block column. Using Lemma 3.16 we obtain

% i— kl
Y= z k L ik —k
) Z Z k1 k21 ) ( 2)Q( ! 2),
k1=0 ko=0
7 i— k)l
CO=3"3" (1) () [PRICE=)QUkhe) g plh) pptka) QU 1—hi—k)]
k1=0 k2=0
% i— kl

K® — Z Z v ij'l (kl)K(kz)Q(i—kl—/@) + P(kl)C(kQ)Q(i-l-l—’ﬂ—kz)

k1=0 ko=0

)

+p(k1)M(k2)Q(i+2—k1—k2)} ]

Inserting the definitions, shifting and inverting the summations and applying Lemma 3.17
leads to

7 1

MMOiy =Y [, [Miliy 1, [O1]: 5

hi=jla=j

= Z - 11)[ (ypm =t 4 (1 jot—tb 4 (Zzljrz)Kul—lz—m] (22)QU=—9)

j+2
l1=jla=j
i—j k1+j . .
=3 X b (e (ot
1+7J

Py Iy o +1

HEE K] () QU

SO Y (AR P QU
J 1 2
S Y X () [Pt Uitk 4 gplh) ) gui-ick )
k

PG Y Y () [P k)

i) olk) Qi—j=1-k1—k2) P(kl)M(k2)Q(i_j_k1_k2)]
= (;‘)M(ifj) + (jj—l)é(iijil) + (jer)K’(FH) = (Ml

In the same way we get

7 7 A
0LLiOi0 + [2IM P Jio = > [Wlig, [l 0[O0 +2 > D [MiJis, Mty 10 [Yilis 0
11=0 11=012=0
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i

=3 ()Pt [Cul) L K(ll—l)} 0

N
=
Il

=)

' i — I lo +2
#2303 (PO MO ()00 () KO 2=

- Z Z (,ﬁ )(i;kl) [P(kl)c(kz)Q(i—kl—kQ) +2P(k1)M(k2)Q(i+1—k1—k2)}
1 2
k1=0 k2=0
i—1 i—1—k

+1 Z Z (lkll) (Z }42 kl) [P(kl)K(kz)Q(i—l—h—kz)

k1=0 ko=0
1 pk) k) Qli=ki—ka) 4 P(kl)M(kz)Q(i—i—l—kl—kg)]

= é(i) + Z'f((i_l) = [[4],’70,
and

[HIM@l]i o+ L]0+ [HlMlzl]i 0=
i L

= Z L]0, INI1y 0[©1]0,0 + Z i (£ 0[%doo + D> MWl My 1 [Eiis.0

ll =0 l1 0 ll 0l2 0
= Z p(l WrbQ + Z p(l l1) [ o) +Z1K(ll—1)i| QW
11=0 11=0
£33 (P [0 £ () 1 () et g
2 2
11=012=0
i i—kq
_ Z Z z k1 [P(kl)(K( )Q(iflﬂ*kz)_‘_C(kQ)Q(Z#lfkl*kQ)_’_M(kz)Q(iJerklsz))
k1= Ok‘z
= K0 [Nl]

0

As a consequence of Theorem 3.18 we have shown that the local characteristic values of the
inflated triple (My(#), L£,(#), Ni()) at a fixed point #, that in the following will be denoted
by (7, d( , §Z(MCK) sl(MK , sl(CK) ~Z(MC), w, U;), are well-defined for equivalent triples of
matrlx—valued functions and for each | € Ny. These quantities are numerically computable
via a number of numerical rank decisions using e.g. a singular value decomposition or
a rank revealing QR decomposition, see [54]. Next, we show how these local quantities
of the inflated triple (M;(), £;(t), N;(f)) are related to the global characteristic values
(7’,,61(1 a;, s EMCK), Z(MK), Z(CK),SZ(-MC),UZ',UZ') of the original triple (M, C, K) at the point

t. For convenience of representation we restrict ourselves in the following to the case that
the strangeness index is restricted by p < 2.
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Theorem 3.19. Let the functions M,C, K € C(I,R™") be sufficiently smooth with well-

defined strangeness index pu < 2 and global characteristic values (r;, ! a;, s EMCK) S(CK),

(2 ? 7

M) S(MK),UZ,U,), i € Ny. Furthermore, let (M(t),Li(t), Ni(f)) be the correspond-

K3 ?

ing inflated matriz triple at a fized t € 1 with local characteristic values (7, czl(l), ap,
GIMOK) S(CK) SMO) SMEK) & %), Then, forl=0,1,2, we have

l l l

rank [M,] =7, = (l—i—l)m—Zqi—ZCi—Z%

=0 =0 =0
l l
rank [M), L] = (I+ D)m =Y ci— Y w;, (3.23)
1=0 =0

l
rank [Ml7£l7-/\/’l] = (l + 1)m - Zvia

=0

using the definitions as in Lemma 3.15, and

Czl(l) =k —p + by,

C~Ll = bl =C — Sl(MCK) — SI(CK) — SI(MK) + Si—1,

l l

S S by S ),

=0 =1

§Z(CK) =b_1— b +p,

l l l
:;Qi_;ci+;(di_ti)+pl—kl, (324)
l

gl(MK) — Z(dz - ti)?

= (14 Vug + (I + 1)ag + lko — Zk Zb

=0

Proof. Due to Theorem 3.18 we may assume without loss of generality that the triple
(M,C, K) is already given in the global condensed form (3.12). Then, for fixed ¢ € I,
we have to determine the local characteristic quantities of (M;(#), £;(£), Nj(f)). In the
following, we will omit the argument ¢ and we use local equivalence transformations of the
form (3.9) on the inflated triple. For [ = 0 it is immediately clear that

To = rank My =m — qog — ¢g — o,
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rank [Mo, Lo] =m — ag — s(()CK) - s(()MCK) - séMK) — Vg =M — ¢y — Vg,

rank [Mo, Lo, No| = m — vy,

and the local characteristic values of (Mo, Lo, Ny) correspond to the global characteristic
values of (M, C| K). For [ = 1 we have to consider the inflated triple

(MlaﬁlaNI):dMﬂﬁc J\OA’{CSSK 81[? SD’

with (M, C, K) in global condensed form (3.12). The identity blocks in the matrix M allow
to eliminate all other entries in the corresponding block rows of M; by local equivalence
transformations. Further eliminations using the identity blocks of the global condensed
form and block decompositions yield the following matrix triple, where we only state the
first block columns of £, and N; since all other entries are zero

0 .
0
0 .
I .
I .
I
: (3.25)
0 0 0 00 0|1
00 0 00 0 I
00 0 00 0 I
00 0 . 000 I
I .
. I
I .
I
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=

-

o O
SO OO OO
e
QQQeoooe
o O
SO OO OO
O O O OO
QQQeooe
RERRR R R R
RERRR AR R
RERRRRR R
RERRRR R R
RERRR R R R
RERRR R R R

o O O o

oo oo
ARAERQQQQ

SRR =R
XERRQQQQ
SRERERQQAQQ
SERRRR R R
XERRQQQQ
SRR R
SRR R
R R R R R R
SRR B R

. . . ~ MCK) -~ MC) ~ MK) -~ CK) - MCK
with dimensions §; :s(() ),52:3(() ),33 :s(() ),54:3(() ),5523(() )+SO

Vo

(MC)

—€q,

S¢ = s(()MK) —e1 + ki, 1 = eg — ky, Jl = dél), and Jg = d(()2). Now, we can read off the

corresponding ranks as

71 =rank My = 2m — ¢y — 2vy — eg — QSE)MCK) — s(()MC) (CK) _ g(MK)

_9 (MEK)
=2M —Cy) —C —Vyg— VU1 —€ — €1 —ay — S

(CK)  (MCK)

=2m—cy—c1—vg—v1 —ey— (e1+co—sy =8 ),

rank [My, L1] = 2m — ¢y — s(()CK) — QSSMCK) — 20y — s(()MC) +e
=2m —cy—c1 — Vg — U1,
rank [My, L1, N1] = 2m — 2vy — QSE]MCK) - SE)CK) — s(()MC) +e +c
=2m — vy — V1.
Let II € R?™*2™ and ©, ¥, X € R?"*2" be block matrices, such that
(M, L1, N7) = (TIM,0,T1L,0 + 2IIM, ¥, TIN;© + 1L, ¥ + [IM, %)
is in the locally transformed form (3.25). Further, let IT and © be partitioned as

II:= [Hf,...,ﬂgg]T, ©:=[01,...,04],
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corresponding to the row and column structure of the block matrices in (3.25). Then we
have

LUEI VI U ¥ RN | EX § ESUUI | N .V P X
M;[Bg,09,019, 015, ...,015] =0,

LUETR VAR U N R | E | N VA

[0, 10 10 I T TIE, L TIag) T £4[O10, O1s, - . ., O8] = 0.

This means that the columns of the matrix V; := [II7 113 112 107 ... 107, 0%, ... TOL]
form a basis of kernel(MT), the columns of V5 := [Og, Og, O1¢, O13, . ..,O5] form a ba-
sis of kernel(M,), the columns of V3 := [[IF TIZ T1E 11T, ... 117, T1L] form a basis of

kernel(MT) N kernel(£T), and the columns of Vj := [©19, 05, ...,05] form a basis of
kernel(M;)Nkernel(Vi" L;). Therefore, using Lemma 3.8 and with the definitions of Lemma
3.15 we have

a, = rank(VE N V) = by,

§§MCK) = dim(range(M7] ) Nrange(L] V1) Nrange(NT V3)) = co + ¢ — by — dy +t1 — pi,
§§CK) = rank(V;i N1 Va) — @1 = ag + p1 — by,

ng) = rank(V, £1V3) — §gCK) =ki+ao—pr—ao+br =k —p+0b,

MO rank(V L) — E(IMCK) — §§CK) — cigl) =q+q —co—c1+dy —t1+p1— ki,

1
§ME) = pank(VIENG) — @y — 0795 — 5190 = gy — 1y,

(MC) ~ (MK)

5y = 2m — 7y — 2575 — @) — 9g(MOK) _ MO _ G ME) — 0 4y,
ﬂ1:2n—f1—§§CK)—d~gl)—&1:2U0+&0+k50—k1—b1.

Finally, for [ = 2 we have to consider the inflated triple

‘M 0 0 C 0 0 K 0 0
(MQ,ﬁQ,NQ) = ) M+C M 01, C+K 0 0], K 0 0
M+2C04+K 2M+C M C+2K 0 0 K 00

Again, the identities in the diagonal blocks of My allow to eliminate all another entries
in the corresponding block rows of M, without altering £, or N5. Further eliminations
using identity blocks in the global condensed form and block decompositions using local
equivalence transformations yield the matrix triple (Mg, ENQ,NQ) of the form
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O O OO

o O

o O

=]

o O

00 0 O
00 0 O

00 0 0O
00 0 00
00 0 00
00 0 00

0
0
0
0
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(3.26)

coocococolVLL

a

~

k

e}

o

22000

ooV

o OO OO

jem i)

oLV
$oVVO

ooV

o OO OO

S O

ICRICE GRS
0000 KK KK
0OV 0 KKK

oS O O O

g NG G G R

0000 KK KK
0000 KK KK
0O V0 KKK

oS O O O

BRI

O O O O

C RS RS G RS R RS R

O O O O

C RS RS G RS R RS R
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Sad o €8S E @S G G @ e G S @S g d R G S G S arS g G SR S
ISENRN NSRS SRR PRGN R R RS R R R SRR AN
SR AN RN TG G R RS RS R R R C PR g G R RS ERG TG R
g g NG G G G G R R RS RS RS S |G G R R RS G R R * PR G G R R TR TG R
o~
TG N TG G G RS R R NS R R R G G R G R G NSRRI RN NN
o~
ISENAN RN S TG I R R RS R R R ISR N
SR AN RN i C TG G R RS RS R R R < PR g G R RS ERG TG R
NSRRI i R G G R G R G R NSRRI EREN RN
.~
ISENRN NSRS S TG I R R RS R R R CFRG R TG R RS ERG TG R
~

—61+k‘1—62—|—]€2.

SgMK)

— €1 —€2, S8

(MC)

(MCK)
So + Sy
We can read off the corresponding ranks to be

S7

62_k27

with dimensions é,

) 0 g,

) SéCK

(MC

)—250

3m —cop—c1—Cy— vV — V1 —V2—qo— q1 — G2,

(MCK

3m — qo — 2¢co — 3vp — 35

= rank Ms

T9
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(MCK) _ o (MC) (CK)  (MK)
0

rank [Mg, /32] =3m —cg — 3vg — 4s 2s; — 25, -8 +e1+es+ ki + b1
=3m —cy—c1 —cy —vy— v — VU2,
rank [/\;12,52,./\72]

48(()MCK) _ 28(()MC) _ 23(()CK) _ S(()MK

— 3m — 3up — ) ber 4 b+ k4 co+eq + e

=3m —vg — v — Va.

Again, let II € R33m and ©, ¥, 3 € R3¥*3" he the corresponding block matrices that
locally transform the inflated triple (Ma, L2, N3) to the form (3.26), i.e.,

(Mg, Lo, No) = (TIM0, T1L20 + 2IIM, U, TIN,O + 1L, + TIM,Y),
and II and © be partitioned as

i:=[r,... n5)", €

> @:: [61,...,628],

corresponding to the row and column structure of the block matrices in (3.26). Then we
have

[H{7 HES) Hg;v H{Ov ) Hf&%ﬂ Hgm HgS? Hgf)v Hg?ﬂ ) Hglv HZZL]TM? = 07
M2[6117 @127 @197 @207 @257 [RES! @28] = 07

such that the columns of V; := [T, ..., TIE 1Y, ..., TTTg, T13,, 1125 T02. THZ. ... 112, 10T, form
a basis of kernel(MQT) and the columns of ‘/2 = [@11, @12, @19, @20,@257 ceey @28] form a
basis of kernel(Ms). Further decompositions of rows and columns of L5, where IT 5, © 5
denote the parts of the rows and columns of II and O, respectively, that corresponds to
null-rows or null-columns after the decomposition, yield

[H3Tv Hiﬁrv H:1F0> Hilp2a H1T4, " Hilp& H2To,2> H2Tg,2a Hg5,27 H3T1a HZ4]T£2 =0,
as well as
Vi L5122, O19, O20, Oas, ..., O] = 0,
such that the columns of
V3= [HgT,HGT,HTO,H'{Q,Hﬂ, ---:Hips:HzTo,zaHg3,27H§5,27H3TlaH4T4]

form a basis of kernel(M2) N kernel(£]), and the columns of the matrix V, given by
Vi = [O12.2, 019, Ogp, Oss, ..., Ogg] form a basis of kernel(Mz) N kernel(V;"' L,). Therefore,

we have

rank(V{' L2) = qo + q1 + ¢,
I‘&Ilk(‘/gTNQ) = ¢cg + C1 + Co,
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and

Gy = rank(V;ENLV,) = by
MO — Qim(range(MD) Nrange(£1 V1) Nrange(NY V)
=cot+c1+co—by—dy+t; —dy+ty — po,
S59K) = rank(ViE N3 Va) — dg = by + pa — bs,
ci(” = rank(V LoVa) — 5% = ky + by — by — pa + b,
SME) = rank(V{T £y) — s8MOR) — 5@ _ g(h
IQO+QI+Q2_CO_CI_02+d1_t1+d2_t2_k2+p27
SME) = rank(VENG) — ag — MR — 0K — @) — ) 4+ dy — 1,

2~(CK) ng) B 2§éMCK) B §gMC’) - (MK)

172:3m—F2 — Ay — 89 = Vg + VU1 + V2,

ng:3n—f2—§gCK)—dg1)—d2:3u0+2a0+k0—k1—k2—b1—bg.

From the formulas (3.24) for the local characteristic values of the inflated triple (M, £;, ;)
we can determine the global characteristic values of the original matrix triple (M, C, K).

Corollary 3.20. Let the stmngeness index p of the matriz triple (M, C, K) be well-defined

with p < 2 and let (rl,d( , l,sl(MCK),él(CK), ~I(MC) §Z(MK),111,1?Z), [ =0,...,u be the se-
quence of the local characteristic values of (My, L1, N;) for some t € 1. Then for the
sequence (T4, dfl) a;, SEMCK), SECK), EMC), SEMK), u;, v;) of the global characteristic values of
(M,C, K) it holds that

o = g & S(()MCK) n §(()cz<) n g(()MK),

- (MCK)  ~(MCK (CK) ~(CK (MK) (MK
i = (s~ 8) + (BT = 8N+ EY - ET) G -8,
Qo = d MCK) +3 ~(CK) + (MC)7
(1 1) MCK MCK (CK) ~(CK L(MC)  ~(MC

Qi+1 = (dz+)1 _d( )+ (3 £+1 ) 51(' )) +( z(—i-l ) 35 )) + (3£+1 ) 52( )):

Vo =m — ¢y — qo — To, (3.27)

Vig1 =M — Cip1 — Gip1 — (Fig1 — T4),

(MCK) + S(CK) + 8, =c — C~LZ’,

S(MCK) + SZ(MC) + 8.1 = q; — CZEI) — gECK)

i

Proof. The relations follow directly from Theorem 3.19 and from the definitions in Theorem
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3.15 since

Qijr1 — A = bi+1 — by,

L(MCK) _ (MCK) | «(CK) _ -(CK

AT — SR 4 SO0 — 5 = e — i + i — b + by,
(MK) (MK
5§+1 P s = diy — i,

02831 - CZZQ) = kit1 — ki +pi = Div1 + biy1 — by,
~(MC) _ L(MC)

Sit1 = — 8 = qit1 — Cit1 + div1 — iy + piv1 — pi + ki — Kiya,

M — Cip1 — Gip1 — (Fix1 — Ti) =M — Cip1 — Gix1 — M+ Gip1 + Cip1 + Vig1 = Uiy,
Ci—Q; =¢C — ¢+ SEMCK) + SZ(-CK) + SEMK) —Si_1 = SZ(-MCK) + SECK) + si,

G — J§” — §Z(-CK) =q; —k; — b1 = SEMCK) + SEMC) + Si_1.

0

The recursive formulas (3.27) enable the determination of the strangeness index p in a
numerically computable way by determining the local characteristic values of the inflated

triple (M, £;, V) for each time ¢t € I. The system is strangeness-free if all strangeness
i (MCK) _ (CK) _ (MK) _ (MC)

parts vanish, and we have s; = s, =s, =5

SEMCK) + SEMC) + s,-1 and SEMCK) + SECK) + s; vanish since all summands are nonnegative

integer values. For the characteristic values of the strangeness-free system we then get

= 0 if and only if the sums

I
a, = Zci =rank [M,,, L, N,| —rank [M,,, L],
i=0

BN, N
1) _
4 = ; 4= ; “ (3.28)

= rank [M,,, L,] — 7, +rank [M,,_1, L, 1] —rank [M,,_1, L,,_1,N,,_1],
Uy = 17# - @“_1,

dff) =m—a, — dLl) — V.

Next, we want to extract a strangeness-free triple (M , C , K ) from the inflated system with
characteristic values 7 = d,(f), dV) = d,(}), a=ay i =u, d=uv, and MK = 3(CK) =

3ME) = 3(ME) — ( using only local information from (M, (t), £,.(t), N,.(1)).

Theorem 3.21. Consider a linear second order differential-algebraic system (3.6) with
well-defined strangeness-index p < 2. Then the inflated triple (M, L,,N,) associated
with (M, C, K) has the following properties:

1. For allt €1 it holds that

pn—1
rank M, (t) = (n+ 1)m —a, — v, — dl(}) — Zci,
i=0
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such that there exists a smooth matmx function Z with orthonormal columns and size
((p+ ym,a, + 0, + v + 31 ) satisfying

Z" M, =
2. For allt €1 it holds that

rank [M,,(t), £,(t)] = (u+ 1)m — a,, — v,
rank [M,,(t), L£,(t),N,()] = (p + 1)m — 0,

such that without loss of genemlz’ty Z can be partitioned into Z = [Zy, Zs, Z4|, with Zy
of size ((+1)m, d) +30 ), Zs of size ((u+1)m, a,) and Zy of size ((u+1)m, 0,)
such that

ZiL,=0, ZiL,=0, Z{N,=0.

3. For allt € T we have

rank (Z3 N, [I, 0 ... O]T) = ay,
pn—1
rank (Z3 L, [I, 0 ... O]T) = d/(}) + Zci,
i=0
such that there exists a smooth matrzx function Ty with orthonormal columns and
size (n,n — a,), withn —a, = d d(l) + u, satisfying
ZIN, [, 0 - 0] Ty =o0.

4. For allt € T we have

rank (Z7L, [I, 0 ... 0]" T3) = df}),
such that there exists a smooth matriz function Z; of size ( + 30 e d i) ) with
orthonormal columns such that

rank (Z7 Z5 L, [L, 0 -~ 0]") =dV.

Furthermore, there exists a smooth matriz function Ty of size (n — a,,n — a, — d,(}))
with orthonormal columns, such that

ZT 7T, [L, 0 -~ 0] 4Ty = 0.

5. Forallt € 1 it holds that rank (MT5T,) = d,(f). This implies the existence of a smooth

matrixz function Zy with orthonormal columns and size (m, d,(f)) such that ZI M has

constant rank d(2)
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Proof. By assumption, the strangeness index is well-defined and the ranks of M,,, £,, and
N, are constant in I with

rank (M, £, N1, = (u+ 1)m — 0,
rank (M, L,] = (u+ 1)m — a, — 0,,

pn—1
rank M,, = (u+ 1)m —a, — 0, — dﬁ) - ZC"’
i=0

due to Theorem 3.19 and Corollary 3.20 (see also the relations (3.28)). Thus, there exists
a continuous matrix-valued function Z of size (1 + 1)m, a, + 0, + d') + Sl e;), whose
columns form a basis of corange M,,, i.e., ZT M,, = 0. Without loss of generality the matrix
Z can be partitioned into Z = [Zy, Z3, Z,], with Z, of size ((n+ 1)m, dy + S le), Zs of
size ((u+ 1)m,a,) and Zy of size ((pn+ 1)m, 0,), such that

ZiL,=0, Z{L,=0, ZIN,=0,

i.e., the columns of the matrices Z; and Z3 form bases of corange ([M,, L,,N,]), and
corange ([M,, L,]), respectively. First, we note that multiplication of (3.19) for | = u by
ZT gives

Z3 Nuzy = Z3 gy

The only nontrivial entries in NV, are in the first block column belonging to the original
unknown z. Hence, we get purely algebraic equations for . Lemma 3.8 and (3.24) give
that

vank (ZIN, [L, 0 ... 0]") =a, + 3MCK) 4 500 4 5018 — ¢ (3.29)
thus, with Z3 we obtain the complete set of algebraic equations. Next, we must get dLl)
first order differential equations and df?) second order differential equations to complete

these algebraic equations to a strangeness-free differential-algebraic system. In a similar
way multiplication of (3.19) with the matrix Z7 yields

Zy Lyiy+ ZyNyzy = 23 g,

Again, the only non-zero entries of £, are in the first block column belonging to the first
order derivative . Lemma 3.8 and (3.24) give

H p—1
rank (23 £,,) = di) + 50 4 50O 4 sMOE) =N g = dD + ) ey
=0 =0

Note that in each step of the iterative procedure the number of equations with second order
derivatives of the unknown function is reduced. Therefore, the second order differential
equations we are looking for must be already present in the original system.
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So far we have shown the first three parts of Theorem 3.21. To show part 4 and 5 of
the Theorem we distinguish between systems of strangeness index g = 0,1 and 2. Let
(M,C, K) be a normal form of the triple (M, C, K) according to (3.12) with corresponding
inflated triples (./\;lu, Eu,/\n). Due to Theorem 3.18, there exist matrices II,0, ¥, and X

such that

M, =TIM,0, L,=TL,0+20IM,¥, N,=TITN,0 +I11L,¥ +I1IM,3%,

according to (3.22). For y = 0 the triple (Mg, Lo, Np) is of the form
Iy 0001 [C 0 CC| [K K 0
0 000 |0l OO0 |K K 0
0O 00O0"|0O 0O 0 0[O0 O I,
0O 00O 0O 0 0 0 0 0

K
K
0 (3.30)
0

Let IT and © be partitioned as IT := [II7, ITIZ, TIT TIT]7 and © := [©4, ©,, O3, 0,4] according

to (3.30). Then, setting
Z2 = Hga Z3 = Hga Z4 = HZa
yields

ZIMy=0, ZILy,=0, ZINy=0,
ZiMy=0, ZiLy=0, ZIMy=0,

as well as

rank (Z5 Np) =rank [0 0 I,, 0] = a,,

rank (Z3 Ly) = rank [0 I O 0] =d.

Further, setting 75 = [©1, O2, ©4] we get

rank (Z3 L£oT3) = rank [0 [df}) 0] = d/(}),

[d(z) 0
and with Z; = 4 and 1o = | 0 0 | we get
’ 0 I,

21 Zy LoTsTy = 0,

and
Isz)
rank (MT5T,) = rank

o O O O
=



70 HIiGHER ORDER DIFFERENTIAL-ALGEBRAIC SYSTEMS

Finally, setting Z1 = [I g 00 0] yields
rank (ZgM) = rank [[dff) 00 0] = d/(f)

In the case p = 1 the triple (M, £1,N7) is in the form (3.25) given in the proof of Theorem
3.19. Let II and © be partitioned as

m:=[7,... . 1%]", 6:=[6,...,6u4)

corresponding to the structure of block matrices in (3.25). Then, setting

/21 1 EIR 1 EIR 1 EU | N § 0 ) EARS | EM
Zy = 135, 1175, Tlg o, 5, T3],

Z3 = [ng th Hgla pr - >H1T4]7

Zy = I, 113, I, Ty, Mgy, - ., T3],

where again II ; and II 5 denote the parts of II that after one more block decomposition
of the matrices in (3.25) corresponds to the range and nullspace of block rows, respectively
(see also the proof of Theorem 3.19), we have

rank (Z3 N1) = co + 1 = a,,
rank (Z3 £1) = e1 + dél) (MC) +co = d( ) + co.
Setting T3 = [O22, 049, O5.2, 072,092, 0192] We get
rank (2L, [I, 0]" Ty) = d3) + s + e, = dV,
and further choosing Z; such that Z,7; = [IT, 11 ITE 17| we have
rank (Z{ Z3 £1) = d.).

If we choose T such that 7375 = [O5 2, O192], then we have
ZT77c, (I, 0] Ty = 0,
and
rank(MT3T5) = dy = d?.

Finally, there exists a smooth matrix function 7, of size (m, d,(f)) with orthonormal columns
such that

rank (Z2 M) = df).
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For s-index p = 2 the triple (My, £y, N3) is in the form (3.26) and IT and © are partitioned
into

m:=[n?,.... 15", 6:=[6,...,0u

according to the block structure of (3.26). Then, by setting

[ Hg:Hr{O?'- H{87H§07H537H§5vﬂg77“ Hglﬂnzfél]a
[H3T27 Hg% H;lFO ,29 H?{2 )29 Hripsv Hg{) 3 Hg?; ,37 Hg&’) 37 H3Tl’ HZ4]
[Hgla th H?O IR HITQ 1 1—IIT47 o HT?? H2TO 29 Hg{i 2 Hg5,2]7
[HlTv Hgv H4Ta Hga Hflﬂ H?S: HzTo 1> HgS 1 Hg:f) 1 H;, s 7H§O]7

we have

rank (Z3 No) = co+¢1 + ¢y = Qp,

rank (Z1 L) = e; + ey —|—d(() —1—5(()MC) +co+b = dgl) +cg+ecg— s = dff) +co+c.

Further, setting T3 = [@272, @472, @572, @6,27 68,27 @1072, @1172, @1272] y1€1dS

ZINy (L, 0 0]" Ty =0

and we get

rank (Z1 Ly [I, 0 0]" T3) = d".
In a similar way as before, choosing Z; such that Z,7, = [IIT 1% 111 11F, 117, T1L,] we
have

rank (Z1' 21 L,) = dLl),
and if we choose T3 such that 7575 = [O52, ©10.2] we have
27T, [I, 0 0]" 5Ty =0,
as well as
rank(MT5T,) = dl(f).

Again, there exists a smooth matrix function Zj of size (m, d,(f)) with orthonormal columns
such that

rank (ZJ M) = d.
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From the results of Theorem 3.21 we can construct a triple of matrix-valued functions

Ml Ol [:(1

N oa 0 C K.
M.C K)= 2 2 3.31
( ) M ) O ) O ) K3 M ( )

0 0 0

with entries

My, =2zI'M, ¢, =2zlC, K, =Z!'K,

Co=2T21C, [, 0 --- 0", Ky=2TZIN,[1, 0 --- 0]",
Ky=ZIN,[I, 0 - 0]",

which has the same size as the original triple (M, C, K). We can show that this triple is
strangeness-free with the same characteristic values as the strangeness-free system (3.14).

Theorem 3.22. Let the strangeness index p of (M,C, K) be well-defined with pn < 2
and global characteristic values (rz,dﬁ”, a;, EMCK),SEMC), Z(MK), ECK) u;,v;), 1 =0,.
Then, the triple (M,C, K), constructed as in (3.31), has a well-defined strangeness mdex

fi = 0 and the global characteristic values of (M(t), C(t), K(t)) are given by
(7,d™), 4, sMOK) sMO) gME) (C1O 3) = (a?),d!), a,,0,0,0,0,v,)
uniformly for all t € 1.

Proof. In the following, we omit the argument ¢. By construction the columns of Tj
defined in Theorem 3.21 form a basis of kernel Kg and the columns of T, form a basis of
kernel (é’QTg). We consider the matrix 7' = T57T,. Because M, has full row rank we can
split T" without loss of generality into T' = [T’ T, ] in such a way that MlT is nonsingular.
Choosing T; such that K3T is also nonsingular and T3 such that CQT is nonsingular and
K3T — () we get a nonsingular matrix 7' = [T’ T, T’ T, } By multiplication with this
matrix from the right we get the following local equivalence

- A

M 6 [k

o ky=|9%1,1¢],|%
0 0| |Ks
0 0 0
VLT, MLT, MAT, MLTL] [ChT Gy Ci\Ty O\T)
0 0 0 0 CoT! CyTy CoTh CoT)
- 0 0 0 o |{'lo o o o0}
0 0 0 0 0 0 0 0

K\ T KT, KT} KT,
K, T K,T, K,T} K,T}
KT KsT, KsT) KsT)

0 0 0 0
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VLT, MLT, MGT, MGTY [ChT CiTy O\Ty C\T)

N 0 0 0 0 0 G5 0 0

0 0 0 0 || o 0 0 0|’
0 0 0 0 0 0 0 0
KT K\T, KT} KT,

K, T KT, K,T} K,T,

0 0 KTy 0
L0 0 0 0
(MT) 0 0 0 * ok Kk ok [x ox x %

0 00 0| |0 CTy 0 0f |*» * * *

- 0 0o0O0l’[o 0 0o0||00 KyTU 0
0 000 [0 0O 00 [00 0 0
-[dff) 0 00 * * *x X% *x *x K %

0 0 0 0O 0 ]df}) 0 0 *x *  x %

“11o0o oo0oo|l'lo 0o o0o|l|00 L, 0

0 000/ |0 0 00 [00 0 O

>

From the last triple we obtain 7 = dLQ), dV = dLl), a = ay, IMCE) — 5(MC) — G(MK) —
§CK) = and 0 = v, from Lemma 3.8. O

Thus, we have derived an index reduction method that allows us to extract a strangeness-
free triple from the original triple of matrix-valued functions and its derivatives. The
matrix-valued functions Zy, Z1, Zs and Z3 as given in Theorem 3.21 can be determined
numerically via numerical rank decisions, e.g., using a singular value decomposition or a
rank revealing QR decomposition, see e.g. [54]. Setting the inhomogeneities fl =Zrf,
fo= 271 g,, fs = Z¥g, and f; = 0 accordingly (assuming that the system is solvable)
we obtain a differential-algebraic system

M(t)i + C(t)i 4+ K(t)z = f(t), (3.32)

from the inflated differential-algebraic equation (3.19). This system is strangeness-free
and has the same size and also the same solution set as the original system (3.6) since
only transformations from the left are involved. Setting f; = 0 in (3.32) can be seen
as a regularization, since we replace an probably unsolvable problem by a solvable one.
Concluding, we give an example to illustrate the index reduction procedure.

Example 3.23. Consider the linear second order system

t 00 100 1 0 0
01 1]&+[0 0 0|la+|0 1 0|ax=f), (3.33)
0t ¢ 000 0 1+¢ 1

for t € [to, t1] with to > 0. This system has a strangeness index u = 2 and the characteristic
values of (3.33) are d,(f) =1,d =0, a, = 2, v, = 0 and v, = 0. The matrix triple
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corresponding to the extended system (3.19) is given by

(Ma(t), La(t), Na(t)) =
[t 0 0(0 0 0|0 O 07 1 0 0 T 71 0 0 ]
0 1 1{0 0 0|0 0 O 0 0 0 0 1 0
0 t t{0 0 0|0 O O 0 0 0 0 1+t 1
2 0 0O(t 0 0|0 O O 1 0 0 0 0 0
0 0 0j|0 1 10 0 O0f{,]0 1 0 1 0 0 0
0 1 110 ¢t t|0 O O 0 1+t 1 0 1 0
1 0 0(3 0 0|t 0 O 0 0 0 0 0 0
0 1 0/0 0 0|0 1 1 0 0 0 0 0 0
| 0 1+t 1|10 2 2|0 ¢t t ] LO 2 0 1 LO 0 0 ]
We have
rank [Ma(t), £5(8), Na(B)] =9 = (i + Dy — 7,

rank [Mo(t), La(t)]
rank [Mo(?)]

(:u + 1)m - ay — 6lm

9
7
6 (,u+1)m—dl(})—co—cl—au—6u,

independent of t € I and we can choose

gr_[0-100 200 —1
5710 -+ 10 0 00 0 0

Zy=[0 -1 00 -t 10 0 0],
Ty=[1 0 0", Th=1

Then, we have

0 1 1
rank (Z7 L, [I, 0 0]") =rank ([0 1 1]):1:d<1>+c0+c1,
rank (Z; Lo [1, 0 O} T3) = rank ([0]) = (1)
rank(MT3T3) = rank ([t 0 0]") =1 = d()

rank (Z5 N [, 0 O}T):rank({o -1 0]):2:%,

Finally, choosing Z1 = [1 0 0} we get a strangeness-free system of the form

t 00 100 1 0 0 S
00 0l&+{0 0 0+ |0 =1 Ola=|—fo—2fr—tfo+fs],
000 000 0 11 —tfo+ f3

with the same solution as the original system (3.33).
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Remark 3.24. The derivative array approach presented in this section can also be extended
to arbitrary high order differential-algebraic systems of the form (3.2). The theoretical
analysis and the condensed forms given in Section 3.1.1 have been generalized to linear k-th
order systems in [102, 135]. The inflated system corresponding to (3.19) can be obtained in
the same way by differentiating the original k-th order system and ordering the derivatives
of the coefficient matrices in such a way that only the leading coefficient matriz has a lower
triangular block structure and all the other coefficient matrices of the inflated system have
entries only in the first block columns. Then, the results of Theorem 3.18 can also be proven
for k-th order systems and a Hypothesis similar to Theorem 3.21 can be formulated that
allows an index reduction for linear k-th order systems by choosing suitable projections in
the same way as for linear second order systems.

3.2 NONLINEAR SECOND ORDER DIFFERENTIAL-ALGEBRAIC EQUATIONS

With the results that we have obtained in Section 3.1.2 we can now study general nonlinear
second order DAEs of the form

F(t,z,i,%) =0, (3.34)

where F' € C(I x D, x D; x D;, R™) with open sets D,,D;,D; C R™. To analyze nonlinear
problems of the form (3.34) we linearize the system along a solution in the same way as
it is done for nonlinear first order systems, see e.g. [23], and apply the ideas derived for
linear second order DAEs. We consider the linearization of the nonlinear DAE (3.34) in a
function space along a solution z. For x = ¥ + & we get

Ft,T+ 2,7+ &, f+1)=0,
and from the Taylor expansion it follows that
F(t,2,%,%) + Fo(t,7,%,1)& + Fu(t, 7,7, 2)x + Fa(t, 7,2, %)z + ® = 0.

Here, ® sums up all expressions that contain higher order terms, i.e., all terms containing
nonlinear expressions of & and 2, i > 0. Neglecting the higher order terms ®, we get a
linearization of (3.34) in the form (3.6) with

)= Fy j

; ( 7'];77'%)7 C(taja ; ) = Ex(ta _7'%7'%)7
):E( jaiai)v f(tv 7.7..):_F(t7jafai)7

ISIH
&I
K1
8l

M(
K(

&

T,
T

(3.35)

K
&I
IS
&I

t, t,
t, t,

&

and x in (3.6) now corresponds to #. Note, that f(¢,Z,7,7) = 0 if T is a solution of the
system (3.34). We can show that the linearization of the nonlinear system (3.34) along a
solution and differentiation of the system commute.

Theorem 3.25. Consider a nonlinear second order DAE (3.34) that is sufficiently smooth
on a compact interval 1 and a solution T of (3.34). Further, suppose that p is well-defined
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for (3.34) in a neighborhood of (t,%,Z,x,w) fort € I, where w = (23, ..., 2W*2). Then,
the derivatives of the linearized DAFE

M)z + C(t)z + K(t)i = f(t), (3.36)

where & = x — & and M,C, K given as in (3.35), are well-defined and identical to the
linearized derivatives of the original DAE (3.34) along the solution .

Proof. The derivatives of the linearized equation (3.36) are given by

)

Mi+Ci+Ki—f)=> [(?)M“—j) + ()oY 4 (U )K“—j—?)} 20+

J J+1 j+2
Jj=0

+ (00 4KV + KOz — fO), (3.37)

i

dtt (

using the formulas (3.20). On the other hand, the first time derivative of the original
equation (3.34) is given by

d
aF(t, T, 0, 7) = Fy(t, @, &, ) + Folt, o, &, 2)i + Fa(t, 2, @, )i + Fa(t, o, &,8)x®.

Setting x = T + 2 and linearization along = yields

+ Fapi(i 4 &) + Fosa(i + &) + Fa (7 + %) + Fapi (& + 1)
+ Fapt(F 4 7) + Faz (i +2) + Fa(3® + 20) + Faa(@® + )
+ Fyp2(2® +29) + Fya(@® 4+ 2%)) + @
=F32® + [Fg + Fa + Fa + Fo? + Fs®)2
+ [Fo + Figt + Fialt + Fasd + Fapz®a
+ [Fig + Fiol + Fopt + Fpe 72
+ [Fy + Folt + Faf + Fz®] + &,
=Mi® 4 (C+ M)i+ (K +C)i+ Ki— f+®,

where we have omitted the function arguments, i.e., all terms are functions in (¢, 7, z, ),
and higher order terms are again summarized in ®. Neglecting the higher order terms this
is just the derivative of the linearized equation (3.36) given in (3.37) for ¢ = 1. The proof
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for arbitrary ¢ > 1 follows by induction as

d' o d (d! o
%F(t,x,x,x) == (dti—l F(t,x,x,x))

i—1
i {Z (MO 4 ()0t 4 (9] a0

J=0

+[CEY 4 (i - DKE]g + KO Dg — 0D 4 <1>}

= Z [(;) M=) 4 (jfrl)(j(i—j—l) + (jj-2) K(i—j—Q)] ;0+2)
0D 4 K0DG 4 KOz — f0) 4 g,
O

We can now use the derivative array approach derived in Section 3.1.2 to analyze the
nonlinear system (3.34) similar as in Section 2.2.2. First of all, we gather the original
equation (3.34) and its derivatives up to order [ € Ny into an inflated system

Fit,z,z,... 214 =0, (3.38)
where the derivative array J; of level [ has the form

F(tax7$,$)
Pt 0, &, F)
Fit,z,a,. .. 21) = dt .

1 . .
%F(t, x, T, )

Further, we define the Jacobians

M (t,z, %, ... ,$<l+2)) = .7:l;:~v-7.__wa+2) (t,z,&,... ,x(H_Q)),
Lit,x, i, ..., o) = [Futa o, ..., 20)0,...,0] (3.39)
Nt x, @, ..., a2 = [F.(t oz, @, 2" 0,...,0]
analogous to (3.19). Then, we can formulate the following Hypothesis, as a generalization

of Theorem 3.21, that contains the requirements on the nonlinear system such that a
reformulation as reduced system with separated differential and algebraic parts is possible.

Hypothesis 3.26. Consider a nonlinear second order differential-algebraic system (3.34).
There exist integers p,r,a,, d,(f), d,(}), v, and u, such that the solution set

L, ={(txi,... o0 c RS E (o . .. o) =0} (3.40)

associated with (3.34) is nonempty and such that for every point (to, xq, . . . ,:c((f”rz)) elL,,

there exists a (sufficiently small) neighborhood in which the following properties hold:
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. We have rank F, Lt =1 and rank F

. The set L, C REEIL forms a manifold of dimension (u+ 3)n+1—r.

. sut2) =17 —ay, on L.

77777

. We have corank F ., ;.  u+2) —corank F, 4. ; iy = v, on L.

. We have

pn—1
rank M, =r —a, —d) — Zciu

1=0

on L, such that there exist smooth matriz functions Zy, 43 of pointwise mazximal rank
defined on IL,,, with Zy of size ((n+1)m, d,, % +3 0 ¢, and Zs of size ((u+1)m, a,)
satisfying

ZEM#:O, Z?)TMu:Ov Z??E#:Ov

on L.
. We have
rank (Z3 N, [I, 0 ... O]T) = ay,
rank (Z; £, [I, 0 ... O]T) = ds) + 5 i,
=0

on L, such that there ewxists a smooth matrixz function Ty with orthonormal columns
and size (n,n — a,), withn —a, = d,(f) + d,(}) +uy,, satisfying

ZIN,[L, 0 - 0]"Ty=0.

. We have

rank (Z8 L, [I, 0 ... 0]" Ty) = d,

on ]L such that there exists a smooth matriz function Z, defined on I, of size (df}) +

S led d) and with orthonormal columns such that

rank (27 ZTL, [L, 0 --- 0]") =d0

w

on L,. Furthermore, there exists a smooth matriz function Ty of size (n — a,,n —
a, — d,(})) with orthonormal columns such that

Z1ZIL, (I, 0 - 0] T5Ty = 0.
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7. We have rank (F;T5T5) = d,(f) =m — dﬁ) —a, — v, on L, such that there exists
a smooth matriz function Z, defined on L, of size (m, d,(f)) and pointwise maximal
rank satisfying rank Z§ FzT5Ty = .

Again, we call the smallest possible u for which the DAE (3.34) satisfies Hypothesis 3.26
the strangeness index of (3.34) and a nonlinear system (3.34) with vanishing strangeness
index p = 0 is called strangeness-free. Also in the nonlinear case the Hypothesis 3.26 is
invariant under equivalence transformations of the original system (3.34).

Lemma 3.27. Let F' as in (3.34) satisfy Hypothesis 3.26 with characteristic values j, a,,

dE?), d&l), and v,, and let F be given by

F(t,#,2,7) = F(t,x,2,i), (3.41)
with
r=Q(t,2),
i =Qut %)+ Qu(t, 7)7, (3.42)
i = Qui(t, 7) + 2Qua(t, )T + Qua(t, 2)7° + Qi (L, )1,
with sufficiently smooth function @ € C(I x R™,R"), where Q(t,-) is bijective for every

t € I and the Jacobian Q z(t,Z) is nonsingular for every (t,z) € I x R". Then, I satisfies
Hypothesis 3.26 with characteristic values p, a,,, df), dLl), and v,,.
Proof. Let L, and Iﬁu be the solution sets as defined in Hypothesis 3.26 corresponding to F’

and F, respectively. Since Q(t,-) is bijective and smooth, for every z = (¢, 7, ... L, B2)) €
L, we have that z = (¢,z,...,2**?) € L, and vice versa. Setting

3
M@v‘%vjw%) = Fx(t,$,£t,i’)Q i(taj)a
é<t7i‘7j7‘%) = Em(tvx7x7x)Q :E(tuii‘) + Ew(t7x7x7x)[2Q,t:E(t7j) + QQ,ii(tyi)'%]v
K(tvja j?‘%) = F‘w(t)xa CC,ZE)Q i(ta i') + Ea’?(trxa Z’,$>[Q7t5(t,.f) + Q;ii(tu {E)j]

+ Fa(t,x, @, 8)[Quuz(t, T) + 2Quzz(t, ) + Quazz(t, 7) 0% + Quaz(t, 7))
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This relation has exactly the form of a global equivalence transformation (3.8) replacing @
by Q.z(t,Z). Since the corresponding inflated triples (M, L,,N,) and (M,, L,,N,) are
built according to (3.20), we get

according to (3.22), where we only have to replace @ by Q.z(t,Z) in (3.21). Then, the
invariance of Hypothesis 3.26 follows immediately from Theorem 3.21. Il

Lemma 3.28. Let F' as in (3.34) satisfy Hypothesis 3.26 with characteristic values i, a,,
d,(f), d,(}), and v,, and let F be given by

F(t,x,4,i) = P(t,x, &, i, F(t, 2, %, %)), (3.43)

with sufficiently smooth function P € C(Ix R" x R* x R" x R, R™), where P(t,x, &, ,-) is
bijective with P(t,x,&,%,0) = 0, and P (t,z,,Z,-) is nonsingular for every (t,x,2,%) €
[ xR" xR" x R", where P, denotes the derivative of P with respect to the fifth argument.
Then, F satisfies Hypothesis 3.26 with characteristic values ft, a,, d,(f), d,(}), and v,.
Proof. Let L, and ILM be the solution sets as defined in Hypothesis 3.26 corresponding
to F and F, respectively. For every (t,x,2,%) € Lo with F(t,z,%,%) = 0 it follows that
F(t,x, &, &) = P(t,x, &, % 0) = 0. In the same way, for (t,z, &, &, 2®) € L, with

fl(t,$,$,$,$(3)) — |:dF(t,£U7$7LL’)):| _ 07

p(t,x, i, i

it follows that

- F(t,z,t,%) P(t,x,2,%,0)
Fi(t Ghy=| 2™ = SR ] = 0.
V(t, o, @, 8, 2) [%F(t,x,x’,a’i)] {%P(t,x,x@,}?(t,x,x,x))

Thus, by induction it follows that ]I:# =L,. Setting

Clt,x, @, &) = Fg(t, o, i, i),
K(t,x,&,%)

M(t,z, i, %) = Fa(t,z, &, %),

F.(t,z,t,%),

it follows that

M(t,x,&,%) = Ps(t, 2, 2,2, F(t,2,2,2)) + Py(t,z, 2,2, F(t, v, 2,%))Fs(t, x, &, %),
Clt,x,i,i) = Py(t,x, @, %, F(t,2,2,%)) + Py(t, v, &, 2, F(t,x, &, 7)) Fa(t, o, &, i),
K(t,z,4,%) = Py(t,x, &, & F(t,x,4,%)) + Puy(t, z, &, i, F(t,z, &, &) Fy(t, x, &, ).
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If we restrict to the set L,, we have P;(t,z,4,%,0) = 0, Ps(t,z,4,%,0) = 0, and
P,(t,x,2,%,0) = 0, such that we obtain

[M(t,x,4,%) Ot 2, &,i) Kt r,i,7)]
= Py(t,x,&,%,0) [M(t,x,4,%) C(t,x,4,%) K,z i,i)]

on L, which is a global equivalence transformation of the form (3.8). The corresponding
inflated triples (M, £,,N,) and (M, L,,,N,) are built according to (3.20) such that we
get

[MN(Z) Zu(2> /\N/’u(z)}znu(z) [Mu(z) L,(z) /\/'M(Z)],

with 2z = (t,2,4,...,2W+?) € L, according to (3.22), where we only must replace P by
P, (t,z,2,%,0)in (3.21). Then, the invariance of Hypothesis 3.26 follows immediately from
Theorem 3.21. ]

With the help of Hypothesis 3.26 we can now extract a strangeness-free system similar as
in Section 2.2.2. Let z,, 0 = (o, %o, Zo, - - - ,x(()“+2)) € L, be fixed. Then we have F,(z,0) =0
by definition. By assumption L, C R®+3m+L ig o manifold of dimension (u+ 3)n+ 1 —r
that can locally be parameterized by (1 +3)n+1—r parameters. These parameters can be
chosen from (t,z, x, . .. ,x(“+2)) in such a way that discarding the associated columns from
Fritasi... a2 (20) does not lead to a rank drop. Because of Part 2 of Hypothesis 3.26
... o2 already has maximal rank r, such that ¢ can always be chosen as a parameter.
Since
corank([L,,(z.0) [In 0 ... O]T M, (240)]) = ay,
(

rank(Z3(2,.0) " Nu(2,0) [In 0 ... O}T) = Qp;

we can choose n — a, parameters out of x. Without restriction z can be written as
. (2) (1) @)
(w1, 9, T3, 74), With 27 € R% | 25 € R4 25 € R, 1y € R % % ~d’ and we can

choose (x1,xq,74) as these n — a, parameters. Note, that discarding the columns of
F ... a2 belonging to @y, 2,74 does not lead to a rank drop. In particular, due to
the full rank assumption the matrix Z7 F,.., is then nonsingular. The remaining parame-
ters ¢ € R +an=r agsociated with the columns of F,, w2 (2,0) that we can remove
without having a rank drop, must then be chosen out of (&, %, ..., z®"+?).

Let (to, 1,0, %20, %40, qo) be that part of z, o that corresponds to the selected parameters
(t,x1,22,24,q). Then, the implicit function theorem (Theorem 2.9) implies that there
exists a neighborhood V C RUF3I"H=" of (t, 2, 290, T40, ), and a neighborhood U C
RW+In+L of 2 o such that

U= ]Lu N @ = {6<t7 T1,T2,T4, Q) ’ (tv X1,T2,T4, Q> € V}:
where 0 : V — U is a diffeomorphism. Thus, the equation

Fult, @, ..., ") =0
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can be locally solved according to
(tv z, ;t7 LR ZI}'('LH_Z)) = e(ty L1, T2, T4, q)7

for some (t, 21,9, 24,q) € U. In particular, there exist locally defined functions G corre-
sponding to z3, and .J corresponding to (i, #,...,z#*?)) such that

Fu(t,x1, 20, G(t, x1, T2, T4, q), Ta, J(t, 21, T2, 24,q)) =0
on V. Setting v = (&, ,...,2#*?) and with Z3 as defined by Hypothesis 3.26, it follows
that
d%(zg Fu) = (230, Fu + Z3 Friny)Gig + (23 Fu + Z3 Fuw) g = Z3 FriayGig = 0,
on V, since F, = 0 and Z1F,, = Z¥[L,[1,0...0" M,] = 0. By construction the
variables in z3 were selected such that Z] F,.,, is nonsingular. Hence,
Gt x1,22,24,q9) =0

for all (¢, 21, z2,74,q) € V, implying the existence of a function R such that

x3 = G(t,x1,19,24,q) = G(t, 21,22, 24,q0) = R(t, 21,22, 24),
and

Fu(t,z1, x0, R(t, x1, T2, 4), T4, J(t, 21, T2, 24,q)) =0

on V. In a similar way we get that

di:cl(ZST]:”) :(ZST;xl]:u + Z?,T}—u;m) + (ZST;xg]:M + ZSTfu;m)R;m + (Z?,T;u}—u + ngM§U)J§$1
=73 Fpowy + 23 Fprovg Ry = 0,

%(Zg]:“) :(Z?Zm]:u + Z?T}—u;mz) + (Z?ng}—u + Zg}—#;ms)R;mz + (Zg;v}-u + Z?Ep}—u;v)*];mz
=73 Frrowy + Z3 Fprozg Ry = 0,

d;;(z??fu) :(Z?Zm]:u + Z?Tfu;u) + (Z?ng}—u + Zg}—#;ms)R;u + (Z?Ep;v}-u + Z?Ep}-u;v)*];u
=73 Frwa + Z3 Fprozg Ry = 0

on V, again using that 7, = 0, and Z1 F,,., = 0. Thus,

Lw 0 0
ZIN, (1, 0 ... 0] RO f_gw RO 0,
31 T2 T4

0 0 I,
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with u, =n — d,(f) — d,(}) — a,. Following Hypothesis 3.26 we can therefore choose T3 as

T 0 0
T3(t,l’1,$2,l’4) = 0 Idf‘l) 0
RWI R§x2 R§1'4
0 0 Iy,
Further, since
pn—1
corank(M,,(z,0)) = a, + dl(}) + Z Ci,
i=0

pn—1
rank (Za(20) Lu(z00) [ 0 ... 0]") =dP +3 ¢,
=0

we can choose n — d,(}) - 25;01 c; parameters out of . Without restriction we can write
x3 as (Z30,231,...,%s,) with x3; € R%, ¢ = 0,...,u, and choose (&1, 23,,24) as these
n — d,(}) — Zé:ol ¢; parameters. Then again, discarding the columns of ., ;
longing to %1, a3,,%s4 does not lead to a rank drop, and due to the full rank assump-
tions the matrix ZI Friia, is nonsingular. Now, the remaining parameters p €

a2 be-

3,050+, T3,u—1
R(+Dn+autdi+5755 ei—r st be chosen out of (&,...,2W*2).

Let (to, x1,0, 2,0, T4,0, ¥1,0, T30, T4,0, Po) be that part of z, o that corresponds to the selected
parameters (t,xq, T2, T4, L1, L34, Ta,p). The implicit function theorem then implies that
there exists a neighborhood Vo C RUEFIHI=T of (#2014 290, T40, ¥1.0, £34.0, 4.0, Do), and
a neighborhood Uy C RKH3)n+1 of 2,0 such that

U2 - ]L,u ﬂ[UQ - {92<t,x17$2,$4,i’l,.’t3’“7,ﬁt4,p) ’ (ththux47'j:17‘,t3,/.u:t47p> S V2}7

where 65 : Vo — Us is a diffeomorphism. In particular, there exist locally defined functions
H corresponding to (&, @30, .., 43, 1), and W corresponding to (&, ..., 2#*?) such that

fu(t,l’l,ﬂfg,R(t,ZEl,l’Q,1’4),1'4,.1'71, (344)
H(t7 X1,T2, T4, :tlu 'j:3,,u7 $47p)7 :t3,u7 $47 W(t7 T1,To, Ty, :tlu 'j:3,,u7 .T47p)) = O
on V. Setting y = (&,...,2#*?)) and with Z, as defined by Hypothesis 3.26 it follows
that

d
_<ZQT~7:u) = (ZT ]:u + Zszu;:‘rz,:%g,o,--.,:%3,u—1)H;p + (Z2T;y‘7:u + ngu;y)mp

dp 2;22,83,0,,L3,p—1

_ 7T L . _
- Z2 ‘7:/#9627963,07---,963,“71[—];17 - 07

on Vs, since F, = 0 and Z3 F,.,, = 0. By construction Zj F,
Hence,

o d3,0,ds, .1 1S NONSINGUlAT.

H;p(t7 X1,T2,T4,T1, x3,,u7 m47p) =0
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for all (¢, 1, 22, 24, T1, T3, T4, p) € Va. From Part 6 of Hypothesis 3.26 we have
rank (73 F,.:Ts) = dl(}),
and there exists a matrix function Z; such that

rank (Z7 Z1 F i) = dV.

L
Defining Ty = Z2 77, then ZQT F s, is nonsingular due to construction and

d - s
d_p(ZQTfH) = ngu;i27i3,0,---7i3,u—1H;p =0
on V,. This implies the existence of a function S such that

i‘Q = H(t,l’l,$2,$4,i’1,i’37u,l"4,p)
= H(thh T2,T4,T1, x3,,u,7x47p0>

= S(t>$17$2a l’4,i'1,.i74),
and

Fult,z1, 20, R(t, 21, %2, X4), T4, &1, S(t, 21, To, T4, T1, ), Ry (L, 21, 22, T4)

+ R, (t,x1,x9,x4)%1 + R.py(t, 21, 20, 24)S(t, T1, T2, T4, T1, T4)

+ R, (t, 21, T, T4) Ty, Ty, W (E, 21, Ta, T4, T1, T34, Ta,p)) =0
on Vs, replacing i3 by %R(t,xl,x2,x4). Further, we have
2;;&1-7:11 + ngu;il) + (Zg;igfli + ZZTFM;:'vz)S;il
+ (Zg;:igfﬂ + ngu;:ba)(Rm + R;xzs;fm) + (227:1;‘7:/1 + ngu;y)qu

= Z2T'7:u;5c1 + ngu;izs;fh + Z2T‘7:u;:b3<R;x1 + Ry, Siiy ) = 0,

ﬁ(ZQT}—u) = (ngfu + ngu;iz;) + (Zg;izfﬂ + Zgj:u;ﬂbz)s;m

+ (Z2Tx3~7:u + Zszu;:'vs)<R;m4 + R;xzs;m) + (ZzT;y}—u + ngu;y)mm

= Z2T~7:u;5c4 + ZQT]:M;U'UQS;M + Zszu;:'rs(R;m + R;mS;m) = O»

(2 F) = (Z3,

on Vjy, again using that F, = 0 and Zg]—"#;y = 0. Thus,

Id(z) 0
Zre, (I, o ... 0" Siin Siia —0,
2 [ } R;zl + R;msﬁm R;u + R;%zSM
0 Iy,
and following Hypothesis 3.26 we can choose T, as
[d<2) 0
1
TQ(taxth?xllajjlai)Zl) = S;il S;j34

0 I,
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Finally, Part 7 of Hypothesis 3.26 yields a matrix-valued function Z, which only depends
on the original variables (t,z,%,#). Due to the full rank assumption we can choose the
neighborhood V5, so small that we can take a constant Z,. Altogether, setting

Fl(t7'r7x7x) = ZO F<t7x17x27x37x47x17x27$3vx47x17x27x37x4)7
= . ST . . . . . . .
Fo(t,x, @) = Zy F,(t, x1, %2, k3, Ty, T1, To, T3, T4, W (t, 21, T2, T4, T1, 3,4, T4, Do) ),

F3(t7 33') = ngu(ta L1, 22,3, Ty, J(ta X1,T2,T4, QO))v
we then get the corresponding reduced differential-algebraic equation

Fl(taxajja:i')
F(t,z,@,%) = | Fy(taz,d) | =0 (3.45)
F3(t7'r)

We can show that this reduced system is strangeness-free.

Theorem 3.29. The reduced differential-algebraic system (3.45) satisfies Hypothesis 3.26
with characteristic values =0, r = a, + d,(}) + dg), Ay, d,(f), d,(}), and v,,.

Proof. By construction, we have F(to, xg, &g, Lo) = 0 for all (to, xo, 2o, Zo) part of 2,0 € L,
thus the system (3.45) has at least one solution. Moreover, for all (t,z,2,%) satisfying
F(t,z,&,%) = 0 it follows that

) (2T Fy(t, o, i, i)
Ex<t,ll§',l’,$) = 0 )
0

Z(?E:b(t,x,j:,i)
Ex(t7x7$>$) = ngﬂ;j;(t,x,j?,W(t,$1,$2,$4,l"1,1}37u,$4,p0)) )
0

ZEF,(t,z, %, 1)
Em(t’ Z, ':t’ .'E) = nglﬁﬂ»’(t? T, jjv W(ta Ty, T2, Ty, i‘la j:3,/u jj4ap0))
Z?T}—u;w(ta €, J<t7 T1,T2,T4, QO))

We have

rank Fl, ;3 = rank (23 Fyg + Z3 Fup + 23 Fuw) = d2 +d) + ay,,
rank Fxx = rank (Z] Fiz + ZQT}"N@) = df) + d&l),
rank Fl; = rank (Z1 F3) = df),

which gives Part 2, Part 3 and Part 4 of Hypothesis 3.26. Since

rank Fy,, = rank (2 F,..) = a,,,
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and since

d -
%FS(ta l’) = ZSTfM;ZE3 (tv x, J(ta X1, T2, Ly, qO))
3

is nonsingular, the implicit function theorem implies that
Fy(t, w1, 29, w3, 14) = Z3 Fu(t, 1, B9, w3, T4, J (L, 21, T2, T4, q9)) = 0
holds if and only if x5 = R(t, x1, z2,x4). Hence,

ZEF,(t,z, %, %)
F;x(t,l’,i,f) = ngmx(t,l’,i’, W(t,$1,$2,$4,$1,$37#,$4,p0)) ’
ZLFow(t, 1, 02, R(t, 21, T2, 24), 24, J(t, 1, Ta, T4, Qo))

provided that Ia (t,z,&,%) = 0, and the kernel of the third block row is given by the span
of the columns of T3. Further, since

rank Fy,;, = rank (Z1 F.;) = df}),

and
- ST . . . .
FQ;U'UQ = Z2 -,F,u;abg (ta x,T, W(t, X1,X2,T4,T1, xS,u: $4ap0))

is nonsingular, the implicit function theorem implies that

~

FQ(t7 X1,T2,T3, T4, i‘h '@27 ‘/t37 CC4) -

5T L. L. .
Zy Fu(t, @1, 20, T3, T4, &1, To, T3, Ty, W (t, 21, 22, T4, T1, T34, T4, po)) = 0

holds if and only if @9 = S(t, 21, o, x4, T1, %4). Hence,

F@(t,x,jc,i) =
T - .
Z() Edr(taxaxax)
~T . . . . . . . .
Zy Fua(t, w1, k2, €3, x4, &1, S(t, 21, T2, T4, T1, £a), T3, Ta, W (t, 21, T2, T4, T1, 3,4, T4, D0)) |
0

provided that a (t,z,%,%) = 0, and the kernel of the second block row is given by the span
of the columns of T375. Finally, because of

A 2T FATyTy
Ei<t7x7i7ié)T3T2 = 0 )
0

and since ZI F.;T3T5 is nonsingular and of rank d,(f), the reduced system also satisfies Part
7 of Hypothesis 3.26. O
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Since the condition Fj (t,z) = 0 1is locally equivalent via the implicit function theorem to a
relation x3 = R(t, x1, x9, x4) we get from (3.45) the system

A

Fl(taxla 1’2,$3,$4,i'1,i'2,i73,i'4, :i‘17:i'27i37i’4) = 07
Fg(t,frl,$2,$3,$4,C&'1,l"2,$3,i'4> :O; (346)
3 — R(t,x1,29,14) = 0.

Using the last equation of (3.46) and its derivatives, we can replace every occurrence of z3,
T3 and I3, to obtain

F2<t7 L1, T2, R(t7 L1, T2, $4)7 Ly, jjl? 'j:27 %R(t7 L1, T2, LU4), x4) =0. (347)
Since
d . . .
%P& - ZQT [-7:#;561 + Fu;:'vaR;anu;:'vz + fu;isR;a:wfmu + fu;mR;m] - Z;f]:u;ini

is nonsingular due to Hypothesis 3.26, we can locally solve (3.47) for s, i.e.,
l.'g == S(t,$1,$2,l’4,[t1,ff4). (348)

With (3.48) we can also eliminate 5 and Z5 in F (t,x,d, %), i.e., we get

A

Fi(t,z,,%) = (3.49)

ZLF(t, vy, 9, R(t, 21, T, ¥4), T, T1, S(t, 71, T, Ty, T1, 4), Rep(t, 71, 79, T4)

+ R (t, w1, To, xa) Ty + Ry, (b, 21, T2, 4)S(E, 1, Ta, T4, T1, T4) + Rop, (E, 21, T2, T4) 4,
&y, &1, S (t, X1, To, Ty, T1, T4) + Siay (8, 1, T2, Ty, T1, Ta)dy

+ Sy (U, 1, o, g, Ty, $4)S (b, 1, Ta, Ta, T4, Ta) + Siza(t, X1, T, Ty, 1, T4)Ey

. . . . . . d2 .
+ S;:bl <t7x17$2a ZL‘4,ZZI1,$4)ZL‘1 + S;¢4(t,$1,$2,$4,£81, 1‘4)3:4, WR(ta €1, l‘2,$4),l’4) = Oa

with
%R@v Ty, T2, 374) = R;tt + R;txljjl + R;thS + R;tx4j74
+ (R;tﬂcl + R;ﬂcwr@l + R;xwgs + R;:v1:v4:t4)x.1 + R;zljl
+ (R;tmg + R;mlxgjjl + R;QOQS + R;x2x4jj4)s
+ R;xz(S;t + S;:clitl + S;xzs + S;x4$'4 + S;:blftl + S;a‘c4i4)
+ (R;tm + Rﬁlﬂlil + R;uﬂ?zS + R;w4w4$4):t4 + R;$4i4'
Since

iﬁl = Zg [Eml + F;MS;jfl + Ems (R;wl + R;xQS;jfl)v F;izx + Efzs;m + EiﬁS(R;m + R;mzs;iM)]
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is nonsingular due to Part 7 of Hypothesis 3.26 the system (3.49) can be locally solved for
Zf’l, i.e.,

1 =T(t, 21,29, T4, &1, Ty, T4q).

In this way, we have obtained a decoupled strangeness-free differential-algebraic system of
the form

& =T(t,x1, 2, T4, T1, Tq, Ta),
$2 = S(taxhx%xllafblai'ﬁl)a (350)

xg = R(t, x1, 2, 24),

with df) second order differential equations, d,(}) first order differential equations, and a,
algebraic equations. The variables x4, € C*(I,R*) of size u, = n — df) — d&l) — a, can
be chosen arbitrarily, i.e., they can be interpreted as controls. Then, the resulting system
has locally a unique solution for x;, x5 and x3, provided that consistent initial values are

given.

Theorem 3.30. Let F' as in (3.34) be sufficiently smooth and satisfy Hypothesis 3.26 with
characteristic values 1,7, a,, d,(}),df), vy, and u, = n — d,(f) — d,(}) —ay. Then every suf-
ficiently smooth solution of (3.34) also solves the reduced differential-algebraic equations
(3.45) and (3.50) consisting of d\) second order differential equations, dﬁ) first order dif-
ferential equations, and a, algebraic equations.

Proof. If x* is a sufficiently smooth solution of (3.34), then it must also solve the reduced
differential-algebraic equations (3.45) and (3.50), since

(t, 2" (£), &7 (8), ..., (L)"*22"(1)) € L,

for every t € I. If there are no free solution components then (3.50) fixes a unique solution
when we prescribe initial values for xy, #; and x5, such that locally there can be only
one solution of (3.34) satisfying the given initial conditions. Thus, if there are no free
solution components and the initial condition is consistent then the solution exists and is
unique. [

Theorem 3.31. Let F' as in (3.34) be sufficiently smooth and satisfy Hypothesis 3.26 with

characteristic values pi, a,, 4P, dy, v, and with characteristic values (u+ 1) (replacing ),

au,dg),dg),vu. Let 2,410 € Lyq1 be given and let the parameterization p in (3.44) for
Fut1 include 4. Then, for every function x4 € C’Q(I[,R”_““_dg)_dﬁ)) with x4(ty) = x4,
T4(to) = Tao, and Z4(ty) = 40, the reduced differential-algebraic equations (3.45) and
(3.50) have unique solutions x1, xy and x3 satisfying x1(to) = w10, T1(to) = 10 and
xo(to) = x20. Moreover, the so obtained function x = (x1,x2,x3,24) locally solves the
original problem (3.34).
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Proof. By assumption, there exists a parameterization (t,x1, g, 4, &1, T3, T4, p) locally
with respect to 2,110 € L, 1, where p is chosen out of (Z,...,z#3) with

fu-‘rl(ta Ty, x2>R(t> Ty, T2, $4)7 Ty, jjla

S(t, T1,T2,T4, .fl, Lt'4), Ltg, i’4, W(t, T1,T2,T4, Lt'l, L'Ugyu, 1’4,]))) = 0
This includes the equation

./Tu(t,ﬂfl,l’g,R(t,l'l,1’2,1'4),274,.1'71, (351)

S(t, T1,T2,T4, Ltl, .i’4), $3, Lt'4, W(t, T1,T2,T4, i’l, $3,,u7 I4,p)) = O,
with trivial dependence on z#*+3) as well as the equation

%fu(t,l’l,$2,R(t,$1,$2,l’4),1’4,11‘3'1, (352)

S(t, T1,T2,Ty4, il, Lt'4), I'g, i’4, W(t, T1,T2,T4, il, x'3,u7 1’4,]))) = 0

Equation (3.51) implies that

Fust + Frswg Bt + Frusay Sy + FuyWe = 0, (3.53a)
f#;£1,$2,$4 + f#;msR;whmz,:m + fﬂ;fb25;$1,$2,$4 + fu;ymf;ml,mg,;m = 07 (353b)
Fﬂ;ﬂ'ﬂl,éis,m + FM;U'UQS;U'ULM + Fﬂ;ymil,jﬁ3”,j§4 = 07 (3530)
Foy Wy =0, (3.53d)

withy = (&,...,2#), where we have again omitted the function arguments. The relation
%fu = 0 has the form
3
Fut + Fua® + Fpual + Fuy : =0,
2 (Ht3)

such that inserting the parameterization equation (3.52) can be written as

fu;t + Fu;xlil + fu;xz@ + fu;xsx'?» + Fu;x45t4+
F Wi + FuaWa + FruagWs + Fre, Wa + Fuy W5 = 0,

where W;, 1 =1,...,5, are the parts of W corresponding to &1, ¥, ¥3, 4 and the remaining

variables, respectively. Multiplication with ZI (corresponding to Hypothesis 3.26 with

characteristic values p, a,, dff), df}), v,,) gives

23 Fua + Z3 Frgn 1 + Z3 Fryo + Z3 Frny®s + Za Fruwya = 0.
Inserting the relations (3.53) and observing that Z; F,..., is nonsingular, we find that

Z3 Frras (3 — Ry — Ryt — Rigyp — Rigy ) = 0,
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or
.Ci?g = R;t + R;xljjl + R;IQI‘)Q + R;x4i'4, (354)

and multiplication with ZI = ZT ZI (corresponding to Hypothesis 3.26 with characteristic
values p, a,, d,(f), d,(}), v,) gives

ZYFps + ZEFrivs + ZE Foriyvo + 23 Frrons s + 22 Frrowsat
ZEFsin + Zy Fuinio + 23 Frrsgdis + Zg Fuiyda = 0.

Further, inserting the relations (3.53) and observing that Z7 Fi, is nonsingular, we find
that

ZQTfu;a'CQ (@2 — St = S @1 — S — Spay®a — Sig 1 — S%Mj‘l) =0
using (3.54), or
fl}2 = S;t + S;xljl + S;xzjj2 + S§x4i"4 + S;iljl + 5@45[}4'

In summary, the derivative array equation F,4; = 0 implies that

ZLF(t, w1, T9, T3, Ty, Ty, T, T3, Ty, 1, B, 3, 4) = 0, (3.55a)
To = S(t, x1, Ta, Ty, T1, T2), (3.55D)
Zo = Sy + S @1+ Sigoa + SpyTa + Sz, X1 + S, T, (3.55¢)
g3 = R(t,x1, 22, 14), (3.55d)
i3 = R4+ Ry i1 + Rayda + Ry, i, (3.55¢)

and elimination of x3, &9, @3, Z2 and Z3 from (3.55a) gives
fil = T(ta T1,T2,T4, l‘)h i‘47 $4)

In particular, this shows that #;, and %, are not part of the parameterization. Since 4
is part of the parameterization p, the following construction is possible. Let x;, = z4(t),
&4 = @4(t) and ¥4 = Z4(t), and let p = p(t) be arbitrary but consistent to the choice of 4
and to the initial value z,.10. Further, let 27 = z1(t), x3 = x5(t) and z3 = 3(t) be the
solutions of the initial value problem

ZOTF(ta T1, T, T3, T4(t), T1, Ta, T3, T4(t), £1, Lo, T3, T4(t)) = 0,

To = S(t, 1, o, x4(t), T1, T2),

3 = R(t,x1, 29, 4(t)),

z1(to) = 10, T1(to) = T10, w2(to) = Tap.
Although #; and Zy are not part of the parameterization, we automatically get &; = #1(¢)
and Iy = #5(t). Thus, we have

"TM-H(t»xl(t)a x2(t)a x3(t)v I4(t)> x'l(t)> fz(t), :1}3(t)’ :t4(t)a jl(t)v
o (t), &3(t), 2a(t), Ws(t, 21(t), w2(t), 24(t), #1(2), T3,,(1), 24(¢), p(t))) = 0
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for all ¢ in a neighborhood of ¢y, or
F(t, 21(t), 2a(t), 23(t), 2a(t), 21(t), T2(t), T3(t), 4(t), £1(t), Z2(t), £3(t), £4(t)) =0
for the first block of the derivative array. O

Finally, we give an example to illustrate the index reduction procedure in the case of
nonlinear second order DAEs.

Example 3.32. We consider the nonlinear second order differential-algebraic system

Ty = 122,
ZEli’g = T9 — 17 (356)
0= T3 — 1,

with z = [z1, 79, 23]7 € C(I,R3). We have z3(t) = 1 for all ¢t € T such that i3 = 0 and
xo(t) = 1. Thus, system (3.56) consists of two algebraic equations and one second order
differential equations. The nonlinear derivative array of level 0 is given by

..72'1 — T1X2
fo(l’,i’,i’) = Zl,’lit'g — T —|—1 = 0,
Tr3 — 1
and we have
—x9 —x1 00 0O O01(1 O O
Fo;xj;i': ig -1 00 O T 0 00 =0
0 0 1|00 00 0 O

The solution set
Lo = {(z,4,3) € R* | & = 2129, 2183 = 29 — 1, 23 = 1},
forms a manifold of dimension 3 = 3n —r = 9 — r and further we have

rank Fo.p55 = 3 =71,
rank fO;:'v:'v' = 2,
rank Foz = 1,

such that the Hypothesis 3.26 is not satisfied for © = 0. Increasing g by one yields the
derivative array of level 1

T — x122
LL’li’g — T2 + 1
Fi(z,i,7,2%) = | N ! .| =0,
€Ty — 1Ty — T1T2
$1l"3 + mli'g — ig

T3
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with
[ —2y —z; O] O 0 0]1 0 00 0 0]
i3 -1 0] 0 0 2;/0 0 0|0 0 0
0O 0 110 0 0/00 0]000
Friaia = —Gy —ip O|—x9 —2; 010 0 O[1 0 0 =0
i’300$3 —1&71001‘1000
0 0 0]/ 0 0 1]/00 0[]0 0 0]

The solution set Ly = {(x,4,%,2®) € R3* | &1 = 2129, 113 = 29 — 1, 23 = 1, xg?’) =

T1x9 + T1Z9, 103 + 1143 = X9, 3 = 0} of the derivative array F; forms a manifold of
dimension 6 = 12 — r and we have

rank fl;l’i‘i‘l‘(?’) - 6 =T,
I“ank fmex(J) == 4 =T — a/_“

rank]——l;m@ =3 =7r— a, — d/gl) — Cp.

Furthermore, we have corank F.,; ;.3 — corank Fo.z33 = 0 — 0 = 0 = v, and choosing

Z3=1[0 000 0 1] anngT:B (1) (1) 8 8 (;]yields
Rt

) )

such that ZZNi[I,, 0]7T3 = 0 and

rank (Z3 M [, 0]7) = rank ([O 0 11
rank (Z3 £4[I, 0]") =rank ([0 0 1]) =
on ;. We can chose T5 = [1 0 O]T

rank (23 £1[1,, 0]"T3) = 0 = d{},

yielding a matrix Z; = ()1 o of size (1,0) and a matrix 7, = 1 of size (1,1). Finally, we have

1
rank (F;T51,) =rank [ [0 | =1= df),
0

and with ZJ = [1 0 0] we have rank (Z] F,3T3T5) = rank ([1]) = 1. Thus, Hypothesis
3.26 is satisfied for u = 1, i.e., system (3.56) has strangeness index 1, and we can obtain a
reduced second order differentail-algebraic system by

j'l — T1X2
= T3 — 1 =0.
—XT9 +1

S| ZEF(x,3,7)
Fla2,2) = ZEF(z, 0, %,20)
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3.3 TRIMMED FIRST ORDER FORMULATION

In the numerical solution of higher order differential-algebraic systems either the direct
numerical solution of the higher order system by appropriate numerical methods, or a
suitable transformation into a first order system is required. Since most of the numerical
methods suited for the solution of DAEs are constructed for first order systems and these
methods are well-studied, in general a transformation into a first order system is desired.
Furthermore, for a robust solution the numerical methods require differential-algebraic
systems of low index, such that on the one hand an index reduction, and on the other hand
an order reduction is required. In this section we consider linear second order differential-
algebraic equations with variable coefficients of the form (3.6) and discuss different ways to
obtain a first order formulation for the second order system that can be solved numerically.
Finally, a so-called trimmed first order formulation is derived that allows to construct a
strangeness-free first order system for linear second order DAEs of arbitrary high index in
a numerical feasible way.

The standard way to obtain a strangeness-free first order formulation for a second order
system (3.6) is to introduce new variables v = @ for the derivatives to transform the second
order system (3.6) into a first order system, and then apply the usual index reduction
procedures to the first order system. The corresponding first order formulation (also called
companion form) is given by

- A e

This is a linear first order DAE of the form (2.5) with matrices

o= " | an =50 1Y)

of size (m+mn,2n), and right-hand side b(t) = [f(t)" O}T, with unknowns y = [v” :L‘T}T
To obtain a strangeness-free system in a numerical feasible way the derivative arrays defined
in (2.22) can be used. Then, by determining suitable projections as defined in Theorem
2.41 an equivalent strangeness-free system

A

E(t)g = A(t)y + b(t),

of the form (2.24) can be constructed. Many difficulties may arise using this approach as
have been described in Chapter 1. The most critical is a possible increase in the index of
the DAE that yields higher smoothness requirements for the inhomogeneity f(¢) and even
can cause the loss of solvability of the system, see e.g. [102]. For k-th order linear DAEs
it has been shown in [102] that if 4 is the strangeness index of the tuple of matrix-valued
functions associated with the k-th order DAE system, then the maximal possible increase
in the strangeness index ji of the first order system obtained by the classical order reduction
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procedure is fi < p+k—1. Further, the resulting first order system is much larger than the
original system, and structures in the coefficient matrices are destroyed. Another drawback
of this approach is that the condition number of the first order system (3.57) may increase
compared to the original second order system, see e.g. [142].

Example 3.33. We consider again the linear second order system (3.33) given in Example
3.23 of strangeness index p = 2. The companion form (3.57) of the second order system
(3.33) is given by

t 0000 07 [i 1 00[-1 0 07 [u] [A]

01 1[0 0 0/ |& 000/ 0 ~1 0 |][v fo

0t ¢[00 0] |o 0 000 —1—t —1| v Bl (3s8)
00 0[L 00| |i 1 00/0 0 0 ||n ol
00 0[0 1 0] |& 0 10/0 0 0 ||z 0
00000 1] | [0 o010 0o 0]z |[O]

for t € [ty,t1] with ¢y > 0. In comparison to the solution of (3.33) this system has the
additional solution components

{02] _ fo— f953) + tf2(3) +3f
U3 f3_(t+1)f2—f2+f3§3)_tfz(g)_3f2 7

i.e., the third derivative of the inhomogeneity f is required, and thus system (3.58) is of
strangeness index g = 3.

To overcome these problems in the classical order reduction, we can first compute the
strangeness-free condensed form (3.14) for the second order system and transform the
strangeness-free form (3.14) to a first order system

E(t)y = A(t)y + b(t)

of the form (3.15) afterwards as has been proposed in [102], see also Corollary 3.12. In
this way, we can obtain a first order formulation that is strangeness-free without further
smoothness requirements or increasing the index.

Example 3.34. For the linear second order DAE (3.33) given in Example 3.23 transfor-
mation into global condensed form (3.12) yields

t 0 0] [ 1.0 0] [ 10 0] [x fi
0 1 0] |22 + [0 0 Of |Zo| + |0 1 —1| |Z| = f2 ,
0 0 0| |3 0 0 0| |z; 01 0] | —tfo+ f3

with [i’l To i’g}T = [351 Ty + T3 xg,]T. After applying two index reduction steps we
obtain a system in the strangeness-free form (3.14) given by

t 0 0] [z 10 0] [# 10 0] [& A
O 0 O ..i.'g ‘l‘ O O O j’g ‘|— O 1 —1 .i‘g == f2+tf2—2f2—f3
0 0 0] |z4 0 0 0] |24 01 0] |3 —tfo+ f3
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Following Corollary 3.12 the corresponding first order formulation is given by

100 I 10 007 /[xn h
000 Tof |01 110 1| | fatth—2f—fs
000 i3 01 0]0 || —tfa+ f3 ’
100 4 00 0 |—1] [& 0

which is strangeness-free and of minimal increased size.

The drawback of this approach is that there is no computational feasible method to com-
pute the condensed form (3.14), except if the structure can be used, since the derivatives
of computed transformation matrices are used during the transformations. Further, the
strangeness-free system (3.14), and consequently also the first order formulation (3.15), do
not have the same solution = as the original second order system (3.6), but a transformed
solution # = Q'z. Nevertheless, Corollary 3.12 suggests that first index reduction and
then order reduction should be used for a proper treatment of second order systems.
Thus, in the following we will use the index reduction based on derivative arrays derived
in Section 3.1.2 to obtain a strangeness-free second order system which can then be used
to obtain a trimmed first order formulation in a numerical feasible way. Using the inflated
system (3.19) associated with the second order system (3.6) we can determine projections
Ly, L3, 2o, Z1, and Zy as defined in Theorem 3.21 to obtain locally a strangeness-free second
order system

~

M(t)i + C(t)i + Ktz = f(b), (3.59)

with matrix triple of the form

~

o e k=19, ¢, |5
0 0 K
0 0 0

To find a suitable first order formulation, we first have to identify the second order differen-
tial variables. As the matrices M 1, C’Q and K. 3 have full row rank due to construction (see
Theorem 3.21) there exists a pointwise orthogonal matrix-valued function @ € C'(I, R™*™)
that is sufficiently smooth, such that

M, My 0 0 0
Co| Q= |Cn Cn 0 0f, (3.60)
e Kz Ks Kz 0

where the matrix-valued functions M, of size d,(f) X d,(f), Cyo of size d,(}) X dg) and K3 of
size a, X a, are pointwise nonsingular. With the corresponding basis transformation

r=Q% &=Qi+Q# i=Qi+20Q%+Q1,
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we get the equivalent system

My 0 0 0] [21 Cii Ci2 Ciz Cul [Ta
0 0 0 0f |y Cy O 0 0| |29
0 000||&HlTlo o o ol
0 0 0 0] [, 0 0 0 0 T4
Q cas2it (3.61)

Kll K12 K13 K14 :%1 ./il

+ K21 KQZ K23 K24 :%2 — ji2

K3 Kz Kiz 0 T3 f3]

Lo o o o]l fi

KQ+5£?+MQ \f/-/

where the second order differential variables z; are explicitly specified. By introducing the
new variable 0 = #; we can transform the system (3.61) into first order form

My Cin Ciz Ciz Cug) |0 0 Kun K Kig Kul| [0 h
0 Co Cop 0 0| |31 0 Ko Ko Koz Kol |21 fo
0 0 0 0 0 To| + | 0 K31 K3 Ksg 0 To| = fsl - (3.62)
0 0 0 0 0| 0 0 0 0 0] |#3 #
0 1 0 0 0 T4 -I 0 0 0 0 T4 0

Here, we have

b=1[ 00 0= 0 0 0](Q"z+Q"%) =Q{z+ Q7= 2(QTx),

i 2
= %(Q?l‘),

with Q1 = Q [I 00 O]T. Therefore, system (3.62) is equivalent to

NQ C*Q+2MQ] [;_2( f{:@} . [0 fc@+é@+M@] [%( 1%)} _ m (3.63)

t
0 J 4(QTx) —I 0 Qlx
with J=[I 0 0 0]. Now, introducing another variable v = Q14 = 4(Q{z) — )Tz, the

first equation of (3.63) becomes
MQui + (€ + M(QuQf +2Q07))3 + (K + M(Qi1Q7 +2QQ" + QQM)x = £,

where we have used that QQT + QQT = 0, as Q is orthogonal. Thus, we get a first order
system in the original variable x and in v of the form

5 Gl B Sl
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with

C=C+MQiQT +2QQ") = C + M(Q:Q7 —2QQ"),

K =K+ M(@Q:QT +2QQ" + QQT) = K + M(Q:QT — QQ"),
using that QQT + 2QQT + QQT = 0. In addition, it holds that

-1 0 0 0
NT NT A 7T 71AT NT 0 —2I 0 0 NT
0 0 0 =21
0 0 0 0
. . . . 0 —I 0 0] -
QT - Q4" =QJTIGT - QAT = |, o 1 4| @
0 0 O I
such that we get
I 0 0 O My; 0 0 0
5 A 020 0 Ol sr_ A [ O 000|507 _ A vrhAT
C=0-MQ 0 0 2I 0 @ ¢ 0 00O @ =C-MQQ",
0 0 0 21 0 00O
0000
A - 0 I 0 0] 50~
K=K-MQ 0070 Q=K
0 00 [

Altogether, we have derived a first order formulation in the original variable  and v, only
using the coefficient matrices of the strangeness-free formulation (3.59) and the orthogonal
transformation matrix ). Due to construction this first order system denoted by

E(t)yy = At)y +b(t)
is strangeness-free.

Lemma 3.35. Consider a linear second order differential-algebraic system (3.59) that is
strangeness-free, with matriz-valued functions M,C, K € C (L, R™™), and right-hand side
f € C(ILLR™). Further, let Q € C'(I,R™") be an orthogonal matriz-valued function that
decomposes M,C, K as in (3.60). Then, the trimmed first order formulation
MQ, C+MQQT] [v 0 —K] [v f
| = .64
0 QT T oo ||z "ol (364)
is also strangeness-free, with Q1 = Q[I 0 0 0], and the characteristic values are given by
d, = ZdLQ) + d,(}), Ay, v, and uy,.
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Proof. The proof follows directly from the construction of the trimmed first order formu-
lation (3.64). Setting & = QT and o = 4(QTz) = v + QT z, we obtain

My Cin Cip Ciz Cu 77 0 Ky Ky Kz Ky v fj1

0 Oy Cyp 0 0 :?1 0 Ko Ky Koz Koyl |3 fa

0 0 0 0 0 j;2 + 0 Kgl K32 Kgg 0 j;2 f?,

0 0 0 0 0 3 0 0 0 0 0 T3 f4

0 I 42 0 0 0 o 1y 0 0 0 0 T4 0
which is clearly strangeness-free, since My, Cyy, K33 are nonsingular. ]

Thus, from Lemma 3.35 and the previous discussion we can obtain a strangeness-free first
order formulation directly from the coefficients of the strangeness-free second order system
(3.59). The trimmed first order formulation (3.64) is of minimal possible size and no further
smoothness requirements for the inhomogeneity are required.

Example 3.36. In Example 3.23 we have computed an equivalent strangeness-free formu-
lation

t 00 100 1 0 S
00 0{&+|0 0 0|li+ |0 — —fo—2fs —tfo+ fs
000 000 0

—tfa+ f3

for the linear second order system (3.33) using the derivative array approach. Then, fol-
lowing Lemma 3.35 a trimmed first order formulation for system (3.33) is given by

0
O x =
1

t|1 0070 0[-1 0 0 v fi

000 00| [a|_[0]0 1 0||a],|-h-2b-th+]
0/0 0 0| |iy 0] 0 =1 =1 | —tfa+ [ ’
01 0 0] (43 10 0 0 3 0

which is strangeness-free and has the same solution components xy, s, and z3 as the
original system (3.33).

In the previous discussion we have seen that we can follow different strategies to obtain a
strangeness-free first order formulation for a linear second order DAEs of the form (3.6). In
general, one should carefully choose the best suited transformation for the given problem.
The main difference in the presented approaches is the chronological order of index and
order reduction. In the classical approach first a transformation into a first order system is
used, and then a strangeness-free formulation is extracted using index reduction techniques.
On the other hand, the index reduction can be carried out at first to obtain a strangeness-
free second order system, e.g., by transforming to condensed form (3.14), or by using the
derivative arrays (3.19), and in a second step this strangeness-free system is transformed
into a first order system. In the previous discussion we have seen that for an appropriate
treatment of higher order differential-algebraic system the index reduction should be carried
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(M,C,K)
differentiatio order i r(;gﬁ)c(iéneggétfigrnm)
reduction
(M, £, N, (£, A) (M,C,K)
kr&%ﬁ)\(/ gielg/lécgr?gy ) differentiation
( M C’ K) ( M. N ) order reduction
) ’ o 12
order reduction kgceir% gt%lécgr?gy )
(E, A) (E,A) (E, A)

Figure 3.1: Order and index reduction for second order DAE

out at first followed by an order reduction to obtain a strangeness-free first order system.
The different strategies are depicted in Figure 3.1.

For constant coefficient higher order differential-algebraic systems the transformation into a
first order system corresponds to the linearization of matrix polynomials. In this way higher
order differential-algebraic systems are closely related to polynomial eigenvalue problems.
The linearization of matrix polynomials is treated in [53, 95]. In [95] large classes of
linearizations for matrix polynomials are proposed, which preserve the structure of the
matrices as well as the Jordan structure of infinite eigenvalues, corresponding to the index
of the DAE. Moreover, different linearizations can have very different condition numbers
depending on the magnitude of the eigenvalues, see e.g. [142]. The conditioning of the
linearizations introduced in [95] is treated in [63], where it is shown that for any given
eigenvalue, we can find a linearization of the matrix polynomial, that will be about as well
conditioned as the original problem for that eigenvalue. Analogous to the linearization of
matrix polynomials we can find transformations of time-invariant higher order differential-
algebraic systems into first order systems, which do not increase the index of the system
(corresponding to the preservation of the Jordan structures of infinite eigenvalues), which
preserve certain structures in the system, and lead to first order systems that are as well-
conditioned as the original problem.

3.4 EXPLICIT REPRESENTATION OF SOLUTIONS

For linear second order DAEs with constant coefficients of the form

Mi+Ci+ Kz = f(t), (3.65)
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with M,C, K € R™" and f € C(I,R"), the trimmed first order formulation (3.64) derived
in Section 3.3 allows an explicit representation of solutions of the system in terms of the
coefficients M, C, K and the inhomogeneity f. For convenience, we restrict ourselves in
this section to the square case m = n and assume regularity of the system.

Starting from the corresponding regular strangeness-free system (3.59) we can find an
orthogonal matrix () € R™" asin (3.60) that transforms the system (3.59) into an equivalent
strangeness-free system of the form

My 00 jfl Cii Ci2 Cis 5?1 Ky Ko Kiz| |7 Jfl
0 0 0] |22] + Cy Cp O Ty| + Ky Ky Kog| |22| = | f2] , (3.66)
0 0 0] |25 0 0 0 T3 K31 Kz Ksz| |T3 13

with x = Q2. In the study of matrix polynomials so-called unimodular transformations are
used as a class of equivalent transformations, such as adding the Aa multiple of one row
or column to another without increasing the degree of the polynomial. The analogon of
these transformations in the context of higher order differential-algebraic systems has been
studied in [102]. These unimodular transformations can be reformulated using the concept
of differential polynomials, see [66, 92]. Let R[D;] be the set of i-th order differential
polynomials with coefficients in R, i.e.,

d 42 di
R[D]:=qao+a—+ar—s + - +ai|ag €R, k=0,1,. .

Since we do not want to increase the order of the differential—algebraic equation, we consider
only the following restricted transformations.

Definition 3.37 (Opu—equlvalence) Two differential-algebraic systems Mi4+Ci+Kx =
fand Mi + Ci + Kz = f are called order preserving unimodularily equivalent, or opu-
equivalent, if there exists a P € R[Dy|™" with constant nonzero determinant such that
P(Mi+Ci+ Kz — f) = Mi +Ci + Ko — f.

The concept of opu-equivalence transformations requires that the order of differentiation
does not increase. Thus, opu-equivalence transformations are nothing else than differentia-
tions of equations and elimination of derivatives in the differential-algebraic system as used
in the index reduction procedure described in Section 3.1.1. Now, using an opu-equivalence
transformation with

10 —%CBK 5

P=10 1 0 ,

0 0 I
we can eliminate the block Ci3 in (3.66) without altering the solution of the system and
get the opu-equivalent system

Mll 00 $1 011 012 0 5?:1 Kll K12 K13 :i'l -fjl
0 00 352 + [Cy Cyn 0 1?2 + |Ko1 Ky Kays| 22| = | f2|, (3.67)
0 0 0] [25 0 0 0] [ Kz Kz Ksz| |23 f3
— ~ ~ -~ ~ ~~ d ——

M=PMQ C=pPCQ K=PKQ f=pPf
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where Cy; = Oy — Ci3K33' Ka1, Cra = Cho — Ci3K33' K3z and fy = fi — C13K33' fs. Now,
starting from the system . . 5 5

Mi+Cz+ Kz =f,
given by (3.67) we can form the trimmed first order formulation (3.64) as described in
Section 3.3 to get the first order system

o cor| [ = o k] [+ (3] 369

where in addition we have changed the rows of the system which does not change the
solution of the DAE. System (3.68) is a linear first order differential-algebraic system of

the form (2.6) with £, A € R”+d£¢2)’”+df), be C(I, R”erf)) and unknown y given by

[ o qQr o o v
SR P S P

Since the DAE (3.65) is assumed to be regular, also the matrix pair (E,A) is regular,
and the problem (3.68) is uniquely solvable for consistent initial values vy, zg. Due to the
regularity, we can find a A such that (AE — A) is nonsingular and by multiplying equation
(3.68) with (A\E — A)~! we get an equivalent system of the form (2.10) that allows to give
an explicit formula for the solution of (3.68) using Theorem 2.31. This solution is of the
form

v—1
y(t) = B Al f0>EDEyO+/ BPA(t=5) ;D}(s)ds — (I — EPE) )Y (EAPY AP (1)
=0

to

for some 3o € R”, where E = (A\E — A)"'E, A= (AE — A)'A, and b = (\E — A)~'b. To
get an explicit solution representation we first need to determine the index v of the matrix
E. For linear first order DAEs with constant coefficients of the form (2.6) it is well-known
that the index v = ind(FE, A) of the matrix pair (F, A) equals the differentiation index vy,
see e.g. [59]. Further, it holds that for regular DAEs with well-defined strangeness index
i the differentiation index v, is also well-defined with

0 for a, =0,
Vg =
pw+1 fora, #0,

see e.g. [82, Corollary 3.47]. If a, = 0, then we have v = ind(E,A) = vy = 0, and E is
invertible due to the absence of the nilpotent block in the Weierstrafl canonical form (2.8).
Otherwise, if a, # 0, then we have v = ind(£, A) = vy = 1 for the regular matrix pencil
(E,A), as the trimmed first order formulation is strangeness-free due to Lemma 3.35. In
this case the matrix pair (F, A) is equivalent to its Weierstrass canonical form (2.8), i.e

e (1)
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where N = 0 as v = 1. Further, we have ind(F) = ind(E, I) and

(B,I)=((\E—A)7'E,I) ~ (E,\E — A) ~ ({é 8] , P]O_J _O]D,

~

where A/ — J is in Jordan canonical form, such that we have ind(E) = 1.
With this results the solution of the original second order system (3.65) is either given by

t
x(t) _ [0 I] (eElA(tto)y0+/ eElA(ts)Elb(s)ds), (3'70)
to
if a,, = 0 in the first order system (3.68), or by
~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ A~ A
z(t) = [0 1] (6EDA“‘t°’EDEyo + / PP A=) EP(s)ds — (I — EDE)ADb(t)) . (3.71)
to

if a, # 0 in (3.68), for an initial value yo = [Z¢, ¥o]. In the first case we have

Bl |:—M1_11(C11 — 012C2_21C21) Ml_ll —Ml_llcmCz_Ql

Q1 — Q2055 Cn 0 Q2C5' 7
A — [Mﬁl(clzcgélczl —Cn) M (K — Ci2Coy K21)QT + (K12 — 01202_21K22)Q2T]]
Q1 — Q2C55 Con Q205 K21QF + Q2055 Ko Q¥ ’
M7 (fi — C12055 fo)
E b= 0 :
Q205 f

such that the solution (3.70) can be formulated only using the coefficient of the original
system and the matrix ) = [Ql Qg].

For the second case, i.e., if a, # 0 in (3.68), we need to describe the products EDA, EDE,
EP Z;, and APb in terms of the coefficients M ,C, K of the original second order system

(3.65). First of all, we assume that £ and A in (3.69) commute, i.e., FA = AE. In this
case the solution (3.71) can be formulated directly in terms of £ and A and we only have
to compute the Drazin inverses £ and A”. The Drazin inverse of the matrix A is simply
given by

AP = {é _%D} : (3.72)

The Drazin inverse of E is given in the following Lemma.

Lemma 3.38. Consider the matriz E € R+ mrdi it

0 I VO 0
E— AO VQ{ _ | Mn Cii Ciz 0 OF
M@, CQT 0 Cy Cyp O ’

0 0 0O 0
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as in (3.69) with v =ind (E) = 1 coming from the trimmed first order formulation (3.64),
with Q = [é g} e R n ) gng orthogonal Q = [Q1 Q2 Q3] € R™™. Then the Drazin

wmverse of E is given by

EP = {_Mﬁl(é“ - CuaCn Can) My =My Gy 01 . (3.73)
Q1 — Q205 O 0 @205 0
Proof. We have to verify the axioms (2.2) of the Drazin inverse. First, we have
} ) ) 0 I 0 0
EPE — {—Mﬁl(cn — C13C5 Co1) Myt =My CiaCiy' O} My Cu Ci2 0 oF
Q1 — @205 Cy 0 Q2C5' 0 0 Coy Cxn 0
o 0 0 0
I 0
:[IOOO}OQT:{I 0 }
0 Q1 Q2 0] [0 Q3 0 QT +Q0Q3]°

100
with Q1QT + Q.QT = [0 I 0| and
000

[0 1 0 0
0 Oy Cypn 0 Q1 — Q2055 Coy 0 @205, 0
i 0 0 0
i I 0 0] [-M;3'(Cry — CiaCy'Cn) Myt —M'ChoCyyt 0
_|My Cn Cie O I 0 0 0
T 10 Oy Cypn 0 —CytCoy 0 Cot 0
0 0 0 o0 0 0 0 0
[T 0 0 0
o100
10 0 I 0
0000
As v = ind(E) = 1 it follows that EPEE = E and EPEEP = EP. O

With the Drazin inverses (3.72) and (3.73) we have

EDA — {_Mﬁ1<éll - 01202_21021) Mﬁl(élzcilffg — Kl)}
Q1 — Q20521021 —Q2C£21K2 7
M (f - CVY12C_IJE2)1 [ 0 ]
EDb:[ 11 Lo APp— .
Q205 f2 —KDPf
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such that for the solution representation (3.71) we get

_ ED A(t—to) Vo
w(t)=[0 IJe {(Ql@ﬁ@zcﬂ)xo}

t -1
+ [O ]]/ eEDA(tfs) [Mn (J; 001;022 f2)} ds + Q3 g‘KD]E'
to 2V929 J2

To get a solution representation in the case that £’ and A do not commute we first consider
a regular and homogeneous linear differential-algebraic system

Ey(t) = Ay(t), y(to) = yo, (3.74)

with index v = ind(E,A) = 1 and E, A as in (3.69). Then, for a consistent initial value
Yo, the unique solution of (3.74) is given by

y(t) = AT EP By

due to Theorem 2.31. By differentiation we can see that this unique solution also solves
the ordinary differential equation

g(t) = EP Ay(t), with y(ty) = EP Ey. (3.75)

This ordinary differential equation is also called the Drazin ODE, see [34, 45]. Thus,
if we can transform the homogeneous system (3.74) into the corresponding Drazin ODE
(3.75), we can get a representation for the Drazin inverse EPA. Further, consistency
conditions for the initial value yield a representation for EPE. Since the Drazin inverse of
a matrix F is unique and the products EPA and EPE are independent of the choice of
the parameter A, see [26], also the representation of EPA and EPE are unique. Using the
basis transformation

A7 |V T
QT [m} =" o o 2I], (3.76)
I 0

where () = lo 0
system (3.74) is equivalent to

], and @ chosen as in (3.60), the homogeneous differential-algebraic

J.Zl =,

M0 + énftl + 012552 + K121 + K929 + K323 = 0,
Oy + Codg + K1y + Kopxg + Kozwz = 0,

K31£L’1 + K32£L’2 + Kggxg = O
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Since My, Cyo, K33 are invertible due to the choice of () we have

l.'l =,

v = —Mﬁl(én.’tl + 012.’1.3'2 + Kllxl + Klg.]?g + Klgl'g),
Zifz = —02_21(021i’1 + K21x1 + KQQI’Q + K23£L‘3),
T3 — —K3_31(K31.§L’1 + K32.T2).

(3.77)

Differentiating the last equation in (3.77) once and eliminating all derivatives on the right-
hand side yields

Lt‘l =,
U= — Ml_ll[éllv — 01202_21(C21U + Kglil,‘l + KQQZL'Q + K23$3) + Kllxl + Klgl'z + Klgl’g],
iy = — O3 (Coyv + Ko171 + Kogg + Kags), (3.78)

jj'g = — K:i)}(KglU — K3202721(021U + K215L‘1 + KQQ{EQ + Kggl’g)).

Further, we can eliminate all occurrences of x5 using the last equation in (3.77) to get

Ty = v,
v = Mﬂl[(é1202_21021 - 011)1) + (01202_213/21 —Yn)z: + (61202_21)/22 — Yi)xa],
ij = —0521021U — 02721}/213:1 - 0521162$27

T3 = Kg_gl[(K3202_21021 — Ka)v+ K3202_21Y21$1 + K3202_21Y225B2],
where we have defined

Y = Ky — Ki3K33' K, Yo = Koy — K3 K33 K1,
Yo = K9 — K13K§31K327 Yoo = Koy — K23K§,1K32-

Further, defining

Vi= CV11202_21021 — Ch, Vi= K3202_21021 — K3y,
Vo = (71202_213/21 — Y, Vs = K3202_21Y217
Vi = 01202_21}/22 — Yo, Ve = K3202_21Y22,

we get an ordinary differential equation

v M3V MP'Ve MtV 0] [w
:i?l o I 0 0 0 1
To| —02_21021 —02_21Y21 —02_21)/22 0 )
i3 Kg'Vi  Kg'Vs o Kig'Veo 0] |3
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Reversing the basis transformation (3.76) yields a system of the form

M3'Vvi MV MtV
v A I 0 0
|:33:| =@ —02_21021 —02_21Y21 _C2_21Y22
Ka'Vi KR'Vs  Ki'Vi
[ Mi'vy ME'VRQT + M'VsQF ] H
Q1 — Q205 Co1 + Q3K ' Vi —Q205% (Va1 QT + Yoo QF) + Q3 K33 (VsQT + VeQ1) | |

o1

o O O o

in the original variables v and x. Due to the algebraic equations, consistent initial values
have to satisfy

I 0 0 0

v(te)] A |0 I 0 0| Az [vo

[m(to)} =C@lo o 0|9 a0
0 —Kp'Ks —Ki'Ksy 0

a {0 I — Q3K (K3 QT + K3Q% + K33Q§)} LO} ’
I 0 Vo
|0 T — Q3K K @]

Altogether, we have derived the Drazin ODE and consistency conditions for initial values
for the homogeneous system (3.74).

Lemma 3.39. Consider a reqular linear differential-algebraic system (3.74) with index

v =ind(E,A) =1 and E,A given by (3.69) and assume that a consistent initial value yo
1s given. Further, consider the corresponding Drazin ODE derived by differentiations

y = Sya ?J(to) = Hy07

with
S = [ My My V201 + My, V5@
Q1 — Q205 Co1 + Q3K Vi  —Q2055 (Va1 QT + Yoo QX)) + Q3 K33 (VsQT + VeQ1) |
. [z 0
0 I— Q3K (K1QF + K3QT + K33Q%) |

Then, it holds that
EPA=S and FEPE=H,

and furthermore, EPA and EPE are unique.
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Proof. As the matrix pair (E, A) is regular there exists a A such that (AL’ — A) is nonsin-
gular. Setting £ = (\E — A)"'E and A = (\E — A)~' A, the products EPA and EPFE are
independent of the choice of the parameter A, see [26]. Further, the Drazin inverse EP is
unique such that also the products EP A and ED E are unique. We have

AEPE — EPA=FEP(\E —A) = EP(AAE — A)'E— (A\E — A)7'A) =

Thus, to prove that EPA = S and EPE = H we have to verify the conditions (2.2) of the
Drazin inverse for EP = \H — S.

In order to get a nonsingular AE — A we can choose A € R such that ACyy + (K3 —
Ko3 K33 K33) = ACay + Yoo is invertible. At first, we compute E= (AE — A)~'E via block
inversion. We have

([ 2T OO ] T o [T00] o
T\ MMQ A+ KQ MQ: C
[T A 0 017'ro 1 0 0
~0 AM1 ACi1+ K MCie+ K2 Kis My Cii Ciz2 O o7
0 AC21 + Ko1 ACo2 + Koo Ko3 0 Cu Cyp 0
| 0 K31 K3 K33 0 0 0 0
I 0 0 0 .y 0 0 0
_0 MMy I 0 KisK3'| | 0 MAMyp +Cii) +Yr ACia+Yi2 0
0 0 I KoKy 0 AC91 + Yo ACo2 + Yoo 0
0 0 0 I 0 0 0 Ks3
T A 0 o1\ ‘To I o0 0
0 I 0 0 My Cpp Cia 0 or
0 0 I 0 0 Co Co 0
0 Kp'Ks K'Kss 1 0 0 0 0
Vi Vi 0 01 [-I 0 0 0 I 00 0
_o|° I 0 0] [0 A As 0 | [AMyy T 0 —Ki3Kg'
7o 0 I 0| | 0 Ay Axn 0O 0 0 I —KypKg'
0 —Ki'Ky —Ki'Ks I) [0 0 0 K 0 00 I
0O I 0 0
My Ci Cia O ap 4 AT
0 021 022 0 Q - QM1M2M3M4Q )
0O 0 0 0
where

[All AlZ] [(A2My1 4+ AC11 + Y11 ACia + le} -

Ag1 Ago ACo1 + Yo AC2 + Yoo
_ I 0] [X5! —X;'(A\Crz + Vi) X, ?
o _—Xl_l(/\Cgl + Y21) I 0 Xl_l

X2_1 —X2_1(A012 —|: Ylg)Xl_l :|
XM (ACo1 + Ya1) X5t XM (ACap + Yar) X5 H(ACha + Vi) X+ X!
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with nonsingular matrices
X1 = Ay + Yo,

and
Xy = NMy; + \Chy + Yy — ()\612 + Y12)Xf1()\021 +Yor)

due to construction and due to the choice of A. To verify the first condition (2.2a) we need
to show that EEP = E(AH — S) = (AH — S)E = EPE = H. If we set

H, H
o =)= g )
with
Hy =M — Ml_llVl,
Hy = — Myy' [V2Q7 + V3Q3 ],
Hy = — Q1+ Q205! Coy — Q3 K35 Vi,
Hay =M1 + Q205 (Y1 QT + Y2Q3) — Q3 K33 (Vs + AK31)QT
+ (Vo + AK3) Q5 + AK33Q5],
then we get
Hyy Hio
] — OM, My MM, QTHxn QTHy

QT Hy QY Hy
THy QY Hox

Hy1 Hyp

EOH — S) = QM Mo Mz M,QF
(- 5) = QM MEMAMQT [

0 I 0 O
A My Cip Cia 0
= QM Mz Ms3 0 Oy Cpy 0
0 0 0 O
H11 H12
-1 2QT
Cyy' Coy QT + Cop! (Va1QT + Y92Q7)
—K33'Vi AQF — K33 [(Vs + AK31) QT + (Vs + AKs52) QY + AK33Q7 ]
I 00 0 ~1 QT
A MMy T 0 —Ki3Kg| [ MM (AChp + Y11)QT + (\Cha + Y12)QT
= QM M, > T T
0 0 I —Ko3Ks3y 0 (AC91 + YQl)Ql + (ACa2 + YQQ)Q2
0 0 0 I 0 0
7 0 0 071 AQT
—OM, 0 Apn A O 0 (AN2My1 + ACh1 + Y11)QF + (ACha + Yi2)QF
0 Ay Axn O 0 (ACo1 + Yo1)QT + (ACaa + Ya2)QT
0 0 0 Kg'llo 0
I A 0 0] [I1 -2QF
B Q 0 I 0 0 0 A X4+ ApX5
o 0 0 I 0 0 Ao X4+ ApX;s
0 —Kp'Ks —Kgp'Ks I) [0 0
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I AM=QT +Q7)
- 1o T
= Q 0 i
2
0 —K3'(Ks1dn + K32 A0) Xy + (K31 412 + K32420) X5]
I 0
0 @1QT + Q2QF — Q3K (K51QT + K32Q1)

where

Xy = (NMy; + A +Y11)Q + (ACha + Y12)QF,
X5 = (ACy1 + Y21)QT + (MO + Ya) Q3

and using that

AnXy+ ApXs = F{;
A Xy + A X5 = Qg

On the other hand, we have

(AH — S)E = [H” H”] QM MyMsM,Q"
Hy  Hao
I A 0 0]
Hyp HypQ1 Hi2Q2 0] [0 I 0 0 AT
:hlmﬁ«@@O}o 0 1 o MMM
0 —Kp'Ks —Kip'Ksp I
-1 0 0 0 ]
_ [Hyi AHy + Hi2Q1 Hi2Qo 0] 0 App A O M M,OT
|H21 AHop + HooQ1 H2Q2 0] [ 0 Az Az 0 s
0 0 0 K]
[—Hy M — M C1205) 0 AT
~ |- Ha 61 (Q2 — Q3K33' K32)Cay! 0] MsMa@Q
I 0 0 0
[-Hn Mt — M C1205) 0] [AM11 T 0 —Ki3K33 MOT
T -Hu 0 (Q2— Q3Ky5 Ka32)Cyyt 0] 0 0 I —KpKgz|
0 0 0 I
_ -—Hll—l-)\f Ml_ll _M1—1101202—21 Mﬁl(élgcilKgg—Klg)Kg_gl)
| —Ha 0 (Q2— QsK33'K3)Chyt  —(Q2 — Q3K K32) oy Kog K 53
0 I 0 0
My Ci Ciz 0 A
0 0 0 O
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—Hyy 4+ M + M (Chy — C1205 Ca) 0 0} or
—Hy +(Q2 — Q3K33' K32)Co'Co1 Q2 — Q3K 33" K3a 0

0
—Hn QT +(Q2 — Q3K33' K32)Coy O QT + (Q2 — Q3K351K32)Qg]

0
Q1QT + Q207 — Q3 K53 (K51QT + K32Q2TJ =1

o~ o~ o~

where we have used that

(AH1 + Hi2Q1)An + Hi2Q2A5 = My,

(AH11 + H12Q1)Arg + Hi9QoAgg = — M1 C12Co,

(AHa1 + Ha9Q1)Av1 + HoQ2 A2 = 0,

(AH21 + HQ1) Az + HyoQa Az = (Qo — Q3K 55 K32)Cy'

Further, the structure of H implies that SH = HS = S and H? = H. Thus, for the second
condition (2.2b) we have

EPEEP = (A\H — S)E(AH — S) = (\H — S)H = A\H — S = E"|
Finally, for the third condition (2.2c) we have

(AH — S)E* = E(\H — S)E = EH = (\E — A)"'EH

I Qf

=(A\E—A) |:MQ1 CQT(I — Q3K (K3QT + K5QF + K3303)
- B 0 QT _a

= (B -4 [M@l QT - é@%@gf@f%s] -

0

Thus, for the linear homogeneous DAE (3.74) we have the explicit solution representation

t) = 5010 [y, = 5010 { v o ] ,
y( ) . ([ - Q3K331K3)£L'0

where S and H are given as in Lemma 3.39, and yo = [v] xOT}T, and for the solution z(t)
of the corresponding homogeneous second order system (3.65) we therefore have

_ S(t—to) o
x(t)=1[0 I]e [(I B Q3K331K3)x0:| :

From the well-known principle that two solutions of a linear inhomogeneous problem differ
only by a solution of the corresponding homogeneous problem, we only need to append a
particular solution of the corresponding inhomogeneous problem to describe all solutions



3.5 FUTURE WORK 111

of the inhomogeneous problem. Thus, for an inhomogeneous problem (3.68) of index v = 1
we get the solution representation

t
y(t) = 510 Hyo + / S (NH — S)b(s)ds — (I — H)APb(t),
to

with

0 0 Vo
I — H= 1~ |, Hyy= S ,
{O Q3K331K3] Yo {(I - Q3K331K3)330}
as well as

Hll H12
H21 H22

_ [Mﬁl(fl — C12C%5 fo + (01202}1}(23 + K13)f(951f3)]
(Q2 — Qs 35 Ko) O35 (fo — Kog K33 f3) ’

following from the proof of Lemma 3.39. Further, we have

(AH — S)(A\E — A)~'b(s) = { } QM My Msb(s)

0 0

ADT N _ AD(T _ IT\i(+) — AD .
U—MAMﬂ_AU'HWﬂ_A{Ong&

]QE—A)%@

-~ 0 0 .
AP . My Moy Msb(t
0 Ouit ] QM)

||
Qs K33 f(t)
Therefore, for the solution x(t) of the original second order system (3.65) we have
s =fo n{eo |, oe - ]
(I — Qs K33' K3)o QK35 f

i /t oS(t=9) {Mul(fl — 0120521f2 + (01202;1[(23 + K13)AK331J63)} ds} ‘
to (Q2 — Q3K33' K32)Coy' (fo — Koz K33 f3)

(3.79)

Remark 3.40. For the solution representation (3.79) the Drazin inverse AP is required.
In most applications the matriz K might be nonsingular or K = I meaning that E and A
in (3.69) commute such that AP is simply given by (3.72).

3.5 FUTURE WORK

In the previous discussion we have restricted to second order differential-algebraic systems.
In general, all presented concepts can also be extended to arbitrary high order systems of
the form (3.2). The theoretical analysis and the condensed forms given in Section 3.1.1
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have been generalized to linear k-th order DAEs (3.2) in [102, 135], where in particular
a strangeness-free canonical form as in Theorem 3.11 and a first order formulation as in
Corollary 3.12 are derived. Also the derivative array approach presented in Section 3.1.2 can
be generalized to linear k-th order DAESs, see also Remark 3.24, and by linearization along
solution trajectories also nonlinear k-th order systems of the form (3.1) can be handled in
the same way as in Section 3.2. Further, given a strangeness-free linear k-th order system,
the trimmed order reduction formalism derived in Section 3.3 can be applied successively to
the k-th order system to reduce the order by one in each reduction step. In this process the
derivative of order (k — 1) of the transformation matrix ), chosen similar as in (3.60), will
occur. In the constant coefficient case that corresponds to the theory of matrix polynomials,
structure preserving staircase forms for matrix tuples are given in [20], that allow trimmed
linearizations for arbitrary high order systems in the context of matrix polynomials. For
the variable coefficient case it is not clear if such structure preserving staircase forms exist
and how trimmed first order formulations can be derived in this case.

Furthermore, it remains to prove Theorem 3.19, and consequently also Corollary 3.20,
Theorem 3.21 and Theorem 3.22, for arbitrary strangeness index p > 2. To do this another
global canonical form analogous to the form given in [82, Theorem 3.21] might be helpful.
Here, we only state the following conjecture.

Conjecture. Let the strangeness-indez of (M,C, K) with M,C, K € C(I,R™") be well-
defined. Then (M,C, K) is globally equivalent to a matriz triple of the form

[d(2> 0 0 O * 0 % % * x % 0
0 Cc o F| |0 Lw 0 J] Ix %% 0
0 DO0OG|'|lo 0 0 K|'[0OO0OO0 O ’
0O E 0 H 0O 0 0 L 00 0 I,
with
0 &, * 0 Vi %
X = R . Y= : : ’
S Xl 0 yl,u s yl,l
0 0O o0 ... O

for X € {C,D,E,J,K,L}, Y € {F,G,H}, where the blocks K;, L;,C;, D;, E; have sizes
Wi X Ci_1, C; X Ci_1, @i X ¢i—1, W; X ¢i_1, and ¢; X q;_1, respectively, and J = [0 * ... *] 18
partitioned accordingly. Further, the blocks G j, H; j and F; ; have sizes w; X ¢j_1, ¢; X ¢j_1
and g; X cj_1, respectively. In particular, we have the full row rank condition

Cu Py I (MCK) = (MC)
rank | D, Gu, K,| =25, 45,1 +s

E, H,, L,

(MK)
pn—1

(CK)

+5,

=c, +wy, + qu.



CHAPTER 4

STRUCTURED DIFFERENTIAL-ALGEBRAIC SYSTEMS

In many technical applications the arising differential-algebraic equations exhibit certain
structures as e.g. the equations of motions of multibody systems (1.1), the circuit equations
(1.4), or linear systems as in (1.2) or (1.3), where the coefficient matrices are structured,
see also Chapter 1. In the numerical solution of these systems the structural information
can be used to develop efficient index reduction and solution methods. The equations of
motion of multibody systems (1.1) have been an important research topic for many years
and efficient methods for the index reduction and for the numerical solution have been
developed, see e.g. [14, 34, 50, 137]. Also index reduction methods for electrical circuit
equations (1.4) have been studied [6, 7, 8, 36]. But, the development of structure preserving
index reduction methods for linear time-variant systems with symmetries in the coefficient
matrices has remained open.

In general, the structure of a system reflects a physical property of the system that should
be preserved during the numerical solution. In the case of linear DAEs with constant
coefficient of the form (2.6), for example, the algebraic structure of the problem forces
the eigenvalues of the corresponding eigenvalue problem to lie in certain regions in the
complex plane (e.g., on the unit circle or the real axis) or to occur in different kind of
pairings. If such a system is solved numerically without considering the structure then
these physical properties are obscured and we might get physically meaningless results as
rounding errors can cause eigenvalues to wander out of their required region, see e.g. [37].
In this field, mainly from the point of view of generalized eigenvalue problems, structure
preserving canonical forms as well as structure preserving solution methods for matrix pairs
have been investigated, see e.g. [20, 70, 132]. These results can be applied for differential-
algebraic systems with constant coefficients, but they do not allow the treatment of time-
variant differential-algebraic systems. Another important aspect in the numerical solution
of structured differential-algebraic systems is that the structure of the system can be used
for an efficient the solution of the linear systems arising in each integration step, which
usually has the highest computational effort during the numerical integration.

In this chapter we consider linear differential-algebraic systems with variable coefficients
of the form (2.5) where the coefficient matrices E(t) and A(t) are symmetric, e.g. as in
the linearized equations of motions of mechanical systems (1.2), see also [53, 155, 156], or
in the semidiscretization of the Stokes equation and the linearized Navier-Stokes equation
[149]. On the other hand, we consider linear systems of the form (2.5) that have a self-
adjoint structure as in linear-quadratic optimal control problems (1.3), see also [10, 83], or
in gyroscopic mechanical systems [65, 89]. In Section 4.1 we review structured condensed
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forms for symmetric matrix pairs that are extended to the case of pairs of symmetric
matrix-valued functions in Section 4.2. Analogous structure preserving condensed forms
for pairs of Hermitian matrix-valued function have also been derived in [153]. In Section
4.3 we derive a structure preserving condensed form and a strangeness-free formulation for
self-adjoint pairs of matrix-valued functions. Finally, in Section 4.4, we present a structure
preserving index reduction method for self-adjoint systems based on index reduction by
minimal extension.

4.1 CONDENSED FORMS FOR SYMMETRIC MATRIX PAIRS

To derive structure preserving condensed forms for linear DAEs we start with linear time-
invariant systems of the form

Ei= Az +0b(t), tel, (4.1)

where E, A € R™™ are symmetric, i.e., E = ET and A = AT and b € C(I,R"). In order
to obtain a structure preserving condensed form for the symmetric matrix pair (F, A) we
cannot use general equivalence transformations but have to restrict to congruence trans-
formations.

Definition 4.1 (Strong congruence). Two pairs of matrices (E;, A;), ¢ = 1,2, with
E;, A; € R™™ are called strongly congruent if there exists a nonsingular matrix P € R™"
such that

E,=P'E,P, A,=PTAP (4.2)

This congruence transformation defines an equivalence relation. The canonical form for
matrix pairs under general equivalence transformations is the well-known Kronecker canon-
ical form, see e.g. [47]. In the symmetric case there also exists a symmetric version of the
Kronecker canonical form under congruence transformations (4.2), see [140], but the nu-
merical computation of this canonical form is an ill-conditioned problem as small rounding
errors can radically change the kind and number of Kronecker blocks. A numerically com-
putable structured staircase form for symmetric matrix pairs that displays the invariants
of the structured Kronecker form is given e.g. in [20]. For the analysis of existence and
uniqueness of solutions of DAEs, however, we do not need the complete information of gen-
eralized eigenvalues and eigenspaces provided by the invariants of the Kronecker canonical
form, but only the infomation about the eigenvalues at infinity. Therefore, it is sufficient
to consider condensed forms for pairs of symmetric matrices that can be computed nu-
merically using rank decisions based on orthogonal transformations and allow to analyze
the index of a DAE as well as existence and uniqueness of solutions. To derive such a
condensed form we use the symmetric Schur decomposition of a symmetric matrix, see e.g.

[54, 90).

Lemma 4.2. Let A € R™" be symmetric with rank A = r. Then there exists an orthogonal
matriz P € R™" such that
I 0]

(4.3)

TAp —
PAP_[O 0
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with nonsingular and diagonal 33, € R™".
Proof. See e.g. [54, Theorem 8.1.1]. O

Now, we can derive a condensed form for pairs of symmetric matrices using orthogonal
congruence transformations.

Theorem 4.3. Let E; A € R™" be symmetric and let

T  be a basis of kernel
T be a basis of cokernel E = range F,
V' be a basis of corange (TT AT).

Then there exists an orthogonal matriz P € R™™ such that the matriz pair (E, A) is strongly
congruent to a symmetric matriz pair of the form

Eynn Eiz 000 Ay Agg A13 2, 0 S
EL Eyn 0 0 0| [AL Ay Ay 0 0 d
0 0 00 o0|,[AL AL %, 0 0|]|, a (4.4)
0 0 000 s 0 0O 0 0 S
0 0 000 0 0 0O 0 0 U

where the matrices Y, € R**, and X5 € R>® are nonsingular and diagonal, the block

{g}l gw € R"™" is nonsingular, and the last block rows and block columns are of dimen-
12 22

sion w. Further, the quantities

(a) r=rank F, (rank)

(b) a=rank (TTAT), (algebraic part)

(c) s=rank (VITTAT"), (strangeness)

(d) d=r—s, (differential part)

(e) u=n—r—a—s (undetermined unknowns/vanishing equations)

are invariant under the congruence relation (4.2).

Proof. To derive the condensed form (4.4) we use the following sequence of congruence
transformations with orthogonal transformation matrices

Er 00 All A12 A13
(E,A)N(FO" 8},&% ﬁ“DN 0 0 0|,|AL % 0],
12 722 0 0 o0 [AL o0 0
Ell E12 0 00 -All A12 A13 Zs 0
El, Ey 0 0 0 AL, Ay Az 0 0
~ 0 0 000 |,|AL AL 2, 0 0
0 0 000 Y 0 0 0 0
0 0 000 0 0 0 0 0
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To show the invariance of the quantities 7, a, s, d, u under congruence transformations (4.2),
we consider two matrix pairs (E;, A;), ¢ = 1,2 that are congruent, i.e., there exits a
nonsingular matrix P such that

E,=P'E,P, A,=PTAP
Since
rank Fy = rank(PT E,P) = rank E,

it follows that r is invariant under congruence transformation. The quantities a and s are
well-defined as they do not depend on the choice of the bases. Let Ty, Ty and V5 be the
bases associated with (Es, As), i.e.,

rank(EyT5) = 0, TIT, nonsingular, rank(TJT) =n—r,
rank(E,T3) =, 1,7 T} nonsingular, rank(7,7T3) =r,
rank(VyI Ty AoTy) = 0, Vi 'V, nonsingular, rank(Vy Va) = k,

with k = dim corange(T3 A,T5). Inserting the congruence relation (4.2) and defining
Ty =PL, T{=PT,, V=V,

we obtain the same relations for (E;, A;) with the matrices T} and 77. Hence, T} is a basis
of kernel F; and 77 is a basis of range E;. Because of

k = dim corange(Ty AyT5) = dim corange(Ty P* A, PTy) = dim corange(T\ A, Th),
this also applies to V. With
rank (T3 AyTh) = rank (T PT A, PTy) = rank(T{ A, T7),

and
rank(V,! T A;Ty) = rank(V, T PT A, PTy) = rank(V' T A, T)),

we finally get the invariance of a and s and therefore also of d and wu. O

Note, that the matrix pair (£, A) can be reduced further if we also allow non-orthogonal
transformations, see e.g. [73].

4.2 CONDENSED FORMS FOR PAIRS OF SYMMETRIC MATRIX- VALUED FUNCTIONS

After the introduction of a condensed form for symmetric matrix pairs in Section 4.1 we
now consider condensed forms for pairs of symmetric matrix-valued functions. In [73] it has
been posed as an open problem to derive a condensed form for linear differential-algebraic
systems of the form (2.5), where E, A € C(I, R™") are symmetric, i.e., F(t) = ET(t), and
A(t) = AT(t) for all t € T. Here, we will show that it is possible to derive a structure
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preserving condensed form similar as in Theorem 4.3 for pairs of symmetric matrix-valued
functions

(E(t), A(t)) (4.5)

under certain additional assumptions. This form allows to characterize existence and
uniqueness of solutions of the DAE as well as consistency of initial values similar as in
Theorem 2.34 and Theorem 2.36. Since the concept of strong congruence transforma-
tions (4.2) is not adequate to treat time-varying systems, we need the concept of global
congruence transformations.

Definition 4.4 (Global congruence). Two pairs of matrix-valued functions (E;, A;)
with F;, A; € C(ILR™), i = 1,2 are called globally congruent if there exists a pointwise
nonsingular matrix-valued function P € C*(I, R™") such that

E2 == PTEIP’ A2 - PTAIP - PTEIP, (46)

We can see that for a symmetric pair (E, A;) the matrix pair (Es, As) in (4.6) is only
symmetric again if

PT()E,(H)P(t) = PT(t)Ey(t)P(t), foralltel. (4.7)
This condition holds for example in the special case where Fy(t)P(t) = 0 for all t € L.
Similar as in Section 3.1.1 we first consider the action of the congruence relation (4.6)
locally at a fixed point, since in the numerical solution of differential-algebraic equations
it is usually important to consider local quantities that are numerically computable and
give information on the global behavior of the solution in the neighborhood of a fixed point
t € I. At a fixed point # we can choose P(f) = P and P(f) = R independently, such that
we get the following local version of the congruence relation (4.6).

Definition 4.5 (Local congruence). Two pairs of matrices (E;, A;), i = 1,2 with E;, A; €
R™™ are called locally congruent if there exist matrices P, R € R™", with P nonsingular
such that

E,=PT'E\P, Ay=P'AP—P'E\R (4.8)

Again, for a symmetric pair (E;, A;) not every matrix R in (4.8) will lead again to a
symmetric pair (Fs, Ay). To obtain a symmetric matrix pair we have to require that
PTE\R = RTE\P, e.g., we can choose R such that R = P or such that E,R vanishes.
Now, we can derive a local condensed form under the congruence transformation (4.8) for
symmetric matrix pairs similar as in Theorem 4.3.

Theorem 4.6. Let E; A € R™™ be symmetric and let

T  be a basis of kernel
T be a basis of cokernel & = range I,
V' be a basis of corange (" AT).
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Then there exist an orthogonal matrizc P € R™™ and a matriz R € R™" such that the
matrixz pair (E, A) is locally congruent to a symmetric matrix pair of the form

E11 E12 00O 0 0 A13 25 0 S
EL Ey» 0 0 0 0 0 Ay 0 O d
0 0 00 0,4 AL =, 0 0], a (4.9)
0 0 000 s 0 0 0 0 S
0 0 000 0 0 0 0 0 u

where the matrices ¥, € R**, and ¥s € R*>® are nonsingular and diagonal, the matriz

{gi g;j € R"™" is nonsingular, and the last block rows and block columns are of dimen-
sion u. Further, the quantities

(a) r=rank F, (rank)

(b) a=rank (TTAT), (algebraic part)

(c) s=rank (VITTAT"), (strangeness)

(d) d=r—s, (differential part)

(e) u=n—r—a—s (undetermined unknowns/vanishing equations)

are invariant under the congruence relation (4.8).

Proof. Following the proof of Theorem 4.3 we have the following sequence of congruence
transformations

Y, 0 0] [An A Al
(B, A) ~ [0 oofl, |4, =, o], withR=o0,
0 00 |4, 0 o
[, 0 0] [0 Ap A Y1A; 00
~ |lo 0o0|,[4% =, o], withr=| 0 0 0,
0 00 |4, 0 o 0 00

which is congruent to the matrix pair in (4.9). The invariance of the local quantities can
be shown in the same way as in the proof of Theorem 4.3. For two matrix pairs (£;, A;),
1 = 1,2 that are local congruent, i.e., there exist a nonsingular matrix P and a matrix R
such that

E,=PT'E,P, A,=PTA,P— PTE\R,

we consider the corresponding bases Ty, Ty and V5 associated with (Es, As). Then, similar
as in the proof of Theorem 4.3, the matrices

T, =PT,, T,=PTy, VI=VI
form the corresponding bases associated with (E7, A;), since

k = dim corange(T5 AyTy) = dim corange(Ty) P* A, PTy — TS PY E\RT))
= dim corange(T A, T}).
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With
rank (T4 AyTy) = rank(Ty PT A, PTy — T} PTE\RTy) = rank (T A, T1)

and
rank (VT Ay Ty) = rank(Vy T PT A, PTy — VI TY PT By RTy) = rank(VI T A\ TY),
we get the invariance of a and s and therefore also of d and w. Il

If we also allow non-orthogonal transformations, then we can reduce the matrix pair further,
see e.g. [73]. For the pair of matrix-valued functions (4.5) the local condensed form (4.9)
can be computed for each fixed value £ € I. Then, we obtain integer-valued functions
d,a,s,u: I — Ny, and we assume that the regularity assumptions

dty=d, at)=a, st)=s, u(t)=u, foraltel (4.10)

hold, i.e., the ranks of the matrices and the sizes of the blocks in the local condensed
form (4.9) do not depend on ¢ € I. This restriction then allows for the application of the
following property of a symmetric matrix-valued function of constant rank.

Lemma 4.7. Let E € C*(I,R™"), k € Ny U {0} be symmetric, with rank E(t) = r for
all t € I. Then there exists a pointwise orthogonal matriz-valued function P € C*(I, R™")
such that

PT()E®) P(t) = [AB@) 8}

where A, € C*(I,R"™") is pointwise nonsingular and symmetric for all t € 1.

Proof. The general non-symmetric version of the Theorem is proved e.g., in [82, Theorem
3.9] for complex matrix-valued functions or in [137, Theorem 2.1.4] for the real case. For
symmetric matrix-valued functions the result follows from [110]. O

In order to preserve the symmetry of a pair of matrix-valued functions under global con-
gruence transformation (4.6) we need to ensure that condition (4.7) holds. Therefore,
additionally we need the following Assumption and Lemma.

Assumption 4.8. Let E € C(I,R™") be symmetric, with rank E(t) = r for all t € L
There ezists a constant matriz Q € R™" such that the columns of Q) form an orthogonal
basis of range E' for all t € 1.

Lemma 4.9. Let E € CYI,R™") be symmetric, with rank E(t) = r for all t € T and
assume that Assumption 4.8 holds. Then there exists an orthogonal matriz P € R™™ such
that

A.(t) 0

PTE(t)P:[ 0 0

}, forallt €1,

with pointwise nonsingular and symmetric A, € C*(I,R™").
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Proof. Due to Assumption 4.8, there exists a matrix () € R™" such that the columns of @
form an orthogonal basis of range E' for all t € I. Then, we can find a matrix @)’ € R™»"~"
such that [Q Q'] is orthogonal and (' is a basis of corange E(f) = kernel E(f) for each

t € I. Thus, A
lgg] ED[Q Q)= lAB(t) 8}

for each ¢ € I, with pointwise nonsingular A, € C*(I, R""). O

Using Lemma 4.9 we can derive the following global condensed form for pairs of symmetric
matrix-valued functions.

Theorem 4.10. Let the pair (E(t), A(t)) of matriz-valued function E; A € C(I,R™")
be sufficiently smooth and symmetric with rank E(t) = r for all t € 1. Suppose that
the regularity assumptions (4.10) hold and that E fulfills Assumption 4.8. Then the pair
(E(t), A(t)) is globally congruent to a pair of symmetric matriz-valued functions of the
form

Ar 0 0O AH 0 Slg 0 r
0 000 0 A, 0 0 a
0 00O0"|S5 0 0 0 s (4.11)
0 000 0O 0 0 O U

where the matriz-valued functions A, € C(I, R™") and A, € C(I,R**) are pointwise non-
singular and Si3 € C(I, R™®) has pointwise full column rank.

Proof. We give a constructive proof using Lemma 4.7 and Lemma 4.9. First, we can
determine an orthogonal matrix P; € R™™ such that

A, 0 Ay A
F, ::PITEPlz[O o}’ A, ::PlTAPlz{Ai A;j,

where A, € C(I,R™") is symmetric and pointwise nonsingular. As rank Ay = a is constant
in I, we can determine a pointwise orthogonal matrix-valued function P, € C'(I, R™") such
that

A, 00 . A A Ags
Egiz P2TE1P2: 0 0 0 > AQZI P2TA1P2—P2TE1P2: A{Q Aa 0 N
0 00 AL, 0 0

with pointwise nonsingular A, € C(I,R*®) and EyP, = 0 for all t € I. Next, we can
eliminate the blocks A, and A%, with a transformation P; € C(I, R™") such that

A, 00 ' A 0 A
Es:= PI'E,Ps=|0 0 0|, As:= PIAP,—PI'E,Ps=|0 A, 0|,
0 00 AT, 0 0
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where again EyP; = 0 for all t € 1. Further, as rank Aj3 = s for all t € I we can

find a pointwise orthogonal matrix-valued function P4 such that A13P4 = [Slg O}, with
Siz € C(I,R™*) of pointwise full column rank. Choosing P, accordingly, we get
A, 00O
o7 {0 000
E, = P, E3P, = 0 00 ol
0O 00O
A 0 Si3 0
. 0 A, 0 O
Ay = PlAsP,— Pl EsP, = st 0 0 o
0O 0 0 O
with F5P, = 0 for all t € I. O

Under the assumptions of Theorem 4.10 we can now transform the symmetric pair (4.5)
to the global condensed form (4.11). The restrictions due to the regularity assumptions
(4.10) imply that the previous considerations can be applied only on a dense subset of the
given closed interval as has been discussed in Section 2.2.4.

In order to obtain a strangeness-free formulation we have to eliminate the ’strange’ coupled
parts by differentiating and eliminating certain parts of the system until we have s = 0
in the global condensed form (4.11). Let (E, A) be the pair of matrix-valued functions in
global condensed form (4.11). As rank Si3(t) = s for all ¢ € I we can find a pointwise

A

orthogonal matrix function ¢ € C(I,R™") such that we can decompose Si3 into S{%QT =

Q 0 0 0
T ) ) ) : ss ) T 0 I, 0 0
[AS O] with pointwise nonsingular Ay € C(I, R*®). Setting P* = 0 0 I 0 , We
0 0 0 I,
get the congruent matrix pair
(PTEP,PTAP — PTEP)
OAQT 0 0 0] [QALQT 0 QSu 01 [OAQT 0 0 0
_ 0 0 00 0 A, 0 0 0 0 00
0 0 0 of’ S{%QT 0 0 0 0 000
0 0 00 0 0 0 0 0 000

Again, symmetry of the matrix pair is only preserved if QA,QT = QA,QT. If Assumption
4.8 holds also for Si3, then Q can be chosen as a constant matrix and we have Q = 0 such
that the resulting pair denoted by

EH E12 000 AH Alg 0 AS 0
EL, Fyp 0 0 0| [AT, Ap 0 0 0
o o0 o0o0o0|,]0 o A, 0 of],
0 0 000 [AT 0 0 0 0
0 0 000 0O 0 0 0 0
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Ey Eq
where
lEng FEoy

via block Gaussian elimination to get the equivalent pair

1 = QAT@T is again symmetric. Further, we can eliminate certain blocks

Ey B 000 [O 0 0 A, 0
EL, Eypn 000 |0 Ay 0 0 0
0 0 000/,]0 0 A, 0 0 (4.12)
0 0 000l |[AT 0 0 0 0
0 0 000 O 0 0 0 0

Note that for this transformations no requirement to keep symmetry is needed. The DAE
associated with the pair (4.12) can be written as

Eniy + Bty = Agxy + by,
Elyi1 + Eaoiiy = Agowy + b,

0= Aa$3 + bg, (413)
0=A%2z, + by,
O - b5.

Now, we can use the derivatives of the fourth equation in (4.13) to eliminate the terms
with @7 in the first two equations to get

Ehgdy = Agiry + by,
Eaydiy = Agoa + by,

0= Aal’g + b37 (414)
0= AST$1 + by,
0 == b5,

where b, = b, + End (A;Thy), by = by + EL4 (A;Tb,). This step only affects the right
hand side such that the symmetry of each block matrix is preserved. But, the symmetry
of the overall system cannot be preserved after this elimination step due to the occurrence
of the block FEjs. In general, the existence and uniqueness of solutions of the system (4.14)

glz} . If r = s, then the blocks Ei5 and FEsy do not occur and the
22

system reduces after one differentiation and elimination step to a purely algebraic equation
such that the system is of strangeness index p = 1. If Fsy is invertible, then all information
concerning existence and uniqueness is available and no further steps are needed. Thus, if
r—s >0 and Fy in (4.12) is nonsingular, the system (4.12) has strangeness index pu < 1.
Assuming that Fso is nonsingular we can eliminate the block Ej5 and get the following

depend on the rank of [
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system
0 = A5$4 — E12E2_21A22$2 + 51 — E12E2_2152,
Eaydiy = Agoa + by,

0= AaIg + b3, (415)
0=AT2, + by,
0 = b5.

Further, we can eliminate the term E12E2_21A22 with a block Gaussian elimination using the
invertible block A, to get a strangeness-free system which is again symmetric. Rearanging
and renaming the matrices and vector-valued functions finally yields the strangeness-free
symmetric system

0 = Aoy ()i + by(t), (4.16)

consisting of d,, = r — s differential equations, a, = a + 2s algebraic equations, and u, = u
vanishing equations, where E7; and Ass are nonsingular. Here, we have

R A A A, 0 0
Ey=FEyp, An=An, Ap=[0 0 A4,
0 AT 0
T3
Ty =Ty, Tp= L1 , I3 =uws,
T4 — A;1E12E2_21A22$2
by =0by, by= by — E1oaEy'by|, by =bs.
by
Example 4.11. We consider the symmetric linear differential-algebraic system
1 0 0f |2y 00 t] [= by
0t O .Ci?g =101 0 To| + bQ s
O 0 O jfg t 0 0 T3 b3
in an interval I = [to,#;] with ¢, > 0. This system has strangeness index p = 1 and

is already given in the form (4.12), where Es, = t is nonsingular for all ¢ # 0. The
differentiation-and-elimination step yields the strangeness-free system

0 0 0] [ Lo 4] = by + by
0t O j;Q =10 1 0 To| + b2 )
0 0 0] [43 t 0 0 |23 b

which is again symmetric.
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From the previous discussion it follows that for linear differential-algebraic systems with
symmetric coefficients, even under Assumption 4.8, a structure preserving strangeness-free
formulation (4.16) in general only exists if the strangeness index is u < 1. For systems with
strangeness index ;> 1 the inverse E,,' does not exist and usually we cannot preserve the
symmetry of the strangeness-free system in this case.

Example 4.12. Consider the linear symmetric differential-algebraic system

0 0[t 00 07 [d 00[0 0107 ] [b
0 0[0 t|0 0] |i 0 0[0 0[0 1] [z [b
£ 0[00[0 0| |i5| _ |0 0[T 000 0 faz] , |bs
0 ¢[00 00 0| | 0 0[0 00 0 [ag| " |ba]|
0 0[0 0|0 0| |is 10[0 0[0 0 |as| |bs
10 0/00[0 0] |&s] [0 1[0 0]|0 0] |zs] [bs]

in an interval I = [to, ;] with ¢y > 0 and b € C?*([t,t1],R®). This system has strangeness
index p = 2 and Assumption 4.8 is fulfilled. The corresponding matrix pair is already in

the form (4.12) and Eay = [8 8
of the system and inserting the derivative into the third and fourth equation yields the
corresponding matrix pair

is clearly singular. Differentiating the last two equations

0 0[t 00 0 0 0[0 01 0
0 0[0 t|0 0 0 0[0 00 1
0 0[00[00 0 0[1T 0[0 0
0 0[00/00| |0O0/00[00O0
00[00[00 1 00 0|0 0
0 0[00/00] [0 1|0 0[00,

In a second step differentiating the third equation and eliminating the corresponding deriva-
tive in the first equation yields the matrix pair

0 0[00[0 0 0 0[0 01 0
0 0[0 t|0 0 0 0[0 0|0 1
00[00[00 0 0[10[00
0 0[00/0 0| |00/00[00
0 0[00[00 1 00 0]0 0
[0 0[00/00] [0 1]00[00,

The second matrix is still symmetric, but the symmetry of the first matrix cannot be
preserved.

From the previous discussion we get another result.

Corollary 4.13. Consider a linear differential-algebraic equation (2.5) with symmetric
coefficient matrices (E(t), A(t)), where E(t) is positive semidefinite for all t € 1. Then the
system has strangeness index 1 < 1.
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Proof. The proof follows directly from the previous discussion. If F is positive semidefinite
E1r B
EL Ey
and therefore nonsingular. O

then the matrix [ } in (4.12) is positive definite and thus Esy is positive definite

In conclusion, we can see that we can obtain a structure preserving condensed form (4.11)
for symmetric systems only under the strong Assumption 4.8 and a strangeness-free sys-
tem (4.16) only for symmetric differential-algebraic systems of s-index p < 1, also under
Assumption 4.8. This is not very convenient, since too many restrictions and assumptions
have to be made in order to preserve the structure using global congruence transforma-
tions (4.6). Other index reduction techniques can be applied that allow to preserve the
symmetry of the system as will be seen in Section 4.4.

4.3 (CONDENSED FORMS FOR SELF-ADJOINT DIFFERENTIAL-ALGEBRAIC
EQUATIONS

We have seen in Section 4.2 that a structure preserving condensed form for symmetric pairs
of matrix-valued functions under global congruence transformations only exists under the
strong Assumption 4.8. It turns out that for linear time-dependent differential-algebraic
systems a better structure to consider is self-adjointness of the system, as arises e.g. in
linear-quadratic optimal control problems (1.3) or in gyroscopic mechanical systems, since
global congruence transformations preserve the self-adjointness of the system.

In this section we consider linear differential-algebraic systems of the form (2.5), with
sufficiently smooth matrix-valued functions F, A € C'(I,R™") on an interval I = [ty,#;]. In
order to define the adjoint equation of a linear DAE we consider the differential-algebraic
operator

D:X =Y, Dux(t)=E(t)z(t) — A(t)x(t) (4.17)
according to (2.5), with the function spaces

X = {z € C%,R") | ETEx € C'(I,R"), ETEx(t,) = 0},

where ET denotes the Moore-Penrose pseudo-inverse of E (see Definition 2.17), see also [82,
Section 3.4]. At first, we assume that the pair (E, A) is regular and strangeness-free. Note
that the function space X corresponds to the solution space of the DAE using the concept
of strong solutions (see Definition 5.14). Further, we assume without loss of generality that
we have homogeneous initial conditions. This can always be achieved by shifting z(¢) to
x(t) —x¢ and changing the inhomogeneity b(t) to b(t)+ A(t)xo. Furthermore, a sesquilinear
form on Y x Y is defined by

(f.9) = / £7(0)g(t)dt (4.19)

for f,g € C°(I,R™).
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Definition 4.14 (Sesquilinear form). Consider two real vector spaces X, X*. A mapping
(.,.) : X x X* — R is called a sesquilinear form if

a)  (z,2" +y7) = (z,27) + (2,97),

(

(b) (z,ax™) = oz, z),

() (z+y,2") = (z,2") + (y,27),
(d) (ax,x*) = oz, x¥),

forall z,y € X, z*,y* € X* and o € R.

Then, we can define a conjugate operator corresponding to the differential-algebraic oper-
ator D, see also [82].

Definition 4.15 (Conjugate operator). Given a linear differential-algebraic operator
D :X — Y asin (4.17). Then a conjugate operator is defined as D* : Y* — X* such that

(Dz,y) = (z,D*y) forallzeX yeY*
with sesquilinear form (.,.) as in (4.19) and function spaces

X* = C%ILR™), o0
Y* = {y € C°(LR") | EE*y € C'(LR"), EEYy(t:) = 0}. -

Theorem 4.16. The differential-algebraic operator D : X — Y defined in (4.17) with
reqular and strangeness-free pair (E; A) has a unique conjugate operator D* : Y* — X*
with function spaces defined as in (4.20) that is given by

d
D*y=——(ETy) — ATy,
Y dt( Y) Y

Proof. We have
(Dz,y) = /H(Ex — Azx)Tydt
= /H(j:TETy — 2T ATy) dt
= /]I (i(ﬂ ETy) —2"ETy — 2"ETy — xTATy) dt

dt
d
= [xTETy] :) + /:1:T (—E(ETy) — ATy> dt

I
= (z, D"y),
where [:L"TETy] z; = 0, since

t"E'y = 2" (EETE)'y =2"ETEETy = 2" ETEE"y
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due to the properties (2.1) of the Moore-Penrose pseudo-inverse (see Definition 2.17) and
J](tl)TE(tl)Ty(tl) = J,’TETEE+y(t1) = 0,
l’(to)TE(to)Ty<t0) = J]T<t0>E+EETy<t0) = O,

due to the homogenous initial conditions in X and Y*. To show uniqueness we assume that
there exists another conjugate D* for D. Then it holds that

(Dz,y) = (z,D*y) forallz € X, y € Y*,
as well as .

(Dz,y) = (z,D*y) forallz e X, ye Y™~
Thus,

0= (z,D*y) — (x,D*y) forallzxeX, ye Y

and therefore

D*y—D*y =0 forallyeY"
0]

Due to Theorem 4.16, the differential-algebraic operator D belonging to a regular and
strangeness-free pair of matrix-valued functions (£, A) has a unique conjugate operator
D* that can be described by the pair (—E”, (A + E)7). For arbitrary pairs of matrix-
valued functions we can now introduce the following terminology.

Definition 4.17 (Adjoint). For a pair of matrix-valued functions (E,A) with E €
CHI,R™") and A € C°(I,R™"), the pair (—ET, (A+ E)T) is called the adjoint of (E, A).

Due to Definition 4.17, the linear differential-algebraic equation
—ETy = (A+ B)Ty+g(t), (4.21)

with g € C(I,R™) is also called the adjoint differential-algebraic equation of (2.5), see also
11, 83].

Lemma 4.18. The adjoint of a pair of matriz-valued functions (E, A) with E € C*(I, R™")
and A € C°(I,R™") has itself an adjoint which corresponds to (E, A).

Proof. As —E™T € CY(I,R™™) and (A + E)T € C°(I,R™™) the adjoint of (E, A) has itself
an adjoint, which is given by

(—(=ENT,(A+E)" + (-ET)T) = (B, A).
0

Global equivalence transformations of the form (2.11) and the transfer to the adjoint are
commutative. In particular, the adjoints of equivalent pairs of matrix-valued functions are
again equivalent.
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Theorem 4.19. Let (E, A) be a pair of matriz-valued functions with E € C*(I, R™") and
A € CYI,R™") and consider the globally equivalent pair

(E,A) = (PEQ, PAQ — PEQ),

where P € C! (I, R™™) and Q € CHI,R™") are pointwise nonsingular. Then, the adjoints
of (E,A) and (E, A) are again globally equivalent.

Proof. The adjoint of (F, A) is given by
(—E",(A+ E)T) = (—=(PEQ)". (PAQ - PEQ + §(PEQ))")
— (—QTETPT, QTATPT + QTETPT + QTETPT).
On the other hand, equivalence transformation of the adjoint (—E, (A 4+ E)T) of (E, A)
with QT and PT yields
(—E",(A+E)") ~ (=Q"E"PT,Q"(A+ E)'P" + Q"E"PT)
_ (—QTETPT, QTATPT + QTETPT + QTETPT).

Now, we can define self-adjointness for pairs of matrix-valued functions.

Definition 4.20 (Self-adjointness). A pair of matrix-valued functions (F, A) with F €
CHI,R™") and A € C°(I,R™") is called self-adjoint if it holds that

E=—E" A=(A+E)" foralltel

A linear differential-algebraic system (2.5) is called self-adjoint if the corresponding matrix
pair (E, A) is self-adjoint.

Self-adjoint matrix pairs arise for example in linear-quadratic optimal control problems
(1.3), or in gyroscopic mechanical systems.

Example 4.21. Consider a constraint gyroscopic mechanical system
Mp+Cp+ Kp= f(t)+ G,
Gp =0,

with M,C, K € R*™ and M = M7 positive definite, C = —CT and K = K7 positive
definite. Then, a structure preserving first order formulation introducing the new variable
v = p is given by the second companion form

c M 0] [p K 0 GT1[p F(t)
M 0 o |v|=]0 —M of|v]+]o0],
0 0 o] i G o0 0] [x 0

and this system is self-adjoint.
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In contrast to the symmetric structure global congruence transformations of the form (4.6)
preserve the self-adjoint structure of a pair of matrix-valued functions.

Lemma 4.22. Let a pair of matriz-valued functions (E,A) with E;A € C(I,R™") be
sufficiently smooth and self-adjoint. Then for each pointwise nonsingular matriz-valued
function P € CH(I,R™") the global congruent pair

(E,A) = (PTEP,PTAP — PTEP)
18 also self-adjoint.
Proof. 1t holds that
ET=PT'ETpP=_PTEP=—E,
as well as
(A+ E)T = (PTAP — PTEP)T + 4(PTEP)”
= PTA"P - PTE"P+ PTE"P+ PTE"P+ PTE"P
=P"(A+E)'P+ P'E"P
= PTAP - PTEP = A.
O

To derive a global condensed form for self-adjoint pairs of matrix-valued functions we use
the following factorization for skew-symmetric matrix-valued functions.

Lemma 4.23. Let A € CH(I,R™"), k € Ny U {oo} be skew-symmetric, i.e., A = —AT,
with rank A(t) = r for all t € 1. Then there exists a pointwise orthogonal matriz-valued
function P € C*(I,R™") such that

Proaoro - [ o

with pointwise nonsingular and skew-symmetric ¥ € C*(I, R™").

Proof. The Schur decomposition for skew-symmetric matrices is given in [54]. Then, the
Lemma follows in the same way as Theorem 2.25 and Lemma 4.9. O

We can derive a local condensed form for self-adjoint pairs of matrix-valued functions
similar as in Theorem 4.6 with the corresponding invariant characteristic quantities.

Theorem 4.24. Let E; A € R™" and (E, A) be self-adjoint. Further, let

T  be a basis of kernel
T be a basis of cokernel £ = range I,
V' be a basis of corange (T AT).
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Then there exists an orthogonal matriz P € R™" and a matric R € R™™ such that the
matrixz pair (E, A) is locally congruent to a self-adjoint matriz pair of the form

E11 E12 0 0O 0 0 A13 ES 0 S
—FEL FEy 0 0 0 0 0 Ay 0 O d
0 0 00 0f,|A, AL =, 0 0], a (4.22)
0 0 000 s 0 0 0 0 s
0 0 000 0 0 0 0 0 u

where the matrices X, € R** and ¥; € R*>® are nonsingular and diagonal, the matriz

{—EL%Q g;j € R"" is nonsingular, and the last block rows and block columns are of
dimension w. Further, the quantities

(a) r=rank F, (rank)

(b) a=rank (TTAT), (algebraic part)

(c) s=rank (VITTAT"), (strangeness)

(d) d=r—s, (differential part)

(e) u=n—r—a—s (undetermined unknowns/vanishing equations)

are invariant under the congruence relation (4.8).
Proof. The proof is analogous to the proof of Theorem 4.6. !

We can also derive a global condensed form for self-adjoint pairs of matrix-valued functions
under the regularity assumptions (4.10).

Theorem 4.25. Let the pair (E, A) of matriz-valued functions E; A € C(I,R™™) be suffi-
ciently smooth and self-adjoint with rank E(t) = r for all t € 1. Suppose that a regularity
assumption as in (4.10) holds. Then the pair (E, A) is globally congruent to a self-adjoint
pair of matriz-valued functions of the form

E11 E12 0 00 AH A12 0 25 0 S
Eyy Eyp 0 0 0 0 Ay, 0 0 O d
0 0O 00 0],]0 0 >, 0 0 , a (4.23)
0 0 000 T0 0 0 0 S
0 0 000 0 0O 0 0 0 u
where all blocks are again matriz-valued functions, the matrices ¥, = XL and ¥, are
S , Ein Era| . L , ,
pointwise nonsingular, and [ By, Em] 18 pointwise nonsingular and skew-symmetric.

Proof. Again, we give a constructive proof. First, we determine a pointwise orthogonal
matrix-valued function P, € C(I,R™") such that

Y, 0

B, :=P'EP, = {o 0

} : Ay :=PIAP, — PTEP, = [A“ Al?} :

A21 A22
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where ¥, € C(I,R"") is skew-symmetric and pointwise nonsingular and the pair (Fy, A;)
is again self-adjoint. As rank Ass = a is constant in I, there exists a pointwise orthogonal
matrix-valued function ¢ € C(I,R*""~") such that

Y, 0

T a
Aoy O —
Q QZQ |: 0 0:| )

where ¥, € C(I,R**) is pointwise nonsingular and symmetric. Defining P, accordingly,
we get

2, 00 . An A A
Ey,=PfE/P,={0 0 0f, Ay :=Pf AP, — PfEP,= |Ay X, O
0 00 Az 00

We can now eliminate the blocks A5 and Ay with a nonsingular transformation P; using
the block ¥, such that

¥, 0 0 . A 0 Agg
Es:=P/E;Ps= 10 0 0, A3:=P/AP—-PE,P=|0 %, 0
0 00 A 0 0

Astank A3 = sforallt € Tand A3 = AI}, we can find pointwise orthogonal matrix-valued

functions Py € C(I,R" %"=~} and Q4 € C(I,R"") such that Q,A;3P] = [2(]]5 8] with
Y € C(I,R**) pointwise nonsingular. Setting P, accordingly, we get
Eyy Ei 0 0 0
Eyy Eys 0 0 O
E, = P/EsP,=|0 0 00 0f,
0 0 000
0 0 000
{111 14:112 0 > 0
) A21 A22 0 0 0
Ay = PfAP,—PlEsP,=|0 0 %, 0 0,
T0 0 0 0
0 0 0 0 O
where Q4E,Q4T = [gn gm} is pointwise nonsingular and skew-symmetric and Q4A11Q4T—
2 22
{111 {112

~ Er LT _
@G {Am Ao

formation Ps to get

] . Further, we can eliminate the block Ay, with a nonsingular trans-

Ell E12
E21 E22
Es = P'EP,=|0 O
0 0
0 0

S OO OO
S OO OO
S OO OO
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Ay Ap+ AL 0 %, 0
_ 0 Ay 0 0 0
As = PIAP— PIEPs = | 0 0 Y« 0 0f,
»T 0 0 0 0
0 0 0 0 0
where A5 + flgl — —FE}5. The pair (Es, As) is still self-adjoint as all congruence transfor-
mations preserve the structure. [

Under the assumptions of Theorem 4.25, we can now transform a self-adjoint pair of matrix-
valued functions (£, A) into the global condensed form (4.23). The DAE associated with
the pair in global condensed form (4.23) can be written as

Ey21 + Eyo®y = Annwy + Ajpxe + X2y + by,
Eo1 21 + Eootg = Agawa + bo,

0= X,x3 + bs,
0="2 + by,
0:b5.

In order to obtain a strangeness-free formulation we have to eliminate the strangeness
parts. To do this, we use again the derivative of the fourth equation to eliminate the terms
with &, in the first two equations and get

Biaiy = Anay + Apas + Sy + by,

Eoyiry = Agpg + by,

0= Eal’g + bg, (424)
0="2, + by,
0= b57

where b; = b, + End ((8)7'b,), and by = by + B ((7)7'b,). Due to the occurrence
of the block Es, the self-adjoint structure of the system is destroyed. In the same way as
in Section 4.2, if Fy is nonsingular, i.e., if the strangeness index is u < 1, we can eliminate
the block Ej5 and get the equivalent system

0= A11$1 + <A12 — E12E2_21A22)5L’2 -+ 25.734 + i)l — E12E2_211~)2,
FEyoirg = Ay + by,

0= Za$3 + bg, (425)
0= ZZZL’l + b4,
0 == b5.

We can further eliminate the term Ao — E12E§21A22 via block Gaussian elimination using
the invertible block ¥4 and get a strangeness-free system which is again self-adjoint. Rear-
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anging and renaming the matrices and vector-valued functions finally yields the strange-
ness-free self-adjoint differential-algebraic system

En ()@ = Ay ()@, + by (0),
0 = Aoy ()i + by(t), (4.26)
0 = by(t),

consisting of d,, differential equations, a, algebraic equations, and u, vanishing equations,
with

A ) ) . 0 0
Fiy=FEy, An=A%»n, Ax=[10 0 X,
0 EST 0
T3
Ty =29, o= T1 , T3 = x5,
Ty — E;1E12E2_21A22£L‘2
by =by, b= by — E19Ey'by| , by = bs.
by

In the same way as in the case of symmetric matrix pairs, a structure preserving strange-
ness-free formulation (4.26) for self-adjoint differential-algebraic systems in general only
exists if the strangeness index is © < 1. For systems with strangeness index p > 1 in
general we cannot preserve the self-adjointness of the strangeness-free system. Counter-
examples similar to Example 4.12 can be found for self-adjoint matrix pairs.

Remark 4.26. For constant coefficient systems of the form (2.6) a matriz pair (E,A)
is self-adjoint if it is skew-symmetric/symmetric, i.e., E = —ET and A = AT. Similar
results as obtained in Section 4.1 can be derived analogously for skew-symmetric/symmetric
matriz pairs as strong congruence (4.2) preserve this structure. A local condensed form as
giwen in Theorem 4.6 can be obtained in the same way. Structured staircase forms for
skew-symmetric/symmetric matric pairs have also been considered in [20].

Remark 4.27. Linear-quadratic optimal control problems as in (1.3) have been the moti-
vation for considering self-adjoint differential-algebraic systems. The solution strategies for
these systems actually lead to boundary value problems of the form (1.3c) with two-point
boundary conditions. The classical approach to solve these boundary value problems is the
use of Riccati differential-algebraic equations, see e.g. [17, 83]. First, index reduction and
feedback reqularization are used to transform the system to a reqular, strangeness-free con-
trol problem and then the Riccati approach is used on the reduced system. If the reduced
problem can be obtained in a structure preserving way, then the solution of the Riccati
equations can be adapted to the self-adjoint structure.
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4.4 STRUCTURE PRESERVING INDEX REDUCTION BY MINIMAL EXTENSION

In the numerical solution of differential-algebraic equations it was suggested in [22, 75,
76, 82] to transform the system into an equivalent strangeness-free differential-algebraic
system. The basic idea of the general approach described in Section 2.2.2 is to consider the
original system together with a sufficient number of its derivatives as a derivative array and
to derive locally at every integration step an equivalent system of strangeness index pu = 0
that has the same solution set as the original system, but contains all the information on
the manifold in which the dynamics of the system take place. In principle, this general
approach provides a uniform framework for the numerical solution of differential-algebraic
systems, but it has high computational complexity since from the derivative array certain
nullspaces of the Jacobians and associated projections onto these nullspaces have to be
computed at every integration step. Further, a particular structure of the system is not
reflected in the general approach. Another index reduction technique, the so-called index
reduction by minimal extension described in [80], can be applied that uses the introduction
of new variables to reduce the index of the differential-algebraic system. In the following,
we will see that this can be done in a structure preserving way. This approach has also
been used for the index reduction of electrical circuit equations where it allows to preserve
certain symmetry structures in the reduced equations, see [6]. In the following, we will
use these ideas to obtain a structure preserving index reduction method for self-adjoint
differential-algebraic systems.

In this section, we consider a self-adjoint initial value problem
E(t)t = A(t)z +b(t), x(ty) = o, (4.27)

with B, A € C([to, t;],R""), E = —ET, A= (A4 E)7 of strangeness index . = 1. Further,
we assume that the system is already given in global condensed form (4.23)

E11 E12 000 l.'l AH A12 0 25 0 T b1
Egl E22 000 Zifz 0 AQQ 0 0 0 ) b2
0 0 0 0 0] |z3s| =120 0 X 0 Of [x3| + |b3],
0 0 0 0 0] |24 XT0 0 0 0f |4 by
0 0 0 0 O] |5 0 0 0 0 O0f |5 bs

where FEs is nonsingular since p = 1. Via a global congruence transformation with a
matrix P we can eliminate the blocks Ei5 and Fs; and get the equivalent system

EH 0 0 O O 5?1 AH Alg O ES O i‘l lzl
0 E22 O O O j’2 Agl AQQ O 0 O Zi'z b2
0 0 00 0| |asl=]0 0 %, 0 0f|Z|+ |bs], (4.28)
0 0 00 0| |iy S0 0 0 0| |24 by
0 0 00 0] |is 0 0 0 0 0] % bs
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with

By = By — EnEqyy By,

Ay = An — (Aip — E1nEyy Ag)Egy By,
Ay = Ay — BipEyy) As,

Ay = —AypEy' By + E22%(E{21E21)7

and corresponding transformed ¥ = Px and b= Pb, which is again self-adjoint, i.e.,

Ell = —ElTl, All = A?l -+ Eﬂ? A12 — Agp AQl = A?z (429)

The equations that have to be differentiated to reduce the index of the system are given
by the fourth block row of system (4.28). Differentiating these equations and adding the
derivatives to the system we obtain the reduced derivative array

Ell O 0 0 0- ~ -AH A12 0 ZS 0- - bl
T ~ T 7
0 Ep 00 0f . An Ap 00 0] |2 by
0 0 000 bl = OT 0 X, 0 0 Fa| + {73 ’ (4.30)
0 0 000 i X, 0 0 0 0O % by
4 4 7
0 0 000 % 0 0 0 0 0 s b§
I, 0 0 0 0] 0 0 0 0 0 b

with bg = %(E;Tb4). Now, we introduce a new variable x4 to replace every occurrence of

Z1 in (4.30) and thus reduces the index of the system. We therefore obtain the extended
system

000 000 0][n] [An A 0 %5 0 —Ey] [#] |0
0 E22 0 00O 3772 A21 AQQ 0 0 O 0 (%2 132
0 0 00 0 0f |23 0O 0 %, 0 0 0 I3 bs

i - a y S 431
0 0 00 0 0f | T 0 0 0 0 0 a| T |by (4:31)
0 0 00 0 0 |is O 0 0 0 0 0 T5 b
0 0 000 0] |ig] [LO 0 0 0 0 I ||ze] |bg

In order to preserve the self-adjoint structure we have to eliminate the block Ey; in (4.31)
using the last equation to get

0 0 00 0 0] [n Ay A, 0 %, 0 07 [#] by
0 FEp 00 0 0] |2y Ay Ap 0 0 0 Of |22 by
0 0 00O0Of(fas] |0 0 % 0 0 0] bs
0 0 000 O0| | [ 0 0 0 0 0 RN
0 0 000 0f |4 0 0 0 0 0 0] |2 bs
0 0 000 0] |ig] LO 0 0 0 0[] 2] |b
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with b, = by + Ey1bg. We have Ay, = fllTl + Efl from (4.29), but since the block FEy; has

been eliminated, we also have to eliminate the block A;; using the nonsingular block ¥7
in order to preserve the self-adjoint structure. We finally get

-

000 0000 [n] [0 A, 0 % 0 0][&] |0
0 E22 00 0O ?2 A21 A22 0 0 0 O ij ?2
0 0 0 0 0 0f [z 0 0 X, 0 0 0f |23 b3

s | = a N 2 4.32
0 0 00 0 0f |& ST0 0 0 0 0f 7] |b)] (4-32)
0 0 00 0 0f |4 0 0 0 0 0 0f |[Zs bs
0 0 000 0] |ig] LO 0 0 0 0 L] [=] g

with 51 = l~)1 + Elll;(; — AHZ;T@L, and this system is strangeness-free and self-adjoint.

Lemma 4.28. Let the differential-algebraic system in global condensed form (4.23) have
strangeness index = 1. Then the extended system (4.32) has strangeness index pn = 0.

Proof. Following Theorem 4.24, we can compute matrices 7" and V' whose columns span
the nullspaces of £ and T7 AT where E and A are the extended matrices in (4.32). Possible
choices for T and V' are

coco oo oM~
coococoo
coofto o

co o oo
cocoocofto

of oo oo
~oco oco oo

oMM O0 OO
ofoocoo

0:\|

Further, let 77 = [0 Iy 0 0 0 O}T complete T to a nonsingular matrix. It follows that
VITTAT' = 0, i.e., the extended system (4.32) has strangeness index y = 0. O

Note that this approach can also be applied in the case of linear symmetric differential-
algebraic equations of strangeness-index p = 1 as considered in Section 4.2 in an analogous
way.

4.5 FUTURE WORK

In the previous section we have seen that a structure preserving strangeness-free form
for symmetric as well as self-adjoint linear DAEs only exists if the strangeness-index of
the system is lower or equal to 1. For symmetric systems we need in addition strong as-
sumptions on the coefficient matrices, in order to be able to obtain a structure preserving
condensed form. It does not seem to be possible to lessen these assumptions while preserv-
ing the symmetric structure using global congruence transformations. Nevertheless, the
index reduction by minimal extension that allows the formulation of a structure preserving
strangeness-free system for self-adjoint systems of index p = 1, can also be applied to
linear symmetric systems of index p = 1 without the need of Assumption 4.8. All obtained
results can also be extended to linear DAEs with Hermitian coefficient matrices, see [153].



CHAPTER 5

SWITCHED DIFFERENTIAL-ALGEBRAIC SYSTEMS

A particular feature of many complex dynamical systems modeled by DAEs is that they are
switched systems or hybrid systems, i.e., the mathematical model itself may change with
time, depending on certain indicators. This in often an artifact from the modeling, as fast
nonlinear phenomena of physical systems are often approximated resulting in piecewise
continuous systems with discrete transitions. Switched systems also arise naturally in
control systems where the value of a control switches.

Typical examples for switched systems are electronic circuits, where different device models
are used for different frequency ranges or switching elements like diodes or electric switches
are used.

Example 5.1 (Boost converter). We consider the boost converter given in Figure 5.1
consisting of a capacitor with capacitance C', an ideal diode D, a voltage source V;, an
inductor with inductance L, a resistor with resistance R, and an ideal switch S. Depending

mk 5
Vi () |5 _—C R

Figure 5.1: The boost converter

on the states of the diode and of the switch we can distinguish four cases:
1. the switch S is open and the diode D is conducting,
2. the switch S is closed and the diode D is blocking,
3. the switch S is open and the diode D is blocking,
4. the switch S is closed and the diode D is conducting.

Let ip,is,i1,7c, and iz denote the currents through the diode, switch, inductance, ca-
pacitance, and resistance respectively, and vp,vs, vy, ve, and vy the voltages across the
corresponding elements. If the switch is open we have ig = 0, and if the switch S is closed

137
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then vg = 0. In the same way, if the diode D is conducting we have vp = 0, and if the
diode is blocking then ip = 0. Using the relations

UR(t) = RlR(t), UL(t) = L%ZL(t), ’Lc<t> = O%Uc(t},

and Kirchhoft’s current and voltage laws the circuit equations are given by

Cic =ip — iR,

Li; = vg =V,
0 =wvp + ve + vg, (5.1)
0= Rig —vo,

0=1ig+1i —ip,
together with the algebraic constraints

ts =0, vp =0 in mode 1,
1')5 =0, ?'D =0 %n mode 2, (5.2)
ts =0, ip =0 in mode 3,

vs =0, vp =0 in mode 4.

The system switches between the different modes based on the states of the diode and the
switch. That means, starting e.g. in mode 1, the system switches to another mode either
if the current through the diode ip becomes negative (switch to mode 3), or if the switch
is closed (switch to mode 4).

Another important class of applications that display switching or hybrid behavior are
mechanical systems with dry friction [34, 88], impact phenomena, or structure varying
systems with changing number of degrees of freedom, e.g., robot manipulators, or automatic
gear-boxes [60].

Example 5.2. (See [34]) Multibody systems with dry friction between the bodies in contact
are usually modeled by the Coulomb friction law. Here, the friction force F' is assumed to
be proportional to the normal force Fy on the surface between the bodies in the contact
point, i.e., |F| = pp|Fn||, where up > 0 is the coefficient of friction which depends on
material properties. The friction force is directed tangential to the friction surface and is
opposite to the direction of motion of the body, i.e.,
F = —pp|| Fx|le(p) sign(c(p)' p),

where ¢(p) is a unit vector parallel to the friction surface and ¢(p)”p describes the relative
tangential velocity at the contact point, see Figure 5.2. If the friction surface is modeled by
an algebraic equation g(p) = 0 (this is also called the contact condition), then the normal
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Figure 5.2: Mechanical systems with dry friction

force equals the constraint force, i.e., Fy = G(p)T\ with G(p) = 65(]9_(1)13)7 and the equations

of motion are given by

Mp = fu(p,p) — G(p)" X — pp|| Fy||c(p) sign(c(p) " p),
0=g(p).

Dry friction models usually exhibit two distinct modes: stiction or static friction and
sliding or kinetic friction. During static friction the tangential contact force F' maintains
zero relative velocity between the contacting bodies. The bodies stick together and the
friction force F' is bounded by the equation || F| < ps||Fn||, where us > 0 is now the
coefficient of static friction. On the other hand, in kinetic friction the relative contact
velocity is non-zero and the kinetic friction force F' has constant magnitude and is directly
opposing the sliding velocity with || F|| = ux||Fn||, with coefficient of kinetic friction puy.
In this case the bodies in contact are in relative motion, i.e., one body is slipping across
the other. In general ug > p; and the discrepancy is of order 10 — 20%. The transition
between the two modes is known as stick-slip transition, see also [34, 88].

Further examples of switched systems are biological or chemical systems which act different
in different day cycles or depending on certain nutritions, or traffic systems which operate
different depending on delays, see e.g. [28].

Typically, the continuous dynamics of the system in the different operation modes are
described by sets of ordinary differential equations or differential-algebraic equations. The
changing between different operation modes is modeled by discrete transitions resulting
in switching between sets of equations describing each operation mode. In the following,
systems of differential-algebraic equations that switch between several modes of operation
are called switched differential-algebraic equations or hybrid differential-algebraic equations,
see [61]. Hybrid systems are loosely defined as dynamical systems whose state has two
components, one of which evolves in a continuous set, while the other evolves in a discrete
set according to some transition rule, i.e., the term hybrid refers to the combination of
discrete event and continuous time dynamics which interact and define the behavior of
the system. The terminology switched system emphasizes the switching between different
system representations and refers to the behavior of the continuous state. In the literature,
a switched system often implicitly assumes a hybrid system model in which the discrete
dynamics are “simple”. In the following and in the literature, both terms are often used
synonymously.



140 SWITCHED DIFFERENTIAL-ALGEBRAIC SYSTEMS

As the discrete and continuous dynamics interact they must be analyzed simultaneously.
The mathematical theory of switched differential-algebraic systems, the control theory for
such systems as well as the development of efficient and accurate numerical methods is
still in an early stage. For an overview of modeling, analysis, simulation and control of
hybrid systems, see e.g. [12, 94]. Further works concerning hybrid systems diagnosis and
stabilization of hybrid systems are [28, 101, 116, 117]. Omne of the basic difficulties in
switched differential-algebraic systems is that after a mode switch takes place, the model
dimension and the structure of the system as well as its properties such as the index, the
number of algebraic or differential equations or redundancies may change. Thus, mode
switching may lead to a DAE with a different index or a different number of degrees of
freedom resulting in a discontinuity in the solution manifold. From this point of view, DAEs
with discontinuities or singular points are also included in the hybrid system approach. In
[60, 61] it was shown how the theory for general over- and underdetermined DAEs can be
applied to hybrid differential-algebraic systems. Besides the already existing problems in
the numerical integration of DAEs there are new difficulties in the numerical simulation
of switched systems. First of all, the reduction to strangeness-free form has to be done in
the same way as for standard DAEs and appropriate numerical methods for DAEs have
to be used for the numerical integration. However, in switched systems the integration
is often done over small intervals and in addition the states at the switch points have
to be determined exactly, as they are the basis for the consistent initialization in the
successor mode. Further, a special phenomena that can occur during the simulation of
hybrid systems is a cyclic change between different modes of operation, called chattering
or sliding, for example if nearly equal thresholds for the transition conditions of different
modes are given and the system starts to oscillate around these. These oscillations may
be real in the physical model as hysteresis, delays and other dynamic nonidealities lead
to fast oscillations, but also may arise due to errors in the numerical method. Chattering
behavior has to be treated in an appropriate way to ensure that the numerical integration
terminates in reasonable time.

In this chapter we consider the analysis and numerical solution of general nonlinear switched
differential-algebraic equations. For the formulation of switched systems we follow the ideas
proposed in [12, 60, 61] and define hybrid differential-algebraic systems. In Section 5.2 we
extend the general theory of over- and underdetermined systems of differential-algebraic
equations to switched systems of DAEs and show how index reduction can be done for
switched systems. In Section 5.3 we study existence and uniqueness of solutions of hybrid
DAE systems. In general, in order to guarantee existence and uniqueness of solutions of
a hybrid system after mode switching, the current state has to be transfered to the new
mode in a consistent way. Further, we have to deal with non-uniqueness of solutions after
a switch. In Section 5.4 we will investigate how the numerical methods for the consistent
initialization of DAEs that were derived in [85, 87] and allow to fix certain state components
and change others can be extended to switched systems and develop methods for correct
initialization at switch points. In Section 5.5 we develop mathematical methods to detect
(numerical) chattering and show how the chattering behavior can be approximated by so-
called sliding modes. Finally, in Section 5.6 we consider the control of switched systems
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and show how the principle concepts of control theory for linear descriptor systems can be
extended to the case of hybrid systems.

5.1 TFORMULATION OF SWITCHED DIFFERENTIAL-ALGEBRAIC SYSTEMS

In the following, switched systems of differential-algebraic equations are described using
a hybrid system formulation. Hybrid systems are generally described by a collection of
discrete subsystems, a collection of continuous subsystems and the possible interaction
between these subsystems. The continuous subsystems in general can consist of ODEs,
DAEs, PDEs or Integro-DAEs. For the modeling of hybrid systems there are many dif-
ferent approaches [94, 101] coming from different areas that were developed for specific
tasks, e.g., the hybrid automaton model [2, 46] that combines continuous state space mod-
els for the continuous dynamics with finite automata for the discrete dynamics, hybrid
Petri nets [31], general abstract dynamical models [16], state-transition network represen-
tations [5], or bond graph representations [107]. For example, in hybrid automata dynamic
components are added to a discrete state automaton. This formulation is suited for the
examination of reachability of states but not for the examination of the dynamics of the
system. In this section, we choose a formulation of hybrid differential-algebraic systems
following an approach given in [12, 60, 61]. In particular, we consider hybrid systems that
are composed of several different constrained nonlinear dynamical systems described by
differential-algebraic equations for the different operation modes and transition conditions
between these DAEs. Further, we assume that the discrete and continuous subsystems
only interact via instantaneous discrete transitions at distinct points in time called events.

Definition 5.3 (Hybrid differential-algebraic system). Let I = [ty,¢;] C R be an
integration interval that is decomposed into subintervals I; = [r;,7/) fori =1,..., Ny — 1
and Iy, = [rn, 7h), N1 € N such that T = Y, I, with 7 = to, 74 = t; and 7/ = 75,
foralli=1,...,Ny—1and 7; < 7/ for all i = 1,..., N;. Further, let M := {1,..., Ng},
Npr € N be the set of modes and for each [ € M let D; be the union of certain integration
intervals I;, such that |J,.y Dy = Tand DyN Dy, = 0 for [,k € M with [ # k. Then, a hybrid
system of differential-algebraic equations H is defined as the collection of

e a set of Ny systems of nonlinear differential-algebraic equations
Fl(t,2', 2"y =0, leM, (5.3)
with sufficiently smooth functions F' : D; x R™ x R™ — R™

e an index set of autonomous transitions J' = {1,2,... ,nk} for each mode I € M,
where n}. € N is the number of possible transitions of mode I,

e {ransition conditions Lg(t, 2!, i) for all transitions j € J!, and all modes [ € M with

L\ : Dy x R" x R" — {TRUE, FALSE}, (5.4)
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e switching functions of the form

ghi Dy xR x R" - R, foralli=1,....n}, jeJ,

with g (¢, 2!, 4") > 0 in mode [,
e mode allocation functions for all [ € M of the form
St Jb— M, with S'(j) = k, (5.5)
that determine the successor mode k after a mode change, and

e transition functions T : R™ x R™ — R™*2 of the form

T (2'(7)), 3 (7)) = ["(7is1), 2" (1i41)], (5.6)

for all [ € M with successor mode k£ € M that map the final values of the variables
in mode [ to the initial values in mode k at event time 7] = 7,41 € Dj.

Definition 5.4 (Linear hybrid differential-algebraic system). A hybrid system H
as in Definition 5.3 is called linear if the DAE in each mode is a linear DAE of the form

E't)it = Azt +b'(t), 1=1,...,Np, (5.7)
with sufficiently smooth functions b' : D; — R™ and E', A' : D; — R™>™,
If in addition an initial value
o (ty) = 2l € R™ (5.8)

is given in some initial mode [, then a hybrid system H as in Definition 5.3 together with
the initial condition (5.8) and initial mode I, € M is called a hybrid initial value problem.
In this setting, (5.3) or (5.7) are the DAEs that describe the dynamics of the hybrid system
in mode [ € M and in each subinterval the dynamics of the system are governed by only
one DAE. The hybrid system is said to be in mode | € M if t € D;. Further, the piecewise
continuous functions x! : D; — R™ describe the continuous state of the hybrid system in

mode [ and z!(7]) is the smooth extension of ! to the interval boundary 7/ = 7;,; of an

integration interval I; € D;. We further define the hybrid time trajectory T, = {L;}iz1,. N, a8
a sequence of intervals and the hybrid mode trajectory T,, = {l;}i=1...n, as the corresponding
sequence of modes, where [; € M is the mode in interval I;. The hybrid time trajectory
and the hybrid mode trajectory depend on the initial mode and initial conditions as well
as on the defined switching conditions. The set of event times corresponding to a hybrid
time trajectory is given by £(T) = {r; | i = 1,..., N1}, and the state of a hybrid system
H is described by the hybrid solution trajectory {(x'(t),1;)} consisting of a sequence of the
continuous states z'i(t) with corresponding modes I;.

The hybrid system H changes between different modes on the basis of the transition con-
ditions. If Lg(f, 2!(t),4'(t)) = FALSE for all j € J' at a time ¢ € Dy, then the system
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stays in the current mode. On the other hand, if there exists an integer j € J' such that
L4(t,2'(t),4'(f)) = TRUE at time ¢, then the system switches to another mode. The
switch points are defined as the roots of the switching functions géﬂ-(t, 2!, ') that are given
as threshold functions, i.e., if gé-ﬂ-(t, 2 i)y >0foralli=1,... ,né-,j € J', then the system
stays in the current mode [, but if gé-’i(t, 2l i) < 0 for a j € J' and some i then the
system may switch to a new mode. Note, that a transition condition Lé is described by né
separated switching functions gé-’i, 1 =1,... ,ng, which logical combination determines if
the transition condition Lé- is satisfied. In this way, the switching functions géz can be cho-
sen as simple as possible, e.g. linear, allowing an efficient and reliable computation of the
switch points. Thus, each time a switching function crosses zero the associated transition
condition may switch its logical value. Each switching function can be seen as a switching

surface in the state space given by
ILo={(t2',i') € Dyx R" xR™ | gb.(t, 2", @) =0}, jeJ', leM, (5.9)

along which discontinuous changes in the system may occur, i.e., mode switching occurs
at points on these switching surfaces. For convenience of expression, in the following we
assume that each transition condition Lé is described by exactly one switching function gé
(i.e., né =1 for all j € J',1 € M) and the transition condition Lé- is satisfied if and only if
gé- < 0. Then, the satisfaction of a transition condition corresponds to the crossing of the
switching surfaces I‘;. The union of the switching surfaces for all j € J' in mode [ is given
by

r'=|Jr), lem (5.10)

jeJ!

Further, we assume deterministic models, i.e., only one transition condition is becoming
true at a time. The solutions of a nonlinear DAE lie in the constraint manifold given by
the algebraic constraints, see Section 2.2.2. In hybrid systems the solution trajectory stays
in the constraint manifold ! of the DAE in the current mode [ as long as no transition
condition is satisfied. Thus, the constraint manifold of the hybrid system in mode [ is given
by

A= {(t,z) € D;x R" | (t,x) € L' and gj(t,2,@) >0 forall j € J'}, (5.11)

and I'" describes the boundary of A' in mode [. Finally, the transition function 7}° transfers
the state at the mode change from mode [ to mode k according to the jth transition. This
transfer can result in jumps in the state vector of the hybrid system. Further, in order to
obtain a solution in the new mode k, the initial value obtained by the transition function
has to be consistent with the DAE in mode k.

In Figure 5.3 an example of a typical path for a hybrid solution trajectory is plotted. The
solution trajectory of the hybrid system starts in initial mode [; at a consistent initial point
(to,z)) € A% and evolves continuously within the constraint manifold A" of mode Iy, as



144 SWITCHED DIFFERENTIAL-ALGEBRAIC SYSTEMS

Figure 5.3: Evolution of a hybrid system trajectory

specified by the DAE F| until the minimal time 7» at which L;l(TQ, 2t i) = TRUE for
some j € J", i.e., the switching surface F;l is reached. The transition function Tllf moves
the trajectory from z''(7;) to 22(7) with limit value 2% (75 ) = lim;_,, 2" (t). The new
initial point 22(75) in mode I, has to lie in the constraint manifold A2, i.e., it has to be
consistent for the DAE in mode [l and Lé? (12, 22(13), 4% (1)) = FALSE for all j € Jb.
Then, the system trajectory continues in mode I, within the constraint manifold A’ until
the switching surface I is crossed. It may happen that the constraint manifolds A% and
A% corresponding to mode I3 and mode I, are separated by a common switching surface
Féf’ = Fﬁ‘*, j € JB, i € J“ from one another. If the solution trajectory reaches this switching
surface and some sliding condition is fulfilled, the system enters into a sliding state along
the switching surface I'® resulting in repeated switching between the two modes and the
solution trajectory evolves along the switching surface. When the existence condition for
sliding is no longer fulfilled, then the system evolves in the solution manifold A" until the
next event.

The possible transition behaviors at a mode change from mode [ to mode k are depicted
in Figure 5.4. In the first case, the transition function 7;" moves the state vector from the
switching surface I'! into the interior of the constraint manifold A* of the new mode and the
further solution behavior is governed by the DAE in mode & (case (a) in Figure 5.4). In the
following, this will be called reqular switching. In the second case, the transition function
T} transfers the state vector from the switching surface I' to the boundary I'* of the new
mode, which causes an immediate further mode transition (case (b) in Figure 5.4). In this
case oscillations between the two modes can occur if this transition moves the trajectory
back to the first mode. In the third case, the transition function 7" moves the state vector
beyond the region and boundary of the new mode (case (¢) in Figure 5.4). This can happen
for example if the state vector is not consistent with the DAE in the new mode. This case
can be handled by another immediate transition, e.g., a projection onto the constraint
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Fk

Figure 5.4: Transition behavior of a hybrid system

manifold A¥. Modes that do not affect the state vector but are immediately followed by
another transition are sometimes called mythical modes, see [105]. If the behavior of the
system in a mode is governed only by algebraic equations then no continuous evolution
takes place in this mode but jumps in the state vector can occur. These modes are also
called pinnacles, see also [105].

Remark 5.5. Definition 5.3 does not allow multiple events at the same time, but so-called
Zeno behavior is possible, i.e., infinite number of transitions at almost the same time
leading to accumulation points of events times 1; (this arises e.g. in the simple example of
a bouncing ball). In the following, we assume that no accumulation of event times occur
in order to make the system well-defined.

5.2 INDEX REDUCTION

For hybrid differential-algebraic systems a reduction to strangeness-free form must be re-
alized just as for standard DAEs to be able to apply numerical methods suited for DAEs
in the integration process. In hybrid systems this must be possibly done very often on
possibly short intervals and for different modes. The index reduction procedure described
in Section 2.2.2 leading to the reduced systems (2.19) or (2.21) can be applied to switched
systems as has been shown in [60, 61]. In this way, a strangeness-free formulation can
be determined independently for each mode. As described in Section 2.2.2, we need the
information about several derivatives of the given DAE, so we consider the derivative array
F! of level i in mode [ € M, defined as in (2.15), which stacks the original equations of the
DAE in mode [ € M and all its derivatives up to level i into one large system
Lp o0 sl dtt

ﬁ(t,x,z,...,wzc):& (5.12)
In order to be able to derive a reduced system for each mode we need to assume that
Hypothesis 2.37 holds in each mode.
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Hypothesis 5.6. In each mode | € M and each domain D; the strangeness index pi* is well-
defined, i.e., the DAFE (5.3) in mode [ satisfies Hypothesis 2.37 with constant characteristic

values pit, 7!, aL, df“ and vfi.

If Hypothesis 5.6 is violated at a finite number of points we can introduce new modes
and further switching points to satisfy Hypothesis 5.6. In the following, we consider hybrid
systems that satisfy Hypothesis 5.6, i.e., the integers my, ng, pi!, ', dL, aL, uL, UL are constant
within each mode but may be different for different modes.

Definition 5.7 (Regularity). A hybrid system H is called regular if for each mode [ € M
the corresponding DAE F! is regular.

Definition 5.8 (Maximal Strangeness Index). For a hybrid system H that satisfies
Hypothesis 5.6 the mazimal strangeness index pi,q, is defined as

_ l
Pomaz = max{y}.
A hybrid system is called strangeness-free if pinq: = 0.

We can locally obtain a reduced system of the form (2.19) independently in each mode
[ € M as described in Section 2.2.2, which is denoted by

Fll(t,xl,x'l) =
Fy(t, ")

0,
5.13
0, (5.13)

with F(t,2!,2!) = (Z)TF'(t, 2!, ') and Fi(t,2') = (ZL)TF. (t, 2, H(t,2")), where Z! and
ZL are the matrices defined in Hypothesis 2.37 for the DAE in mode [. Analogously, a
decoupled differential-algebraic system of the form

) l sl
Ty =1L (t7x17x27x2)’

xé = Rl(tv Ill? xl2)> (514>
with vanishing strangeness index and dL differential and aL algebraic equations can be
derived. Thus, a reduced system as in (5.13) or (5.14) with the same solution as the
original DAE in mode [ (5.3) can be extracted independently in each mode and therefore
also for the complete hybrid system. Connecting all the reduced systems together we locally
obtain an equivalent reduced hybrid system denoted by 7:{, which is strangeness-free, i.e.,
maz = 0. By solving the corresponding transformed systems, the solution of the complete
hybrid system can be computed for every time ¢. From Theorem 2.40 it follows that every
sufficiently smooth solution 2! of the DAE in mode [ (5.3) that satisfies Hypothesis 2.37
also solves the reduced problems (5.13) and (5.14). For a hybrid systems H satisfying
Hypothesis 5.6 we can show that every sufficiently smooth solution of H is also a solution
of the equivalent strangeness-free hybrid system .
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Theorem 5.9. Let 'H be a hybrid system as in Definition 5.3 with sufficiently smooth
functions F' in each mode | € M that satisfy the Hypothesis 5.6 with characteristic values
e, aL, dL, UL and uL =n; — aL — dL in each mode | € M. Then, every sufficiently smooth
solution of H s also a solution of H.

Proof. Let T, = {I;}i=1,.. N, and T, = {l;}i=1... ., be the hybrid time and mode trajectory
corresponding to the hybrid system H. If the sequence {flfi-}lieTma corresponding to T}, is
a sufficiently smooth solution of H determined from the DAEs F% in each mode [; € M,
then the functions 7 also solve the reduced strangeness-free systems of DAEs (5.13) and
(5.14), since for every mode [;, and all t € D,

* ok li * i
(t7'rli(t)7xli(t)7 t (%)# +1xli<t)) < LLZ

Since the transition functions yield consistent initial values after each mode change as
{7} }ier,, is a solution, these values are also consistent for the reduced systems. Thus, the

sequence {7 }1,er, is also a solution of the reduced hybrid system H. O

Note that the reduced hybrid system H depends strongly on the choice and the consistency
of the initial values in each mode. Therefore, in each interval I; and for every mode [, the
initial values must be chosen in a consistent way, so that the solution in each mode exists
and is unique if u, = 0.

Remark 5.10. A special case of hybrid systems are hybrid multibody systems, where the
DAEs in each mode | € M are given by the equations of motion of a multibody system of
the form

M = £t 05 — G TN,
0= g'(p").

The strangeness index for multibody systems resulting from the constraints g'(p') = 0 is
given by pt = 2, see e.g. [82]. In a mode | without constraints the strangeness index is
put = 0. Therefore, the mazimal strangeness index fimee of a hybrid multibody system is
at most 2, and it S fmee = 0 if the hybrid system is completely unconstrained. Further,
the transition functions can be simplified, as the position variable p' potentially stays the
same in all modes and only changes in the algebraic variables X' occur, i.e., the transition
functions only have to determine initial values for eventually new Lagrange multipliers \'.

5.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS

Solution concepts for hybrid systems have to deal with nonsmooth solutions and with
changes in the number of equations or unknowns after mode changes. Therefore, an inves-
tigation of solution concepts and sufficient conditions for the existence and uniqueness of
solutions of hybrid differential-algebraic systems is required. In general, if we want overall
continuous solutions of the hybrid system, then the transition functions must guarantee
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Figure 5.5: The accelerated pendulum

this. However, if the number of equations or the number of free variables changes at a mode
change, then this condition may be difficult to realize. In particular, we may face the situ-
ation that the solution is not unique after a mode change. In any case, we need consistency
of the initial values with the DAE in the new mode for the existence of a solution. In this
section, we derive necessary and sufficient conditions for existence and uniqueness of solu-
tions of hybrid differential-algebraic systems. Since different solution concepts for DAEs,
see e.g. [81, 82, 86], can be applied for the DAEs in each mode [ € M, in the following we
consider the classical solvability concept resulting in continuously differentiable functions
as solution of the DAEs in each mode and the concept of strong solutions allowing weaker
smoothness requirements. The concept of generalized solutions defined in a distributional
setting allowing also nonsmooth behavior is considered in Section 5.3.2.

A major difficulty in defining a solution for the overall hybrid system H is that at a switch
point not only the index of the DAE, but also the number of unknowns of the system and
the number of differential, algebraic and undetermined variables may change.

Example 5.11. [61] Consider a pendulum of mass m and length [ under the influence of
gravity F, = —mg that is tangentially accelerated by a linearly increasing force F'(z,y) =
F,(x)+ F,(y) in the position coordinates = and y, see Figure 5.5. The classical constrained
motion of the system is described by the following DAE

mi = —2x\ + F,,
my = —mg — 2y\ + F,
0=a+9y>— 12

This system is of strangeness index u = 2 with two differential variables z,y and one
algebraic variable . If we suppose that the rope is cut when we reach a certain centrifugal
force F,, ., ie., if 2%+ 9> > F, the system changes from a pendulum to a flying mass

point. In this case, the system is not constrained anymore and the equations of motions

‘max )
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are given by

mx = 0,

my = —mg.

This system is an ordinary differential equation, which is strangeness-free, with two dif-
ferential variables x,y. In general, it is not clear how the algebraic variable A should be
continued after the mode change such that the solution of the overall system (z,y, A) is not
unique anymore after the mode change. But clearly in this simple case we can just choose
A constant as the last value.

In the following, let

n = maxn,
leM

be the maximal size of all solution vectors z'. If n > n; in some mode [ € M, then it is not
clear how some solution components can be continued in this mode after a mode change.
In this case, we extend the system in mode [ by solution components 2! of size n —n, i.e.,
we consider the extended system

Ltl

[E'(t) 0] {;l} = [A'(t) 0] [ﬂ + bL(t). (5.15)

T

For the first n; components of the solution vector the extended system (5.15) has the same
solution as the original system. Furthermore, (5.15) has the same strangeness index as the
original system in mode [. But, now we have to deal with nonuniqueness of solutions, while
the original system in mode [ may have been uniquely solvable. With regard to the solution
of the overall hybrid system this nonuniqueness was already present in the hybrid system
before the extension (see Example 5.11), such that considering the extended systems (5.15)
does not interfere with the solvability of the overall hybrid system. The nonuniqueness of
solutions can be overcome by embedding the DAE (5.15) into a minimization problem

1 1o
§||i’ — 7[> = min!  such that §]|E’(t)i’ — A" — b"||* = min!, (5.16)

s _ !
where E'(t) = [E'(t) 0], A'(t) = [Al(t) 0], &' = [;ll, and 7, € R" is a given initial

value. In this way, the undetermined state components are continued constantly with the
last value of the previous mode described by the initial value #. For systems with well-
defined strangeness index we may assume without loss of generality that the pair (E!, A')
and therefore also the pair (El, fll) are strangeness-free, since we can always transform the
system to the corresponding strangeness-free form. Then, the minimization problem (5.16)
has a unique solution which is called the least squares solution of the DAE, see [82].
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5.83.1 Continuous Solutions of Linear Switched Systems

The first way to formulate necessary and sufficient conditions for the existence and unique-
ness of solutions of linear hybrid systems is to demand continuous functions as solution of
the hybrid system. In this section, we consider linear hybrid systems H and we assume
without loss of generality that n; = n in all modes [ € M. Locally in each mode [ € M and
for every interval I; C D;, we consider the classical solution concept introduced in Chapter
2, see Definition 2.26. If the strangeness index p' of (E!, A!) in mode [ € M is well-defined,
i.e., Hypothesis 5.6 holds, and if ¢’ is sufficiently smooth, then by Theorem 2.36 the linear
DAEs (5.7) in each mode are equivalent to strangeness-free systems of the form

iy = Aly(t)a + by (1),
0 =2} + b(t), (5.17)
0 = b4(t).

with AL, € C(I;, R% "), I, C D, and the inhomogeneities b} are determined by the deriva-
tives of b'. This equivalent strangeness-free formulation allows us to read off existence and
uniqueness of solutions of the linear DAE (5.7) in mode [ € M.

Corollary 5.12. Let the strangeness index ' of the linear DAE (5.7) in mode | € M be
well-defined and let b' € C”lH(Hi,le), with I; = [r;,7]) € D;. Then we have:

1. The DAE (5.7) in mode [ is solvable if and only if the UL functional consistency
conditions

by =0
are fulfilled.

2. An initial condition z'(;) = x € R™ is consistent if and only if in addition the al,
conditions

h(1;) = —by(7)

l

Ti®

are implied by '(1;) = =

3. The corresponding initial value problem is uniquely solvable if and only if in addition
it holds that

ut =0.

Remark 5.13. The smoothness assumption for the inhomogeneity b' in Corollary 5.12 is
used to guarantee that the solution is continuously differentiable, in particular with regard
to the algebraic solution component x'. To obtain a continuous solution the assumption

that ' € C* (I;, R™) is sufficient.
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The strangeness-free form (5.17) also allows to identify the minimal smoothness require-
ments for a solution, since only the variable 2! has to be differentiated. Thus, the concept
of classical solutions can be weakend as the derivative 4! does not occur in the kernel of
the coefficient matrix E', see also [81, 86].

Definition 5.14 (Strong solution). Consider a linear DAE (5.7) in mode [ with suffi-
ciently smooth coefficient functions E', A', and b'. A function ! : I, — R™, I, C D; is
called a strong solution of the DAE (5.7) in mode [ if ! exists in the cokernel of E', 2! is
continuous and satisfies (5.7) pointwise.

For linear DAEs of the form (5.7) we can consider the projector function (E')™E! which
projects onto the cokernel of E! (see Lemma 2.18), where (E')* denotes the pointwise
Moore-Penrose pseudo-inverse of E' (see Definition 2.17). With this, a weaker solution
space for strangeness-free linear systems of the form (5.7) has been defined in [74, 82| as

C(lEz)+El (]IZ,RM) = {l’l S C(HZ,RM) ’ (El)JrEll'l S Cl(H“R"l)}

The solution of a hybrid system H depends on the initial mode, initial conditions, mode
switching conditions and on the transition functions. For a given time trajectory 7T, with
corresponding mode trajectory 7, the initial mode as well as the mode switching sequence
due to the transition conditions are fixed and the solution of the overall hybrid system is
a sequence of continuous functions z! : I, — R™, with I; C D;.

Definition 5.15 (Continuous solution of a linear hybrid system). A function

x € C(ILR"Y),

with T = [to,t;] = UM, L is called a continuous solution of a linear hybrid system M
with hybrid time trajectory 7, = {I;},—1 5, and corresponding hybrid mode trajectory
T = {li}i=,.. N if

zly, € Clgye g (L, RY) for all T € T, I € T,

and x| is a strong solution of the DAE (5.7) in the corresponding mode ;. The function
x is called a continuous solution of the hybrid initial value problem with initial condition
xog € R™ at ty if it is a continuous solution and satisfies the initial condition z(ty) = xo.

Definition 5.16 (Consistency of initial conditions). An initial condition z(ty) = xq is
called consistent with the hybrid system H if the corresponding hybrid initial value problem
has at least one solution.

From Corollary 5.12 we get conditions for the existence and uniqueness of solutions locally
in each mode. If we assume that the DAEs in each mode are solvable, we can give conditions
for the existence and uniqueness of a continuous solution of a hybrid system H.

Assumption 5.17. For a linear hybrid system H let the strangeness-index ;' be well-
defined for all modes | € M and assume that the linear DAEs (5.7) in each mode are
solvable, i.e., by = 0, provided that consistent initial conditions are given.
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Under Assumption 5.17 there exists a solution if at each mode change the transition func-
tion is such that the resulting initial condition is consistent and if moreover uL = ( for all
[ € M, then the solution is unique as well.

Theorem 5.18. Consider a linear hybrid system 'H that satisfies Hypothesis 5.6 with hybrid
time trajectory T, corresponding hybrid mode trajectory T,,, and a initial value xo € R™.
Let E(T) be the set of event times. Further, assume that Assumption 5.17 holds. Then
there exists a continuous solution x of the linear hybrid system H in the sense of Definition
5.15 if and only if

1. the initial value xq is consistent for the DAE in the initial mode 1, € T,

2. the transition functions 7}12?'71 are the identity mappings, i.e.,

T (a(ri_0), @ (7)) = [2(r_0), &(r_))] = [2(7), (7)),
and for every T; € E(T) the states x(7;) are consistent with the DAE in mode l; € T,,.
The continuous solution x is unique if and only if in addition uL =0 for all modes | € T,,.

Proof. Due to Assumption 5.17, the DAE (5.7) in each mode is solvable provided that
consistent initial values are given. For the solvability of the hybrid system we therefore
need consistency of the initial value xg for the DAE in the initial mode /; and in addition
consistency of the values given by the transition functions after each mode change. Further,
if Tll;“ is the identity mapping we have z'i+!(7;,,) = a'i(7{), which ensures continuity of
the solution. Obviously, if there are no free solution components, i.e., ulﬂ = 0 for all modes
[ € M, and the initial conditions are consistent, then in each mode the solution exists and

is unique. [

5.3.2  Generalized Solutions of Linear Switched Systems

In the solutions of hybrid systems discontinuities at switch points can occur. In order
to deal with these discontinuities we can consider impulsive smooth solutions which can
be treated within a standard distributional framework as introduced in Section 2.2.3. In
this way, solutions can be defined over discontinuities at switch points, but this approach
requires infinitely often differentiable matrix functions E', A’ and right hand sides, which
is not always fulfilled (see also the Remarks in Section 2.2.4).

In a hybrid system ‘H discontinuities or jumps in the solution can occur at the switch points
7; € E(T7). In the following, we consider impulsive smooth functions on the set of event
times £(T) as solutions of H, i.e., we consider the set of impulsive smooth distributions
Ch.p(E(T7)). The transfer of the states after mode changes by the transition functions may
cause a nontrivial impulsive part resulting in an instantaneous jump in the solution, but
nevertheless the state has to be transfered in a consistent way. Note, that also inconsistency
of initial values can be treated with the distributional approach as presented in Section
2.2.3, but this will not be considered here. Now, we can define generalized solutions of a
linear hybrid system.
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Definition 5.19 (Generalized solution of linear hybrid systems). A function
x:I—R",

with T = [to,t7] = Uf\ﬁl I; is called a generalized solution of a linear hybrid system H
with hybrid time trajectory T = {I;}i=1.. n;, corresponding hybrid mode trajectory T, =
{l;}i=1.. N, and set of event times E(T7), if

el (E(T})),

mp

and z satisfies the linear DAE (5.7) in mode [; € T,,, for every t € I;, i = 1,..., N;. The
function z is called a generalized solution of the linear hybrid initial value problem with
initial condition xqg € R™ at ¢y, if it is a generalized solution of the hybrid system and
satisfies one of the initial condition

z(to) = zo, x(ty) = mo.

In the following, we specify conditions to guarantee the existence and uniqueness of solu-
tions for a linear hybrid system H with impulsive smooth solutions assuming solvability of
the DAE in each mode.

Assumption 5.20. For a linear hybrid system 'H as in Definition 5.3 let the matriz-valued
functions B, AL € C>(I, R™") and let the strangeness index it be well-defined for all modes
[ € M. Further, assume that the linear DAE (5.7) in each mode is solvable.

Theorem 5.21. Consider a linear hybrid system H, with hybrid time trajectory T, cor-
responding hybrid mode trajectory T,,, and an initial value xo € R™ and assume that
Assumption 5.20 holds. Then there exists a generalized solution of the linear hybrid system
‘H in the sense of Definition 5.19 if and only if

1. the initial value xq 1s consistent for the initial mode l; € T,,, and

2. for every T; € E(T,) the values x(7;") obtained from the transition functions

j}lii,l (z(r;),2(7;)) = [x(TiJr)a ft(T;L)]
are consistent with the DAFE in mode l; € T,,.
The generalized solution is unique if and only if in addition ulu =0 for all modes | € T,,.

Proof. Due to Assumption 5.20, all individual modes have a solution for consistent initial
conditions. Thus, for a consistent initial state xy € R™ and initial mode [, there exists a
smooth solution for the DAE in mode [;. The system stays in the initial mode [; until the
next time event 7, € £(T5). If the initial condition z(7;") obtained from Tllf (x(15),2(15)) =
[z(75"), 2(7")] is consistent with the DAE in the new mode, then there exists a smooth
solution for the DAE in the new mode and only a state jump at 7 occurs. The same
holds for all following mode switches at 7; € £(T.). Obviously, the solution is unique if the
solution in each mode is unique, i.e., if uil = 0 for all modes. ]
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5.3.8  Solutions of Nonlinear Switched Systems

In this section we consider solvability conditions for hybrid systems H with nonlinear DAEs
(5.3) in each mode. To analyze nonlinear problems one usually uses the implicit function
theorem (Theorem 2.9) to show that a solution is locally unique. To be able to apply the
implicit function theorem we must require that for a given solution the derivative of F' has
a continuous inverse. Therefore, we need to assume that the differential-algebraic system
in each mode is sufficiently smooth in a small interval following the switch point such that
the implicit function theorem can be applied at all switch points 7;.

Assumption 5.22. Consider a hybrid system H as in Definition 5.3 with nonlinear DA Es
of the form (5.3) and ny = n in each mode | € M. Assume that F' is sufficiently smooth
in [1i, 7] + €] for small € > 0 for each interval I; = [r;,7]) € D.

Remark 5.23. Also in the nonlinear case we assume that n; = n for alll € M. Otherwise,
undetermined components are inserted into the system. This causes nonuniqueness of the
solution but a definition of an overall solution is possible.

Linearization of the nonlinear DAE (5.3) in mode [ € M along a solution trajectory !
yields a linear DAE with variable coefficients in the form (5.7) with

E'(t) = Fi(t,2", "), Al(t) = —F,(t,a',4"), V'(t)=—F'(t,2",i')=0,  (5.18)

such that locally similar results as for the linear case can be expected. Further, it can be
shown that differentiation and linearization commute, i.e., linearization of the nonlinear
derivative array (5.12) along a solution yields the same results as the derivative array based
on the linearization of the nonlinear DAE along a solution, see e.g. [23, 82].

We can locally transform the nonlinear DAEs (5.3) to the reduced systems (5.13) or (5.14)
and obtain existence conditions for a continuous solution. Sufficient conditions such that
the reduced system (5.13) in mode [ locally reflects the solvability properties of the original
system (5.3) in mode [ are given in the following Theorem.

Theorem 5.24. Consider a hybrid system H as in Definition 5.3 with sufficiently smooth
function F' as in (5 3) in each mode | € M that satisfies the Hypothesis 5.6 wz’th chamc-
teristic values pi! ,a#, d,,v, vl and with characteristic values p' +1 (replacing u'), au, du’ m
each mode | € M. For each leMlet zp4q,; € L il be given and let the pammetemzatwn

p in (2.18) for fllH include 4. Then, for every function xb € C'(I;, R™~%~%), I, C D,
with z4(7;) = x ;, 4 (7;) = b, the reduced differential-algebraic systems (5.13) and (5.14)

have unique solutions x' and xy satisfying 2 (7;) = :El“ Moreover, the so obtained function

xt = (2}, 2k, 2%) locally solves the original problem (5.3) in mode .

Proof. The Theorem follows directly from [82, Theorem 4.34]. O

With this we can give conditions for the solvability of the overall hybrid system H similar
to Theorem 5.18.
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Theorem 5.25. Consider a hybrid system H that satisfies Hypothesis 5.6 with hybrid
time trajectory T, corresponding hybrid mode trajectory T,,, and a initial value xo € R™.
Let E(T,) be the set of event times and let the assumptions of Theorem 5.25 be fulfilled.
Further, let Assumption 5.22 hold. Then there exists a continuous solution x of the hybrid
system H in the sense of Definition 5.15 (with E' as in (5.18)) if and only if

1. the initial value xq is consistent for the DAE in the initial mode Iy € T,,,

2. the transition functions 7}12?'71 are the identity mappings, i.e.,

Ty (e(ry),a(ri2y)) = [w(ri_y), i (r)] = [e(n), &(7),
and for every T; € E(T) the states x(7;) are consistent with the DAE in mode l; € T,,.
The continuous solution x is unique if and only if in addition uL =0 for all modes | € T,,.

Proof. The proof is analogous to the proof of Theorem 5.18. 0

5.4 CONSISTENT REINITIALIZATION

One of the difficulties in the numerical integration of differential-algebraic equations is to
compute consistent initial values before starting the integration, i.e., calculating values at
the initial time ty that satisfy the given algebraic constraints as well as the hidden con-
straints for higher index problems. For switched differential-algebraic equations consistent
initial values are needed in addition at all switch points and therefore may have to be
computed frequently during the simulation. Thus, an efficient and accurate reinitialization
routine is required as the computation of consistent initial values influence the transition
conditions and thus the mode switching of the system. Reinitialization of DAEs after dis-
continuities has been discussed in [12, 124] for regular linear time-invariant systems and
in [96] for quasi-linear d-index 1 DAEs by solving nonlinear consistency equations. In this
section, we discuss the consistent reinitialization for general nonlinear hybrid differential-
algebraic systems after mode switching. Here, we use the ideas of the consistent initial-
ization for nonlinear DAEs as described in [82], which allows over- and underdetermined
solutions and also allows to fix certain state components and change others.

In the following, we consider a general nonlinear hybrid system H as in Definition 5.3
with an initial value xy at some initial or switching time 7; € £ and we assume that
Hypothesis 2.37 holds in a neighborhood of a path (;, 2*(7;), P(7;)) belonging to a solution
r* € CYI,R™) of the nonlinear DAE (5.3) in mode [ € M. Here, the function P €
C(IL, RW+Dm) is a parameterization of the solution set ]LL , that coincides with #* in the
first n; components, i.e., P(t)[I,, 0... 0|7 = @*(¢), such that fil(t,x*(t),P(t)) =0. It

has been shown in ([82], Remark 4.15) that every (zo,y0) with yo = (Zo, ... ,x(()“l+1)) in

a neighborhood of (z*(7;), P(7;)) can be locally extended to a solution of (5.3). Thus,
consistency of an initial value xy at time 7; means that (7;, o) is part of some (7;, 2o, yo) €
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]LL ;- To determine a consistent initial value or to check it for consistency we must therefore
solve the underdetermined system

fll(Ti,l'o,yo) =0 (519)

I

for (zo,y0). We use the Gauss-Newton method [33, 113] started with a sufficiently good
initial guess (Zg, o) to solve this underdetermined systems of nonlinear equations in a least
squares sense. The Gauss-Newton method for a nonlinear system of the form

where G : R® — R™ is a smooth function, generates a sequence {2*} of approximations of
the form

=28 — GL(EMG(Y), (5.20)

starting with an initial guess 2° € R". Here, Gj;(z) is the Moore-Penrose pseudo-inverse

of the Jacobian G,,(z) = [%f; (2)]i; (see Definition 2.17).

Theorem 5.26. Let G : D C R® — R™, m < n, with D open, convex denote a con-
tinuously differentiable mapping, and assume a full row rank of the Jacobian. Consider
the Gauss-Newton method (5.20) and assume that a starting point 2° € D, and constants

a,w > 0 ezist such that |GL(2°)G(2°)| < a, and ||GE(u)(G:(v) — Giz(u)(v — u)|| <
wllv —ul]* for all u,v € D, v — u € range (G (u)). Moreover, let

hi=aw<2, S(z%r) C D withr:=2a/(2—h).
Then:

1. The sequence {2*} of Gauss-Newton iterates is well-defined, remains in S(2°,7) and
converges to some z* € S(2°,r) with GL(2*)G(z*) = 0.

2. Quadratic convergence can be estimated according to

1
sz—i-l o Zk“ S _szk . Zk_1||2.
2

Proof. See [33, Theorem 4.19]. O

Thus, if the Jacobian G.,(z) has full row rank and fulfills a Lipschitz condition in an open
convex set, and if G;J;(zk) is bounded in this set, then we have quadratic convergence of
the iterates {z*} to a least squares solution 2* of G(z) = 0 satisfying

GH(z*)G(z") = 0.

Since the Jacobian of (5.19) at a solution (x¢,yo) has full row rank at a solution and
thus in a whole neighborhood by Hypothesis 2.37, we have local quadratic convergence of
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the Gauss-Newton method, provided that the starting point 2" is sufficiently close to the
solution.

During the numerical integration of a hybrid system, events cause switching from mode [
to mode k at a switch point ;. The transition function 7} as defined in (5.6) maps the
state at the switch point in mode [ to the state at the switch point in the new mode k via

T (a'(73), d'(7)) = [2%,3"].

But, the transfered state z* is not necessarily consistent with the DAE in mode k at
time 7;, and to continue the integration a consistent initial value z*(7;) at 7; has to be
computed. In order to find a reasonable continuation of the solution of the hybrid system,
we try to find a consistent initial value z*(7;) at 7; from among all consistent values in
the constraint manifold IL*, on the basis of the given but inconsistent initial state *, in
such a way that the solution z* extends the past solution z' in a physically reasonable
way. Since algebraic variables need to be chosen consistently with the DAE in the current
mode they have to be computed as the solution of a nonlinear system describing the
algebraic constraints. On the other hand, initial values for differential variables and possibly
undetermined variables can be chosen freely, such that these components of the initial value
vector should be kept fixed during the computation of consistent initial values in order to
find a continuation of the hybrid system solution that is as smooth as possible. Thus, even
if the transition function T}* provides continuity of the state variables over a switch point
the consistent reinitialization can cause discontinuities in the solution. If possible, these
discontinuities should only occur in the algebraic variables, which have to be consistent,
while the differential variables and undetermined variables should proceed continuously
over the switch point.

By a slight modification of the above approach it is possible to prescribe initial values for
the differential variables and controls, i.e., fix certain components of an initial guess I
during the computation of consistent initial values, and only compute consistent values
for the algebraic variables. This requires the classification of a component of Zy to be a
differential variable or a control, such that eliminating the associated columns from the
Jacobian of the nonlinear system (5.19) does not lead to a rank deficiency, since we must
guarantee that the remaining columns of the Jacobian still have full row rank to ensure
quadratic convergence of the Gauss-Newton method. Due to Hypothesis 2.37, there exist
continuous matrix functions

Zé c C(]L R(Ml+1)nz,ah)’ TZZ e C(H: Rnhnl*ai)’ Zi c C(H, Rnl7di¢)’

with the properties described in Hypothesis 2.37 and pointwise orthonormal columns. Let
the matrix functions

Zé' e O, R(l/‘l-‘rl)nlv(ﬂl-‘rl)nl_ab)? T21f e O, Rnl,aL% Zi’ € O(L Rm,m—db)?
be chosen such that

2y z3], I 1], [21 Zi]
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are pointwise orthogonal, i.e., in particular nonsingular. Then, Hypothesis 2.37 yields
F’zl;xTzl =0, rankT.=mn; — &iw rank FlleQl = dL,
and multiplication with the nonsingular matrix [TQI' T2:| yields the separation

Fi, BT FLTS ol ol Sl gl !
rank lFle] = rank {FQZITZZ, 0 =rank Fy;T5 +rank F5 Ty = d, + a,.

Now, let T~21 be a fixed approximation with orthonormal columns to 7% that spans the
nullspace of le;x at the desired solution. Then, we can solve

Flalto, T3 3o + (I = ToT3 ), i, ..., HY) = 0 (5.21)

for (z,,... ) with initial guess Zo, where TLTIT is an orthogonal projection of rank
dL onto kernel F’Ql;x, while I — TQZTQZT is a projection onto cokernel F’le The dL differential
components of the initial guess Zy are kept fixed during the Gauss-Newton iterations as
the corresponding columns of the Jacobian are set to zero. Note that this approach will
lead to a rank drop in the Jacobian if any of the algebraic variables are fixed. A drawback
of this approach to solve the nonlinear systems (5.19) or (5.21) with the Gauss-Newton
method is the limited region of convergence. This means that the Gauss-Newton method
may not converge if the initial guess is not sufficiently close to the solution. Therefore,
after mode switching, the starting value (7;,z*) for the Gauss-Newton iteration given by
the transition function 7} should be sufficiently close to a solution in the new mode to
guarantee convergence.

After a mode change from mode [ to mode k, differential variables in the predecessor
mode [ may change to algebraic or undetermined variables in the successor mode k or
vice versa. Assuming that n' = n* (otherwise undetermined variables can be inserted
into the system to meet this requirement, see Section 5.3) the different possibilities are
summarized in Table 5.1. Whenever algebraic variables or undetermined parts change into
differential variables, no problems with consistency occur as the initial conditions fits into
the differential equation (cases 9,10,11,12 in Table 5.1). Thus, if afj < aL then it is possible
to obtain a continuous solution provided that the constraint manifold has not changed. On
the other hand, if differential or undetermined variables change into algebraic variables,
then inconsistency can occur and reinitialization results in discontinuities in the solution
(cases 2,4,6,8 in Table 5.1). If uﬁ > 0, then the solution is not unique and the DAE can only
be solved in a least squares sense. If variables change into undetermined variables (cases
3,5,6,7,12 in Table 5.1) and the least squares solution is obtained in such a way that ||z||5 is
minimized, then the continuity condition and the minimum norm condition can contradict
each other. Therefore, the minimization problem for the least squares solution should be
chosen as in (5.16). In addition, the index of the differential-algebraic system might have
changed form ' to p*. If p! > p¥, then no problems occur, but if the index increases
after a mode change, then higher smoothness requirements are needed to guarantee the
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Table 5.1: Changes in the characteristic quantities after a mode change from mode [ to mode k

existence of a solution and more effort is needed to obtain the reduced system in the new

mode which might alter the convergence of numerical methods.

Remark 5.27. For the computation of consistent initial value for a linear DAE (2.5)
(see also [82, p. 308ff]) we can consider the reduced system of the form (2.24), where the
algebraic equations are displayed directly. The condition for a given Zo at tg to be consistent
18 given by

1212(150)920 + 82(?50) =0.

(5.

22)

In the case that the given To is not consistent, we can use (5.22) to determine a related
consistent xy. Setting To = xo+09 we determine the correction 0 by solving the minimization

problem

subject to the constraint

10]|2 = min!

| Ag(t)d — ba(to) — As(to)Toll2 = minl.

The solution of this least squares problem is given by

§ = A (to)(As(to)Fo + bo(to)),
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where A (t) is the Moore-Penrose pseudo-inverse of Ay(ty). Since Ay(ty) has full row
rank a,, due to Theorem 2.1, it follows that As(ty)As (to) = 1., and therefore

Asg(to)zo + ba(to) = Ag(to) (o — 6) + ba(to) = As(te)To — (Aa(te)To + ba(to)) + ba(to) = 0.

Also in this case, we can prescribe initial values for the differential variables, whereas initial
values for the algebraic variables are not known. This requires a separation of the unknown
x into differential, algebraic and unknown parts. For a system in the form (2.24) we can
compute an orthogonal matrizc U = [Uy, Us] of size (n,n) such that

Ei(to) [Uh Us) = [En 0],

where Eyy has size (d,,d,) and is nonsingular. Then, we determine an orthogonal matric

V = [V1,Va] of size (n —d,,n —d,) such that
As(to)UsV = [Ay 0],

where Agy is of size (ay,a,) and nonsingular. This allows a reinterpretation of variables
as differential, algebraic or undetermined variables using the basis transformation

71
r=0Q |Za2|, QZ[U1 P % Uzvz],
3

with orthogonal matrixz () and corresponding DAE

Ell 0 0 1%1 All A12 A13 jl {71
0 0 O] |2a] = [A1 A O To| + |bo
0 0 0f |7, 0 0 0| |7 bs

From the second block row we get a partitioning of the consistency condition (5.22) into

0 = [Ag1(to) An(to)] m + ba(to).

Now, let an estimate To = (Z1,0,T20) for a consistent initial value be given. Keeping T g
fized, we can determine a correction oy for the estimate Too = x99 + 02 by solving the
minimaization problem

subject to the constraint

||A22<t0)62 — Ag(to)jo — EQ(tO)“Q = mm',

ie., 0y = AL (to)(As(to)Eo+ba(to)). The corrected consistent initial condition is then given

- ~ T1p
by x10 = 210 and a9 = Tag — 02, and thus vop = Q {j ’ 5 } )
2,0 — 02
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5.5 SLIDING MOTION

A special phenomena that can occur during the simulation of hybrid systems is a cyclic
changing between different modes of continuous operation, called chattering or sliding,
for example if nearly equal thresholds for the transition conditions of different modes are
given and the system starts to oscillate around these. These oscillations may be real
in the physical model since hysteresis, delays and other dynamic nonidealities lead to fast
oscillations. An example for such a system with physical chattering is the anti-lock braking
system in automobiles, for a simple model of an anti blocking system in a truck see [34]. On
the other hand, numerical errors may lead to numerical chattering as switching conditions
may be satisfied due to local errors. The numerical solution of a hybrid system exhibiting
chattering behavior requires high computational costs as small stepsizes are required to
restart the integration after each mode change. In the worst case, the numerical integration
breaks down, as it does not proceed in time, but chatters between modes. As chattering
causes severe problems in the numerical simulation it has to be treated in an appropriate
way. One possibility to prevent numerical chattering is the introduction of hysteresis
such that the integration in each mode is done in an interval of a length bounded from
below. Another way to avoid oscillations around switching surfaces and to reduce the
computational costs is to detect regions in which chattering can occur and to approximate
the system dynamics along the switching surface in this region. An additional mode, the so-
called sliding mode, can be inserted into the system that represents the dynamics during
sliding, and thus replaces the chattering. In the following, we will first consider sliding
motion for ODEs, extend the ideas to DAEs and finally apply the results to switched
differential-algebraic systems. Furthermore, in Section 5.5.4 we present the basic ideas of
introducing hysteresis to prevent chattering behavior.

5.5.1 Sliding Motion for Ordinary Differential Equations

Sliding motion is well understood for ordinary differential equations, see e.g. [39, 40, 145,
147]. To explain the basic ideas, we consider the following autonomous ODE system with
discontinuous right-hand side

i = f(x), (5.23)

where the function f : D, C R® — R" is piecewise continuous. This is no restriction of
the general case as each non-autonomous systems can be transformed into an autonomous
system by adding t as new variable. In particular, we restrict to the case where the function
f is discontinuous on a smooth switching surface I' given by

I''={zeD,|g(x) =0},

where g : D, — R is continuously differentiable. Then, I' separates the phase space D,
into two domains

I'={rebD,|g(x) >0} and T ={zeD,]|g(z) <0},
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b)

Figure 5.6: Phase space behavior at a switching surface

and we can consider the following system of differential equations

. fMx) forzeTt,
v {f”(x) forz el (5.24)

where f/ = f|p+ and f/f = f|p-. The system (5.23) is completely described by (5.24) in
the domains I'" and I'", but on the switching surface I" the standard definition of solution
for ODEs may not be applicable, as the behavior of the solution of (5.23) on the switching
surface is not defined. To cope with this, the discontinuous right-hand side of (5.23) can
be replaced by a differential inclusion, see e.g. [40], i.e.,

(1) € n(t, ). (5.25)

If at a point (t,z) the function f is continuous, then the set 1(t,z) consist only of one
point which is the value of the function f at this point. If (¢, x) is a point of discontinuity
of f, then the set n(t,x) is to be defined in some other way.

In general, there are four types of solution behavior in the neighborhood of a switching
surface characterized by the directions of the vector fields f! and f!! as depicted in Figure
5.6. If the vector fields point towards the surface from one side and away from the surface
from the other side as in cases a) and b) in Figure 5.6, the solution trajectory crosses
the discontinuity and the system has a classical solution. On the other hand, if both
vector fields point towards the switching surface I' as in d) in Figure 5.6, then the solution
cannot leave this manifold, but sticks to the manifold, and the solution can be defined
via the differential inclusion (5.25). In this case chattering behavior during the numerical
integration can occur as depicted in Figure 5.7. In the last case, where the vector fields on
both sides point away from the surface as in ¢) in Figure 5.6, the switching surface cannot
be crossed and there exists a point beyond which no classical solution exists.

In reality, small parameters in the system prevent the system from chattering and induce a
smooth motion along the surface. In sliding motion the system dynamics are approximated
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Figure 5.7: Chattering behavior along a switching surface

in such a way that the state trajectory moves along the switching surface. There are two
main approaches to describe the dynamics of the system on a switching surface. The first
approach is called equivalence in dynamics or Filippov reqularization, see e.g. [39, 40, 145].
Here, approximations of the solution trajectories on both sides in a small neighborhood
around the surface are used to determine the average velocity on the surface. Another
approach called equivalence in control is presented in [145]. Here, free solution components,
i.e., controls, in the system are chosen such that the solution trajectory moves along the
switching surface. It has been stated in [145] that if the true system behavior near the
switching surface can be attributed to hysteresis phenomena, then the method of equivalent
dynamics derives sliding behavior closer to the true system behavior than the method of
equivalent control. On the other hand, if there are no hysteresis effects the equivalent
control method may generate better approximation. In the following, we will describe the
approach of equivalence in dynamics in detail and afterwards shortly present the main
ideas of the method of equivalence in control.

In the Filippov regularization, for each point z € D,, the differential inclusion 7(t, z) is
defined to be the smallest closed convex set containing all the limit values of f(x*) for
x* ¢ I', ¥ — x. Then, a function z(t) is said to be a solution of (5.23) if it is absolutely
continuous and satisfies (5.25) almost everywhere. For z* approaching the point =z € T’
from I'~ and I'", let the function f(z*) have the limit values

lim f(2*) = fif(x) and lim f'(2*) = fL(2).
z*el~ x:il';'

Then, the set n(¢, z) is the line segment joining the end points of the vectors fi!(z) and
fi(z) for z € T. If this line is on one side of the tangent plane to the switching surface
I, then the solution passes from one side of the surface to the other side, see Figure 5.8.
On the other hand, if the line segment intersects the tangent plane, then the solutions
approach I' from both sides, see Figure 5.9. In this case, the standard notion of solution is
not suitable as there is no indication of how a solution can be continued. Nevertheless, if
the line segment intersects the tangent plane, the intersection point is the endpoint of the
vector fr(x) which determines the velocity of the motion & = fr(z) along the surface I' at
x. From (5.25) the solution z(t) of the differential equation satisfies

& = fr(z), (5.26)
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Figure 5.9: Filippov’s construction of equivalent dynamics

where fr is a linear combination of f{ and f{! and therefore it is also a solution of (5.23).
If z € I'", then fr equals f! and if x € I'", then fr equals f/Z. Note that fr is a particular
selection from the set n(¢, x). It is also possible to define other differential inclusions as we
will see below. The velocity vector fr of sliding motion in (5.26) lies on a plane tangential
to the surface, and therefore its end point is the intersection point of the tangential plane
and the straight line connecting the end points of f{ and f{!. This line segment can be
written as a convex combination of ff and f&, such that the equation for sliding motion
is given by

&= fr() = aff(z) + (1 -a)ff'(z), (0<a<l). (5.27)

In the following, we assume that g.,(z) # 0 in a neighborhood of the switching surface
I'. The parameter « should be selected such that the velocity vector is tangential to the
switching surface , i.e., g.,(z) fr(z) = 0 and therefore « is given by

o= [g;r( 1£I - fé)]ilg;m IU-

The Filippov construction of equivalent dynamics is depicted in Figure 5.9.
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Figure 5.10: Equivalent dynamics via hysteresis effects

In real systems delays, hysteresis and other nonidealities result in real sliding. The sliding
equations (5.27) derived by equivalent dynamics on the surface can be considered as the
motion of a limiting process. If we consider an infinitesimal hysteresis band of width ¢
around the switching surface, then the dynamics on the surface are defined as the behavior
in the limit as ¢ — 0. Once the system hits the surface, oscillation in a neighborhood of
width 2¢ occur. If € is small, then the velocity vectors fi! and f£ in the neighborhood
of the discontinuity surface can be represented by their normal components fif, ff and
tangential components fi fL i.e., we neglect curvature and the gradient of the surface
is assumed to be constant. To determine the direction of the motion along the surface we
calculate the average velocity on the surface. The time to cross the € band is At; = =& for

fN
ft and Aty = —f,, for fi1, where f§ = g.ff and fil = g..f{! are the normal projections
of fi and fL! onto the switching surface, see also Figure 5.10. The time to move back and
forth over the band is therefore given by
At == Atl + AtQ
and the tangential distance the system travels over the time interval At is

Ar = fLAL + fHTAL,.

Then the average state velocity of the motion on the surface is given by

. Ax . Atl Atl II
Tov = At fl" ( E) ro (528)
with
Aty f
AT

Thus, the average velocity (5.28) equals fr in (5.27) and the equivalent dynamics on a
sliding surface corresponds to the limiting behavior when switching tends to be infinitely
fast.
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Figure 5.11: Equivalence in control vs. equivalence in dynamics

Another way to construct the set n(t,z) in (5.25) is given by the equivalence in control
method [145, 147]. In this case, we consider a system

&= f(z,u(x)), (5.29)

where f : D, x D, — R" is a continuous function and the function v : D, — R is
discontinuous on a smooth switching surface I' = {z € D, | g(z) = 0}. At points belonging
to the surface I' we assume that the equation of sliding motion is given by

T = f(x,ue(2)), (5.30)

where the equivalent control u., is defined such that the vector f lies tangentially to the
surface I and the value u,, is contained in an interval [u~, u™], where u* are limiting values
of u on both sides of the surface I'. In contrast to the Filippov construction, the endpoint
of the vector f(x,ue,(x)) lies on the intersection of the tangential plane to I' at the point
x with the arc that is spanned by the endpoint of the vector f(z,u) when u varies from u~
to ut. Thus, in this case the set n(t,z) is an arc while in the Filippov construction n(t, z)
is the straight line connecting f(z,u") and f(x,u™), see Figure 5.11. If the function f is
linear in w, then near the switching surface I' the equation (5.29) can be written in the
form

= fo(z) + B(x)u(x). (5.31)

To obtain the motion along the surface I' the equivalent control ., must be chosen such
that & is tangential to the surface I', i.e.,

gﬂlf(x)x = g@(l’)fo(lﬂ) + g;m<x>B(x)ueq = 07
and thus

teg = ~[0:(2) B(2)] " g () fo), (5.32)
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if g..(x) B(z) is nonsingular. The regularity of ¢.,.(z) B(x) is also known as the transversality
condition and establishes that the control vector field B(z) is not tangential to the switching
surface I' at any point x € D,. If u,, from (5.32) satisfies

u- §u6q§u+ or u’ S Uy S U,

then by substituting the vector u., into (5.31), we obtain the velocity vector of sliding

motion along I' as
& = fo(x) = B(2)g. () B(x)] ™ g.a(2) fo().

The equivalence in control method is also applicable if discontinuities occur along the
intersection of several switching surfaces I'; and the control u is a vector with components
u; that are discontinuous on I';, see [40, 145]. For systems that are linear with respect to
the control the equivalence in control approach coincides with the Filippov construction.

In the case of sliding motion we pursue the solution along the switching manifold I". The
Filippov construction (5.27) and also the equivalent control method approximate this mo-
tion as a motion tangential to the switching surface to construct an ordinary differential
equation for sliding motion. From a DAE point of view a better way to define the system
behavior during sliding is to append the condition that the solution should stay on the
manifold I" as an algebraic constraint and define the differential-algebraic system in sliding
motion by

i =afl(z)+ (1 —a)f(2),
0= g(x),

where the algebraic variable « is chosen such that the solution remains in I'.

(5.33)

Theorem 5.28. Consider an ordinary differential system (5.23) where the right-hand side
f(z) is discontinuous on a smooth switching surface I' = {x € D, |g(x) = 0} such that
(5.23) can be separated into f'(x) and f(z) as in (5.24). If

g (@) (f'(x) = f1'(2))

is nonsingular for all x € D, then the equivalent dynamics of the system (5.23) during
sliding motion are described by the DAE in sliding motion (5.33), and the DAE (5.33) is
of strangeness index = 1.

Proof. Every solution of (5.23) is also a solution of (5.33) for & = 0 and @ = 1, respectively.
Differentiation of the algebraic constraints yields

0= o) = gula)i
= gu(@)af! () + (1 - )11 (2)
= 00 (2) () = 111(0) + gl 2,

which can be solved for «, if g.,(x)(f!(x) — f/(x)) is nonsingular. Thus, we get a
strangeness-free system after one differentiation and therefore p = 1. O
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5.5.2  Sliding Motion for Differential-Algebraic Equations

The ideas of sliding motion for ODEs as described in Section 5.5.1 can be used to describe
sliding motion for discontinuous DAEs. For a first approach in this direction in the case of
semi-explicit d-index 1 DAEs in chemical engineering see [1]. Sliding motion for constrained
multibody systems is also treated in [34, 88].

In this section, we consider a general nonlinear DAE of the form

F(t,z,i) =0, (5.34)

with piecewise continuous function £ : [ xD, xD; — R", D,,D; C R" that is discontinuous
on a smooth switching surface I' = {(t,z) € I x D, | g(¢,x) = 0} described by a switching
function g : I x D, — R. Again, I' separates the phase space into two domains

It ={(t,x) eI xD, | g(t,z) >0},
'™ ={(t,x) eI xD, | g(t,z) <0}.

Therefore, we can rewrite the differential-algebraic equations as

5.35
FlI(t z,i) =0 for (t,z) €, (5.35)

{Fl(t,x,x') =0 for (t,z) e ',
where F! = F|p+ and F!! = F|p- are smooth on I'*, and we assume that the strangeness-
index is well-defined for F/ and F! on I'*, respectively. By index reduction as described
in Section 2.2.2, we can transform both systems in (5.35) to the corresponding reduced
systems provided that Hypothesis 2.37 holds for F! and F!! in I't and I'", respectively.
This means that without loss of generality we can consider the reduced systems

FI t,r,z) =0,
! <AI ) (5.36a)
Fy(t,z) =0,

for (t,z) € I'" and

Fll(t,x, &) =0,

F;I(t,x) o, (5.36Db)
for (t,xz) € I'". The reduced systems consist of decoupled ordinary differential equations
and algebraic equations, where the equations Fi(t,z, &) = 0 and Fi(t,z, &) = 0 describe
the dynamics of the system, while FJ (¢, z) = 0 and FJ7(t,2) = 0 are algebraic constraints
that force the solution onto a specific manifold. Further, we assume that the solution of the
DAE (5.35) within each region exists and is unique, i.e., there are no undetermined parts
in the system. Otherwise, if there are undetermined parts in the system we can consider
sliding mode control as described in Section 5.6.4. Further, we assume that changes in the
characteristic values only occur on the switching surface I' and the number of differential
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and algebraic variables are the same for (5.36a) and (5.36b). Then, the reduced systems
(5.36) can be further transformed to the systems

.7.1'1 = Ll(t, I’l), (5 37a)
Ty = R1<t,l’1), .

for (zq,29) € I't, and
il = Lll(t, I’l), (5 37b)

To = RII<t, .]71),

for (x1,29) € I'". Now, we can use the Filippov construction to describe the equivalent
dynamics of sliding motion along the switching surface by

T = aL%(taxl) + (]‘ - O‘)L{‘I<t7‘r1)7
where for t = const. and (t,z1,x2) € T

L%(t,xl) = lim Ll(t,x’{), L%I(t,xl) = lim Lll(t,xf),

(t,z*)elt a*—a (t,x*)el—,a*—x

and « is chosen such that the solution remains on the switching surface I' given by the
algebraic constraint ¢(t,z;,x2) = 0. To obtain the corresponding DAE for the system in
sliding motion, the algebraic constraints have to be considered in an appropriate way to
force the solution onto a specific manifold suited for both systems (5.37a) and (5.37b). In a
similar way, this constraint manifold can be defined by rotation of the constraint manifolds
RI(t,zy) and R (t,x,), such that R’ (¢,x;) is turned into R (¢, z;) across the discontinuity
or vice versa depending on the direction of the discontinuity crossing. This means that the
constraint manifold during sliding motion is given by

T2 = @Rl{‘(tvxl) + (1 - a>R1{‘I<t7x1)7
where for ¢ = const. and (t,x1,22) € T

RL(t,z)) = lim R'(t,x7), R{(t,z1) = lim RY(t,a%).

(t,z*)elt o> —x (t,z*)el — z*—u
Altogether, the DAFE in sliding motion is given by
iy = all(t, ) + (1 — )L (t,y),
ry = R (t,2)) + (1 — )R (t,2y), (5.38)
0= g(t, z1,x2).

Theorem 5.29. Consider a reqular DAE (5.34) that is discontinuous on a smooth switch-
ing surface given by T' = {(t,x) € I x D, | g(t,x) = 0} such that (5.34) can be separated
into the reduced systems (5.37a) and (5.37b). If

Gas (21, 2) (RY (t,21) — R'(t, 1))

is nonsingular for all (t,x1,z5) € IxD,, then the equivalent dynamics during sliding motion
are described by the DAE (5.38), and the system (5.38) is reqular and of strangeness index

p=1.
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Proof. As system (5.37) is regular also system (5.38) is regular due to construction. Dif-
ferentiating the two algebraic constraints yields

io = &(R"— R") + a(R} + R &1) + (1 — a)(RY + R i),
and
0= Gt + g;wl‘/tl + g;:vz*/tQa (539)

omitting the function arguments. Replacing now the derivatives @7 and &9 in (5.39) yields
Yz, (RH - RI) =9t + G (O‘Ll +(1 - O‘)LH)

+ gy [0 + (1= )Ry + (aR, + (1= )R )(al’ + (1 - a)LT)],
such that under the assumption that ¢ is differentiable and

s (R = R')

is nonsingular we get an explicit differential equation for the variable . O

5.5.8  Sliding Motion for Switched Differential-Algebraic Systems

Sliding motion for discontinuous DAEs as described in the previous section can be used
to handle chattering behavior in switched differential-algebraic systems. In this section,
we consider the following scenario. During the integration of a hybrid system H a mode
switch from mode [ to mode k is detected. Let the two modes be separated by the j-th
switching surface T, = {(t,2) € D; x R™ | gi(t,z) = 0}, j € J', and assume that there
exists a mode transition j € J* such that MRS F;f = {(t,z) € Dy x R™ | gf(t,x) =0}, i.e,
gé- (t,x) = —g?(t, x). Note that here, we restrict to switching functions independent of the
state derivative £. Similar as in the previous section, under the assumption of regularity and
well-definedness of the strangeness index in each mode, the differential-algebraic systems
in the adjacent modes [ and k can be transformed to the strangeness-free forms

331 = Ll(tv ml)7 (5 40)

xZQ - Rl(taxl1>a '
and

= 15 ah), .

In the following, we assume that g;x(x) # 0 in a neighborhood of the switching surface
Fé-. The hybrid differential-algebraic system exhibit sliding motion or chattering behavior
if the dynamical parts of the differential-algebraic systems (5.40) and (5.41) fulfill some



5.5 SLIDING MOTION 171

sliding condition. In Section 5.5.1 we have seen that sliding motion occurs if all solutions
near the surface I'; approach it from both sides, i.e., if the projections of the vectors L’
and L* onto the surface gradient are of opposite signs and are directed towards the surface
from both sides in a neighborhood of the switching surface. Thus, sliding occurs at a point
(t,x) € I'} if the sliding condition

L = gt (tah b I a) <0 and L = g (b, ab) Lhad) >0, (5.42)

is satisfied, where for ¢ = const. and (t,z) € T, = F;l?

Lh(t, o)) = lim LMt x¥), LRt %) = lim LE(t, z%).
el = B e Lieeh) = dmo L)
This means that we consider the directional derivatives of gé- = —gg? along L%, Lk respec-

tively (see Definition 2.3) which correspond to the projections L and L% of the vectors
Li and Lf onto the gradient of the switching surface I';. These directional derivatives can
be approximated numerically by

1 1
L~ =gt el + 0L (1, ad),ah), L~ gttt + 0L (e 2k, o), (5.43)

for small enough . The four different cases of phase space behavior near the switching
surface can then be characterized in terms of the projections LY and L% as follows:

L. If LY > 0 and L% > 0, then the system switches from mode [ to mode k.
2. If LYy < 0 and L% < 0, then the system switches from mode k to mode .
3. If LYy > 0 and L% < 0, then both flows are directed away from the surface.
4. If Ly < 0 and L% > 0, then the sliding condition is satisfied.

The sliding surface T, C T' can then be defined by
Iy :={(t,x) €T} | Ly(t,2) <0 and LY (t,z) > 0},

as that part of the switching surface, where sliding occurs. This means that trajectories in
this region stay within this region until the boundary is reached, since trajectories leaving
the sliding surface will immediately return to it. If the solution trajectory of a hybrid
system directly traverse the discontinuity, i.e., the sliding condition is not fulfilled, the
solution continues in mode k after the mode change. If the solution trajectories in both
modes [ and k are directed away from the surface, then the solution cannot be continued
uniquely after the mode change. Except in the case of an unhappily chosen initial value,
this normally should not occur.

In the numerical simulation of hybrid systems an immediate switch back to mode [ after
one or a few integration steps in the numerical solution in mode k& would result if the
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sliding condition is satisfied. To avoid this we can add an additional mode for the sliding
motion by defining the DAE during sliding and switch to the sliding mode instead. The
system should stay in sliding mode as long as the solution trajectory stays in the sliding
region, and resume in mode [ or k, depending on the sign of the directional derivatives.
An additional difficulty in defining the DAE in sliding motion for hybrid systems is that it
can also happen that the characteristic values or the index change at a mode switch. Let
dl,,dy and al,, ay, denote the number of differential and algebraic equations in mode I and
mode k, i.e., the dimension of 2, 2} and b, 5 in (5.40) and (5.41), respectively. If d!, = d
and aL = ai‘j, then the system during sliding can be defined as in (5.38). But, it may also
happen that dL #* dﬁ and differential variables change to algebraic variables or vice verse
after the discontinuity. Let dL +d, = dﬁ + aﬁ = n and without loss of generality assume

that dL > dﬁ and aL < a’;. Then x;: and % can be further partitioned into

! k
S AR )
1,2 2,2
with z} | € R, xh, € R%~4% and xh, € R%, zh, € R~ Furthermore, let the reduced
systems (5.40) and (5.41) be partitioned accordingly into

|:j"§1,1:| — |:L§1(t7'r§1,17x§1,2):|
Lz(t7$1,1ax1,2) ’

T19 (5.44)
xZZ = Rl@? xll,lv Ill,2)7
and
xlf = Lk(ta mlf)a
[x'é,l} _ lR’f(t,x’f)] _ (5.45)
x§,2 Ré(t’ xlf)

Then, the differential-algebraic system during sliding motion can be defined as

i [Lll(t,xl)} -a) {Lk(t,:m)] |

Li(t, 1) 0
o a [Rl(td 1’1)} -a) {ggg 2;} | (5.46)

0= g;‘(taxly'IQ)a

similar as in (5.38). In the same way as in Theorem 5.29, the DAE in sliding motion (5.46)
is regular and of strangeness index p = 1.

Example 5.30. [34] Consider a multibody system with dry friction as given in Example
5.2 with equation of motion of the form

Mp = fo(p,p) — G(p)" X — pr || Fxllc(p) sign(c(p)" p),
0= g(p),
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where M is positive definite and the switching function is given by ¢(p,p) = c(p)’p de-
scribing the relative tangential velocity between the bodies. Here, ¢ is a unit vector parallel
to the friction surface modeled by g(p) = 0 at the contact point. The sliding condition is
fulfilled if

le" M7 (fa = GTXN) + ¢"pll < ppll Pyl M~ e,

i.e., if the force in the direction of ¢ is smaller than the maximal friction force. The Filippov
construction results in

Mp = fa(p,p) — G(p)" A + (1 — 2a) up|| Fn|c(p),
0= g(p), (5.47)
0=c(p)’p,

with additional algebraic variable . When « is chosen such that ¢ = ¢’ + ¢'p = 0, the
DAE (5.47) can be transformed to

o IMY(f, — GTA) + ¢Tp
Mp = fo(p,p) — G(p)"A — T e (5.48)
0=yg(p).

Alternatively, the equations of motion for stiction can be obtained by adding the algebraic
equation ¢ = ¢’'p = 0 and the Lagrange parameter \g to the system

Mp - fa(pap) - G<p)T>\ + C(p)AS>
0= g(p),
0=c(p)"p.

Differentiation of the equation c(p)p = 0 gives

CTM—I(fa _ GT)\) + C'T]'?
cI'M-1c ’

g = —

and elimination of Ag yields the above equation (5.48), i.e., Ag = (1 — 2a)up|| Fy||-

5.5.4 Huysteresis Switching

Another possibility to prevent a hybrid system from chattering is to built in hysteresis
that prevents the system from changing modes too quickly and thereby precluding the
possibility of unbounded chattering. The introduction of hysteresis can be properly applied
if numerical chattering between two modes [ and k occurs that have transition conditions
that only differ in sign, i.e., there are some switching functions such that

gi(t, 2!, i') = —gi(t,2*,3%), with j € J', i e J~
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In this case, a hysteresis can be realized by adding a term € > 0 to the transition conditions,
i.e., by defining the switching functions

gF =g+ ¢ and §§:g§-+e.

For independent transition conditions between two modes [ and k or if numerical chattering
between more than two modes occur, the integration of a hysteresis is not so easy to realize.
In addition, if the determination of the exact switch point is essential for the system
behavior, then an artificial hysteresis cannot be inserted into the system. In this cases
only a different but possibly complex modeling can be used to obtain a system without
numerical chattering.

A further possibility to suppress chattering is so-called dwell-time switching, see e.g. [103].
Here, the basic idea is to have some fixed time 7 > 0, called the dwell-time, such that, once
a mode [ is chosen the system will remain in this mode for at least a time 7 before another
mode transition can occur.

In general, during the numerical integration of hybrid systems all mode transitions have to
be observed closely to detect numerical chattering. If numerical chattering occurs during
the numerical simulation appropriate measures should be taken.

5.6 CONTROL OF SWITCHED SYSTEMS

In this section we consider hybrid control problems, i.e., hybrid systems H as in Definition
5.3 consisting of DAEs (5.3) with specified undetermined parts u! describing the controls.
In control problems the system inputs ' are used to steer the solution of the system so that
a given property is satisfied. In general, classical control concepts for DAEs can be applied
to hybrid systems locally in every mode in the same way as the index reduction described
in Section 5.2, but some attention has to be paid to the transition of the system state
between modes. Choosing a control u! in some mode [ influences the transition conditions
and mode changes of the hybrid system as well as the points in time at with switching
occurs. Thus, changes in the controls lead to a huge number of possible hybrid mode
trajectories and hybrid time trajectories. In addition, transitions between modes often
cause nonsmoothness of the solution which complicates the minimization problem used in
the optimal control theory.

In the following, we will restrict ourselves to hybrid systems H with linear time-invariant
DAEs of the form

E'it = Alz' + B!, (5.49a)
y' = Clat, (5.49b)

in each mode [ € M, where E!, A' ¢ R™", B' € R™* and C' € RP" are constant matrices.
In the control context, systems of the form (5.49) are also known as descriptor systems.
Here, z' : D; — R™ represents the state of the system in mode [, u' : D; — RF is the
input or control and ' : D; — RP is the output of the system in mode [ € M. As the
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output equation (5.49b) does not contribute to the analysis of the system behavior, it is
often omitted in theoretical considerations. For a particular input u' the system (5.49)
represents a differential-algebraic equation, such that the solvability theory for control
problems is related to that of DAEs. Using a behavior approach, see e.g. [67], by setting

the system (5.49) corresponds to a linear DAE and the general theory of hybrid systems
can be applied, especially the reduction to strangeness-free form described in Section 5.2.
In the following, we will describe the main ideas for controlling hybrid systems H with
descriptor systems of the form (5.49) in each mode. At first, we consider open loop control
problems in Section 5.6.1, then feedback control in Section 5.6.2, and hybrid optimal control
problems in Section 5.6.3. Finally, in Section 5.6.4 we present an approach allowing sliding
mode control for linear hybrid descriptor systems.

5.6.1 Open Loop Control

In open loop control the question whether a system can be steered from an initial state
xo at time ty to another state z; at time t; is examined. Thus, we have to analyze if
a hybrid system H can be transfered from every possible state to every other state by
choosing suitable input functions u!(t) in every mode [ € M. We start with recalling
some important definitions in control theory. The first term concerns the solvability of the
descriptor system in mode | € M for every input function and every initial value that is
consistent with this input.

Definition 5.31 (Consistency and regularity of control problems). The control
problem (5.49) in mode [ € M is called consistent if there exists an input function u! such
that the DAE (5.49) is solvable. It is called regular if for every sufficiently smooth input
function u! the DAE (5.49) is solvable and the solution in mode [ is unique for consistent
initial values.

Then the following Corollary can be formulated characterizing the solvability of the de-
scriptor system (5.49) in mode [.

Corollary 5.32. If the pair (E', Al) of square matrices is reqular (see Definition 2.28),
then the control problem (5.49) in mode | € M is consistent and regular. If (E', AY) with
EY AL € R™™ s a singular matriz pair, then the control problem (5.49) in mode | € M is
not reqular.

Proof. See [82, Corollarys 2.54 and 2.55]. O

Further, we define the terms controllability and observability for the descriptor systems
(5.49) in each mode.
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Definition 5.33 (Controllability). The descriptor system (5.49) in mode [ € M is called
completely controllable if for any given initial state a'(ty) = 2° € R at t, € I; C D; and
any final state z1 € R™ there exists a control input u! such that the solution of (5.49) with
this control input fulfills '(¢;) = 2! after finite time ¢; with ¢, < ¢; < oo, and #; € I;.

Definition 5.34 (Observability). The descriptor system (5.49) in mode | € M is called
completely observable if the zero output of the descriptor system with u' = 0 implies that
this system has the trivial solution z' = 0 only.

Note that Definition 5.33 implies that, if the descriptor system in mode [ is completely
controllable from (tg,x¢) to (t1,71), then the hybrid system H stays in mode [ at least
until x; is reached. In general, descriptor systems of the form (5.49) are not completely
controllable or completely observable, since the algebraic constraints fix the solution and
the output onto the constraint manifold. For this reason we also consider the following
definitions.

Definition 5.35 (Reachability, R-controllability). For the descriptor system (5.49) in
mode | € M, a set R! C R" is called reachable from zl if there exists a control input u'
that transfers the system from !, to some 2} € R! in finite time, while staying in mode .
System (5.49) is called controllable within the reachable set R (R-controllable) if any state
in R! can be reached from any consistent initial state x}.

Definition 5.36 (R-Observability). The descriptor system (5.49) in mode | € M is
called observable within the reachable set (R-observable) if the zero output of the descriptor
system with u' = 0 implies that all solutions of the system satisfy Plz! = 0, where P! is
the projection onto the right deflating subspace corresponding to the finite eigenvalues of

(E', AY) (see the definition in (2.9)). A hybrid system H is called observable within the
reachable set (R-observable) if it is R-observable within each mode [ € M.

In the following, we assume R-controllability and R-observability of the hybrid system H,
as well as unique solvability locally in each mode [ € M.

Assumption 5.37. For a hybrid system H as in Definition 5.3 with linear descriptor
systems (5.49) in each mode | € M, let (E', A') be square and regular with m = n for
all 1 € M. Further, assume that (5.49) is R-controllable as well as R-observable for each
mode.

For linear time-invariant descriptor systems (5.49), these controllability and observability
concepts can be characterized algebraically in terms of the matrices E', A, B! and C'.

Theorem 5.38. Consider the quadruple (E', Al, B',C') as in (5.49).
1. The descriptor system (5.49) in mode | € M is completely controllable if and only if
rank[a B — A, Bl =n
for all (o, ) € C*\{(0,0)}.
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2. The descriptor system (5.49) in mode | € M is completely observable if and only if
_ BAI}

rank =n

[&El
Cl

for all (a, B) € C*\{(0,0)}.
3. The descriptor system (5.49) in mode | € M is R-controllable if and only if

rank[\E' — A", B'] = n
for all X € C.

4. The descriptor system (5.49) in mode | € M is R-observable if and only if

AE! — A
rank ! =n

for all A € C.
Proof. See [19, 30]. O

Before we define the terms reachability and R-controllability for a hybrid system H we
introduce the term execution of a hybrid system for convenience.

Definition 5.39 (Execution). An ezecution of a hybrid system H as in Definition 5.3 is
given by (77, {(xl (t),1;)}) with hybrid time trajectory T, = {[r;, 7/)} and hybrid solution

/

trajectory {(x'i(t),l;)}, where for each interval [r;,7/) we have that 2'i(¢) is a solution of

the DAE in mode [; for all t € [r;,7/), and Ll (], 2% (7!), 3% (})) = TRUE for some j € J'.
Further, we have [;;; = S%(j) and T’“( (7' ), 25 (7)) = [zl (1), #li (1i4)).

7 (2

Definition 5.40 (Reachable state). A hybrid state (£,1) € R™ x M is called reach-
able if there exists a finite execution (T, {(z"(t),;)},) with T, = {[n, 7))}, and
(#'%(7x),ly) = (2,1). The set of all reachable states of a hybrid system 7 is denoted
by R'H'

Definition 5.41 (Reachability and R-controllability of a hybrid system). For a
hybrid system H as in Definition 5.3 with descriptor systems (5.49) in each mode a set
R C R™ x M is called reachable from the initial state (x4, 1,) if there exists a sequence of
control inputs u', u’2, ... 4!~ and a corresponding mode trajectory T, = {l;}¥,, such that
the system state is transfered from (24, 11) to some (z'*,1;,) € R in finite time. The hybrid
system H is called controllable within the reachable set (R-controllable) if any hybrid state
in Ry can be reached from any consistent initial state (x5 ,1).

Under Assumption 5.37, we can give necessary conditions such that the hybrid system H
is R-controllable, i.e., for every consistent initial hybrid state we can find a sequence of
controls that steers the system to any state in Ry.
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Figure 5.12: Controllability of a hybrid system

Theorem 5.42. Consider a hybrid system H as in Definition 5.3 with descriptor systems
(5.49) in each mode | € M and assume that Assumption 5.37 holds. Further, let (xh,1,) €
R™ x M be a consistent initial hybrid state, i.e., 3:61 18 consistent for the DAE in mode

ly € M. Then, the hybrid system H is R-controllable and R-observable if and only if

1. for any mode l;, € M there exits a hybrid mode trajectory T,, = {l;}%_, with finite
number of transitions k < oo, and

2. ali(t) given by T}: (a=1(t), a1 (t)) = [ali(t), 4" (t)] is consistent for every t € T with
the DAE in mode l; € T,,.

Proof. Under Assumption 5.37 we have unique solvability for consistent initial values and
given controls u! in each mode [ € M, due to Corollary 5.32. Assume that H is R-
controllable and R-observable. Then, for any consistent initial state (xél,ll) any hybrid
state (xl]f, l) € Ry can be reached. This means that xlf € R and there exists a sequence
of controls {u'}%_ | and a corresponding mode trajectory Ty, = {l;}%_, such that the state
atf)l is transfered to :)slf’c Further, the initial conditions after mode changes have to be
consistent in the new mode to ensure the existence of a solution. On the other hand, we
consider an arbitrary xlf € R!* in the reachable set R of some mode [;, € M. Then, due to
the assumptions, there exists a mode trajectory T,,, = {l;}*_,. Further, due to Assumption
5.37, in each mode [; € T}, we can find a corresponding control u' that steers the solution
to some z* for which the next transition condition is satisfied, and thus the next switch
point 7; is defined. As the initial conditions after each mode transitions are consistent
in the new mode for every ¢t € I, the mode transition can be performed and the solution
evolves in the new mode. After a finite number of transitions the system reaches mode [},
and a control u'* can be chosen that transfers the state to xlji“ See also Figure 5.12. 0
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5.6.2 Feedback Control

In the control context a common approach is to modify the system properties using so-
called feedbacks, i.e., the input is chosen on the basis of observations from the state or the
output that can be measured. In a hybrid system H possible feedbacks for the input u! in
mode [ € M are given by

u' = Fla' + ', (5.50)
u = Fly! + ', (5.51)
i.e., proportional state feedback (5.50) with F* € R®™ or proportional output feedback (5.51)

with F! € R¥P_ respectively. If we apply these feedbacks as controls to the system in mode
[ € M, we obtain the so-called closed-loop systems

E'i' = (A' + B'FYa! 4+ B, (5.52)
or
E'it = (A" + B'F'[CHa! + Bl (5.53)

Under certain conditions we can find a feedback in mode [ such that the closed-loop systems
(5.52) or (5.53) in mode [ are regular and of nilpotence index ! at most one.

Theorem 5.43. Given a matriz quadruple (E', A', B',C') as in (5.49).

1. There exists a matriz F' € R*™ such that the matriz pair (E', A + B'F') is reqular
and of index v = ind(E', A' + B'F") at most one if and only if E' and A' are square
and

rank [E', A'T', B'| =n, (5.54)
where T' is a matriz whose columns span kernel E'.

2. There exists a matriz F' € R*? such that the matriz pair (E', A'+ B'F'C") is regular
and of index V' = ind(E', A" + B'F'CY) at most one if and only if E' and A’ are
square and (5.54) as well as

El
rank | (Z)T Al =n, (5.55)
Ol
hold, where Z' is a matriz whose columns span kernel (E')T.

Proof. See, [82, Theorem 2.56]. O

In a similar way as before, if feedbacks in each mode [ € M can be chosen such that the
closed-loop systems in each mode [ are regular and of index at most one, then the complete
hybrid system H is regular and of maximal index at most one.
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Theorem 5.44. Consider a hybrid system H as in Definition 5.3 with descriptor systems
(5.49) in each mode | € M. Suppose that E', Al are square and the rank conditions (5.54),
and (5.55) hold for every | € M. Then, there exist feedback controls (5.50) or (5.51) in
each mode such that the hybrid system H is reqular and of maximal index at most one.

Proof. Due to Theorem 5.43, there exist matrices F} € R¥" and F} € R*P in each mode

[ € M such that the matrix pairs (E', A' + B'F}) and (E', A' + B'F.C") are regular and of

index v < 1. Thus, the hybrid system H is regular and max V<1 O
S

Note, that Theorem 5.44 does not guarantee the existence of a solution of the overall hybrid
control problem.

Example 5.45. Consider a hybrid differential-algebraic control problem H consisting of
the following two closed-loop control systems

2=l o+ s m) [2] wmoden
o= o+ [ m)[2] mmode

Condition (5.54) holds for both systems such that we can find a feedback for which the
closed-loop systems in both modes are regular and of index at most 1. Choosing [F 1 Fg} =
[0 1}, for the system in mode 1 we get the matrix pair

(b 23],

which is clearly regular and of index v! = 0 and the unique solution is given by

I — e(t=t0) Z1,0
X2 L2,0 ’

for some initial values 1, x29. For the system in mode 2 we get the matrix pair

(b o] lo ).

which is also regular and of index v? = 1 and the unique solution is given by

=l

Thus, if the hybrid system switches from mode 1 to mode 2, then a solution of the hybrid
control system only exists if the initial values after the switching are consistent with the
DAE in mode 2.

As emphasized in Example 5.45, in order to guarantee that a feedback control exists such
that the hybrid system H is regular and strangeness-free and possesses a solution, addi-
tionally consistency conditions for the transition functions need to hold in the same way
as in Theorem 5.42.

and
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5.6.3  Hybrid Optimal Control

Classical control applications such as stabilization of a system or path following can often
be formulated in terms of optimal control problems. In hybrid optimal control problems
the aim is to find an optimal hybrid solution trajectory such that a cost functional is
minimized subject to the systems dynamics, as well as further constraints defining the
transition conditions. For hybrid systems the optimal control problem has been introduced
in [12, 94]. The linear-quadratic optimal control problem for hybrid systems consisting of
ordinary differential equations has been studied in [126].

In contrast to the standard optimal control problem, the parameters that can be optimized
in hybrid control systems are the control inputs «!, the number of switchings and the
switching times, as well as the mode sequence, i.e., the order in which the transition
conditions are satisfied. Here, we will assume that the system switches between modes a
fixed number of times. In [154] a two stage optimization method for switched systems has
been proposed which first computes optimal control inputs u! and a hybrid time trajectory
for a given number of switchings and a given sequence of active modes, and in a second
stage updates the number of switchings and the mode sequence to optimize the solution
obtained in the first stage.

In the following, we assume that the initial time ¢y, and a consistent initial state xq are given
and that the final time ¢; is fixed. The final state x(¢;) is assumed to be free. Further,
we restrict ourselves to autonomous switching at times 7;, ¢« = 2,..., Ny induced by sign
changes in the switching functions given by g}(t,z) for all I € M, j € J' = {1,...,nk}.
Further, we set 7 =ty and 7n,41 = t;. Then, the linear-quadratic optimal control problem
for a hybrid system H as defined in Definition 5.3, with linear descriptor systems of the
form (5.49a) in each mode [ € M (omitting the output equations) and with a finite number
N1 < o0 of subintervals, can be defined as follows. For given ty, ¢, with ¢, < t; < oo,
initial condition

x(to) = 2°, (5.56a)

and initial mode [; € M, the hybrid optimal control problem is to determine a sequence
of control input u(t) = {u’(t)}X,, a corresponding sequence of switch points 7 = {7;} .,
and a corresponding mode sequence {li}f-vzﬂl, where [; € M is the active mode in the interval
75, Tiz1), which drives the state z(t) = {z%(t)}¥,, starting from the initial value z° at t,
in initial mode [;, while minimizing the following quadratic cost functional

S(wu,7) = % {x(tf)TMI(tf) +z]:v; /+ mT {%T f{l} [ﬂ dt}, (5.56b)

where M € R™" and Q;, € R™" are symmetric positive semi-definite matrices, R;, € R"*
are symmetric positive definite matrices, and S;, € R™*, for all I; € M, subject to the
system dynamics

By = Alix + By, fort e [r,miy1), i=1,..., Ny, (5.56¢)



182 SWITCHED DIFFERENTIAL-ALGEBRAIC SYSTEMS

with B Al € R™" BY% ¢ R™* in each mode [;, and subject to the constraints
g;i(Ti+1,I(Ti+1)) :0, for i = 1,...,N]1—1, j € Jli. (556d)

In the following, we set

g1 (t, 2(t))
g (t,a(t) = :
gt (1, (1)

Note that u and x in (5.56b), (5.56¢), (5.56d) always denote the control u!" and the state
2% in the corresponding mode I; for t € [7;, 7;11). We omit the subscript I; for ease of rep-
resentation. Further, we require that the solution x(¢) of the hybrid system is continuous,
i.e., at the switch points we have

(Tip1) = 2(7,,), fori=1,...,Nj—1, (5.56€)

where x(7,,,) = lim (t) is the value of the solution in the previous mode expanded to
t_m—z‘:tl

the switch point. The sequence of switch points and the sequence of modes depend on the
state x(t) as the switch points are the roots of the switching functions, and the next mode
l;+1 is determined by the mode allocation function via

lisn = S"(4). (5.56f)

In the following, we assume without loss of generality that the DAE (5.56¢) in each mode
[; is regular and strangeness-free as a free system without control, i.e., when v = 0. This is
not a restriction, since we can always use index reduction for the behavior formulation and
feedback regularization to obtain a reduced system with these properties in each mode,
see e.g. [83]. Further, we assume that the initial conditions z(7;") are consistent for all
successor modes I; in [r;,7;41) and that Mxz(t;) lies in the cokernel of E'i. Again, the
requirement of consistent initial conditions is not a restriction, since they can be obtained
from the reduced system. Then, by using calculus of variations we can derive necessary
conditions for optimality of the hybrid system that lead to a sequence of two-point boundary
value problems with additional transversality conditions at the switching times.

Theorem 5.46. Consider the optimal control problem (5.56). Let u,, x,, and 7, = {77},
be the optimal solution of the optimal control problem, with u, € Ug(r,) = {u(t) €
R* | u(t) piecewise continuous on [7¥,77.,) for all 77 € 7.} and z, € C°([to,ts],R") the
corresponding solution of

Eii = Az + Bliu,, forte [t5,75).

Suppose that (5.56¢) is reqular and strangeness-free as a behavior system and that Mx(ty) €
cokernel (E"™1).  Further, let g'(t,z(t)) be differentiable and assume that 24 (t,z(t)) is
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nonsingular for all t € [17,774], l; € M . Then, there exist a piecewise continuous co-

state \(t) € R™ and Lagrange multipliers n% € R”lf;, with 0t # 0, I; € M, such that
7, (t), \M(t), u.(t),7 and n'* solve the linear boundary value problem

0 E% 0] [A 0 A% B4 [A
—(ET 0 0| 2| =AY Q, S,| |z|, forten, Tit1), (5.57a)
0 0 0] [u (BT ST Ry| |u

with boundary conditions
w(to) = 2%, (B"™)TA(ty) = Ma(ty), (5.57b)

and transversality conditions at the switch points of the form

VIR U ,
(BN = 54 (T, (7)) o' (5.57c)
. AN .
(B )IAN(r) = (B A(ri5) - §gfé(7i+1;$(7z‘+1))T77lza (5.57d)
[{lH—1 (5U> u, >\) ‘Tiil - Hli(xv u, )‘) }Tﬁl + Q,ZZ (Ti-i-la x(TH-l))Tnlia (5576)

fori=1,..., Ny — 1, where the Hamiltonians H'(z,u,)\) in each mode | € M are defined
by

HY(z,u,\) = 27 Quz + 2" Syu + v’ 'SPz + u” Rju + N7 (Alz + B'u) + (Alw + Blu)' A

Note that 77 = 7 =ty and TX,H 41 = Tni+1 = ty are fixed and we have discontinuities in A
and in the Hamiltonians at the switching times 7;, 1.

Proof. We use a variation of the Pontryagin maximum principle, see e.g. [69]. Let u, be
an optimal control. We consider the first order variation

u(t) = ui(t) + ev(t), (5.58)
with v(t) chosen such that u(t) € Ug(7). Then, for each mode I; we have
Elig = Alig + B (u,(t) +ev(t)), € [, Tis1),

and the local solution is given by

2(t) =" AT BP Ba(r7) + / PP A=) EP B, (s) + ev(s))ds
vli—1 Adi

— (I — EPFE) ; (EAD)"ADB%(u*(t) + ev(t)),
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where z(7;7) = lim z(¢) is the value of the solution in the previous mode expanded to the

t—T,
switch point and E = (AEi — AW)71El A = (\EY — Al)~1 Al B = (AE" — Ab)~1B for
some A € R, and v = ind(E', A%), see also Theorem 2.31. This gives

t o o vhi—1 o S
w(t) =z, (t) + e / A EP Buy(s)ds — (I — EPE) Y (BAP) AP Bl (t)
Ti =0

=2, (t) + p(?),
i.e., the corresponding variation of z, where ¢(t) solves the DAE
E'ip = Alip + Bio(t), ¢(r;) =0, fort € [r,Tis1).
Further, we consider the corresponding variation of the switch points
T=1+0m, i=1,...,Ni+1,

that depends on the variation of z in such a way, that if 777, is a root of géf' (t,24(t)), then
Tis1 18 a root of gé (t,z(t)). Thus, from

0= gé (Tit1, 2(Ti41)) :gé‘i (751 + 0Tig, T4y + 0Tig1) + e0(7/41 + 07it1))
. * l; * * l; * *
:67—1'4-1[x*(7i+1)gj;ac(7—i+17 x*(ﬂ'ﬂ)) + 9j;t(7'i+1a x*(ﬂ'ﬂ))]

* li * *
+eo(171) 95 (T, (7)) + heot

we get

Sris = —eplt) | o 0)] o) (5.59)

%
=77

We assume that all 47; are sufficiently small, i.e., 777 + 071 < 77°+07; < 7/ + 07541, and
the successor mode is still given by ;41 = S%(3), i.e., no other root in gfj, ke Ji k#j

L
occurs before. Next, we introduce Lagrange multipliers n% # 0 € R"r for all [; € M and
form an augmented cost functional

Ny—1

Sa(z,u,7) = % {x(tf)TMx(tf) + Z (") g" (7is1, 2(7i41))

=1

Np Tit1 T
! T Qli Sli xT
2] B AR}
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Introducing another Lagrange multiplier function A(¢) and using the Hamiltonians H'
locally in each mode [;, the cost functional S,(x,u, ) can be written as

Sa(xv u, T) = % {x(tf)TMx(tf) + Z (nli)Tgli (Ti—l—h x(Ti-&-l))
+y / N, 2) - N () - (Eliy'c)T)\)dt} ,

and analogously for uy, ., 74

Ny—1
1 . - *
Salte, e, ) = 5 {x*(tf)TM voty) + Y () g (T (7))
i=1

N:[ T*
i+1
+> / (H" (2, up, N) — AT (EYi,) — (El":b*)T)\)dt}.
i=1 /7
Combining these formulas, we get

Sl 7) = Sulity, 1, 7) :% { w(t )T Ma(ty) — o (t)T M (t)
3 0V (e, wlrian) — 6,2 )]

=1
N T

+ Z/ CHY (2,0, N) — HY (00, N))dt
i=1 Y7

Ny T*
i+1
+) / (N (BYi, — Elid) + (B, — EYa)T \)dt
i=1 7T h N~ g

J/

-

—eEli¢ —e(Elig)T
—26>\‘;Eligb

o [Tt I Tl Li :\T
+Z/* (HY (z,u, \) — \T(EYi) — (E%&)T\)dt

i=1 Y Tit+1

M T 0T
S [ ) - T(E) <Elia;~>TA>dt} ,

i=1 77

using that 7; = 7 + 67; and d7; small enough. For ¢t € [/, 7, ;) we have

% {H"(z,u,\) — H (24, us, A) } :% {27 Quz + z"Su+u" Sz + u" Ryu
+ M(Alg 4 Bliu) + (A2 4 Bliu)T )
—2TQux, — 2T S u, — ufsgx* —ul Ry u,
MN(Abz, + Bhu,) — (Alz, + Bliu*)T)\} ,
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and using that

U=1Uy TV, T=0x,+Ep,

we get

5 () = B N} =5 (21 Qui + 07 Quas + TS0 + 67 S
+ ufog@ + vTSlfx* +ul Rjv + v Ryu,
+AT (A% + Bhv) + (Ap + Bho)"A} + O(e?)
=¢ { (2 Qi +uy Sy + XAy
+[2l S, + ul Ry, + A" Biv} + O(e?).

Further, we have

9" (Tir1 2(1i41)) — ¢ (Thy, 2 (7))
= gli(Ti:-I + 071, (7741 + 0Ti1) +ep(7) + 07i1)) — g" (75, 2 (7)

= 5Tz‘+19;lz (Ti*+1a x*(T;—H)) + (590(7'111) + 5Ti+1$*(75+1))9li(7;+1a x*(Tz‘*ﬂ)) + R(07i41,€),

i

where the remainder term R(07;41,¢) contains higher order terms of the variations 67;11
and e, and

"Mz — 2" Mz, = 2ex” My + O(<?).

In addition, via partial integration we get

T
—/ eMTElipdt = — eATElip

*
Ti

o T, )
AR 6/ N Elipdt

T,
= —eX' (77 ) Elo(r]y,) + ¢ / N Elidt,

i
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such that, altogether, we have
Sa($, u, T) - Sa($*, Uk 7—*) = 0(52) + 5$T(tf)M¢(tf)

+ R((ST/L'+1, 6)

*
Tit1

Ni—1
1 _ . . .
+3 200" (71l (b 2) + (20 () + 071 (1) gl (1,2

Ny Tj* .
+ EZ/ +1([fol¢ + UZS{ + )\TAI«L + )‘TEli](p + [xfslz + UZRlz + )\TBli]U)dt
=177

Np
—€ Z /\T(T;+1)Eli‘p(7_;+1)
i=1

Ni—1 Ti*+1+67—i+1
1
+5 2 / (H" (z,u, A) = H' (2, u, \) = 20T (E" — ) i)dt
=1 ¥
Tit1

*
TNH+1+6TNH+1 T +0T1

1 1
- / (H™i (2, u,\) — 22T Elwm':)cht—5 / (HY (z,u, \) — 20T EL &) dt.

T3

*
TNp+1 1

Since 073 = d7n41 = 0, the last two integrals vanish and from the midpoint theorem
of integral calculus (see e.g. [41, §18, Theorem 7)) it follows that there exist a &1 €
[TF T + 0T, t =1,..., Ny — 1, such that
Ti*+1+67_i+1
(H'(2,u, \) — H ' (2, u,\) — 2AT ((B% — E's)g))dt

*
Ti+1

= 0741 (Hli(x, U, \) — Hl"“(x, U, \) — QAT(EZ" — Eli“):t)

Eir1 '

Since 67,41 is small, we can assume that 1 = 777, and with (5.59) and defining

d , ‘o,
Glt.o) = | gobto)| - e

Sal@, 4, 7) = Sa(@s, us, 7i) = O(%) + e, (ty) Mop(ty)

—5e ) (M)TelGt 2. (it a.) + dugiy(t ) — gu(t2)]| L+ R(0Ti, €)

i+1

T .
+e) / : (2l Qi +ul S+ AT A" + NTEM o + [z]S), + ul Ry, + AT BY]v)dt
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Ni—1

1
— 5 D @Gt x) [H (w,u,\) — H'™ (2, u,A) — 2\ (E" — B'+)i]
=1

. -
Tit1

Since Sy (x, U, T) — Sa( Ty, us, Tx) > 0 for all £ that are sufficiently small, it follows that the
factor of € must vanish for all v and corresponding . Choosing A as solution of

—(E"TAt) = (A)TN\t) + Quay + Syu,,  for t €[5, 77,) (5.60)
with terminal conditions
(BN () = 36w, fori=1, N—1,  (561)
and
(E™) A (TR ) = Ma(ty), (5.62)

the first part of the integrand vanishes and we get as second condition that

Ti*+1
/ 278, +ul' Ry, + \N'BYvdt =0, for all v € Up(r).

i

Thus, it follows immediately that
2l S, +ul R, +\'B =0, forallte|r},17,). (5.63)
The conditions for the remaining terms in the first and last sum to vanish are given by

9 )| = H N gl (e () o

Tit1 i

. . _ 1, , . . .
(EZZH)T)‘(T;H) = (EZZ)T/\<7'¢+1) - igl;(7i+l7x*(7—i+1))Tnll’

(5.64)

)

Taking together equations (5.56a), (5.56¢), (5.56d), (5.60), (5.61), (5.62), (5.63), and (5.64)
we get a sequence of two-point boundary value problems (5.57). 0]

To prove the opposite statement, i.e., that the solution of the boundary value problem (5.57)
yields a solution of the optimal control problem (5.56) we need some further assumptions
on the cost functional and on the switching functions.

Theorem 5.47. Let z,, \, u,, T,,n' be chosen such that they solve the boundary value prob-

lem (5.57). Further, let the matrices [g% Zl’] be positive semi-definite and assume that
li li
g € C*(|m, Ti_t'_l],Rn’llé) for all modes l; € M with

(ﬁli)Tg;liz(TiH, z(7it1)) > 0. (5.65)

Then,
Sa(.flf, U, 7-) 2 Sa(m*a u*, 7-*)

for all x,u, T satisfying (5.56a), (5.56¢), (5.56¢), and (5.56d).
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Proof. We define
o(s) = Sa(szs + (1 — )z, suy + (1 — s)u, s7 + (1 — 5)7).

Then, the assertion is equivalent to the statement that ¢(s) has its minimum at s = 1 for
all x,, uy, 7, satisfying the hybrid system H. As ¢(s) is quadratic in s it has a minimum
for s = 1 if and only if

d d?
—¢ =0, and —¢ > 0.
ds s=1 d82 s=1
We have
d¢
% - Sa;x(z*a Uy, 7_*)(37* - 37) + Sa;u($*> Uk T*)(“* - u) + Sa;‘F(x*’ Uy, T*)(T* - T)’
s=1
and
1 N]I—l N]I Ti*+1
_..T INT i T ToT
Suse (s ey ) = T, My + 5 ; (") gt )]+ ;/T (z1'Qy, +ul'S])at,

NH T*
i+1
Sa;u(xﬂ Ux, T*) = Z/ (xfslz + qulz)dt7
i=1 Y77

Ni—1
1 , . . .
Sor (@t ) = 5 > (1) (g3 (8, 2.) + gl (8, 2.)i)|
2 i=1 , ’ T
_I_ 1 i Ty g Qll Sll Ly e
2 1 U* Sg; Rll U* .
Further, we have
Ny " T Q IS " T Ny .
B 8 A - e -
i—1 i i 1 i=1 Z
Ni—1
== [H" (2,0, A) = H (2,0, A) = 20 (B" = B")i]|
1+1
i=1
— [H" (@ u, ) = 20BN ]|+ [H™ (2, u,, A) = 20BN ]|
1 TNp+1
and thus, we get
d
d—f . = fo(x* — x)|tf
| Nl
+3 (nli)T [g;l;ic(tv x*)(x* - x) + (glé (t» x*) + 95;(75» x*)x'*)(Ti*H - Ti+1)} o

i+1
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+3 [ @t~ 0) + T ST — )
1,21 T’L
M T

S / (7S, (s — ) + uT Ry, (u, — u))dt
i=1 YT

1

72 Z [ (@ ) = HY (@0, A) = 2B = Yo (7 = Tina)
1

=S (200, A) = 20T B o (7 = 1)

1 . *
_'__[HIN]I(;U*? Uy, /\) — QATEanx*]T]*VHH (TNHJrl — TNH—l-l)'

Since 71 = 71 and Ty 11 = Ty, 41, the last two terms vanish. Multiplying the second equation
of (5.57a) once with 7" and once with z and inserting the other two equations of (5.57a)
yields

TQua, = —aT(B4)TA - 2T (A)TA — 2 S,

=~ (B")TA =& (B")"A +u (BY)'A — 2 Sy,

= —2l(E")"A — 2l (E")"A — ul'ST'w, — ul Rju, — 22 Sy, (5.66)
TQux, = —2T(E%)TA = T(E")T) - u' Sl x, — u Ryu, — 27 S, (5.67)

and therefore

foli (xy —x) =— Nl (xy —x) — AT Bl (T, — @) — foli (uy —u)

—ul Ry, (uy —u) — ul S (z, — ).
With this we have

dg(s)
ds

s=1

Np T*
i+1 .
=z, M(z, — )|, — Z/ MNEY(z, —x) + \TE" (3, — &)dt
i=1 /7

1

=

FﬁH

+

() [915 0 a) = 2) + (gt 2) + )i ) (e = 7is)]
=1

-1

[Hli“(x*, Usy \) — Hli(x*, Usy N) — 2/\T(El“rl Eb )x*]

5@

e ( i*+1 - Tz‘+1)-

DN =
Il
—

i

Using partial integration, we get

T, g T
/ AT B (2, — 2)dt = NTEY (2, — )|+ — / N BN (i, — i)dt,

@ %

Tt
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and thus, we have

do(s) - -
_ T T 1l; T 1l;
ds |, =z, M(z, —x)\tf —ZZ:; N E(z, — ) - —1—2 N E(z, — ) -
1 . . . . ) N
+ 5 (nl’)T [g;l}(ta o) (T — ) + (gfz (t,z) + g;l;(t7 x*)x*>(7'i+1 - Ti+1)} T

=1

e (7}'*+1 — Tit1)-

1
-5 Z (' (20, e, ) — HY (24, w0, A) — 20T (B0 — E)i]|
=1

With the conditions (5.57b), (5.57¢), (5.57d) and (5.57e) all of the above terms vanish and
we have Z—f |S:1 = 0. For the second derivative of ¢ with respect to s we get

d2¢(5) o T T
d82 - (ZC* - I) Sa;l‘x(x*v Ux, 7'*)<ZL’* - ZE') + (U* - U) Sa;uu(x*y Uy T*)(u* - U)
s=1
_I_ Sa;TT(:E*a u*a 7-*)<7_* - 7-)2 + QSa;xu(l’*a u*7 T*)(x* - x)(u* - U)
+ 280 Ty U, ) (T = T (@6 — @) + 28070 (T U, o) (T — T) (U — 00).
We have
Ny
Sa;m: (37*; Uy, 7—* =M+ - Z gx;c t .’/U* + Z Qli (Ti*—i-l - 7'2*),
Tl =1
1
Sa;xu(x*vu*’T*) = 2 Z(Sl + Sl )( Tit1 — *)7
=1
1 Np—1
_ INT (L l; T T Ti
Sa;a:T($*vu*7T*) - 5 2; (77 ) (g;:vt(t’ l‘*) +g;zx(t7$*)$* T + 2; Ql + Uy Sl ) +1 )

Sa U x*) U 7—* § Rl 1+1

N]I
Sa;uT(fE*au*,T*) = Z ( TSl + UTRZ )
i=1
=
Sairr (T, Une, T) = 5 Z (nli)T(g;ltit(t, Ti) + 2gf§x(t, T )Tn + g;l;'cx(t, T,)E2 + g;l;'c(t, T )T
i=1

'L+1
Y

*
Tit1

Ny
13, y N 7
+5 Z; = [H’z(x*, e ) — AT (Blig,) — (Ehx*)TA} n-*H ,

using the symmetry of second derivatives of g'. Altogether, we have

d2¢) T Ty — X T Qi S| |ze—7 N .
ﬁ =1 - ($ — l’) M — fl? + Z |:U* . ’U,:| |:Slj: Rl2:| |:’LL* _ 'U,:| (Ti+1 — T’i ) (569&)
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1 Ni—1
+35 2 @ o) ) gtz (2 - )| (5.69b)
i=1 Tit
Np—1
+ Y ) (g2 + (b e | (re =T (@ — ) (5.69¢)
i=1 Tit
1 Ni—1
5 D (it 20 + 20, (6 2w + gl (E )33 + gl (b 205 |  (n—7)7 (5.69d)
i=1 Tit1
Ni—1
—2 ) N(E" = B (2 — @), (72— 7) (5.69¢)
=1
Ni—1 1
+ Y [§(H;l§ — Hy) = AT(BY — Bhn)i, — N (BN — E““)fm} (e —7)%, (5.691)
i=1 T
using (5.68). From (5.57d) and (5.57e) we get that
- 1 | :
NEN| = o) gt @) + gl (8 0)d]|
Tit+1 2 ' ' Tit1

AT (B — Bl

)
Ti+1

1 or | .
= S0 gt ) + g5, (¢, 2)d]

Ti+1

=—('")" (g5t 7) + g, (t, 2)7]

Ti+1

l; lit1

Tiy1 '

such that the terms (5.69¢), (5.69d), (5.69¢) and (5.69f) vanish and we obtain

d2¢ T il Ly — T r Qli Sli Ty — T * *
1 Ni—1
+ 5 Z (33‘* - x)T(nll)Tg,lgcx(ta x*)(x* - 33) .
i=1 Tit1

Since M and [g% }Szl’] are positive semidefinite for all modes and

(1) Gt (i1, 0¥ (71)) 2 0

for all [; € M we have that ‘57‘5

> 0. Il
s=1
Qi Sy,
st R,
holds for the switching functions, and if x,, A, u,., 7, and n satisfy the boundary value
problem (5.57) with the given transversality conditions, then x,, u, and 7, form the optimal
solution of the hybrid optimal control problem (5.56). Unfortunately, these conditions are,
in general, not necessary, since the solution of the boundary value problem (5.57) may

Thus, if the matrices } are positive definite for each mode [;, the condition (5.65)
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not exist or may not be unique. The solution of the boundary value problem (5.57) for
each mode [; € M can be obtained by solving an initial value problem for a matrix Riccati

equation in the same way as in the standard linear-quadratic optimal control problem for
DAEs, see e.g. [83].

5.6.4 Sliding Mode Control

The freedom in the choice of the controls u! in each mode can also be used to steer the
system dynamics during sliding motion in such a way that the solution trajectory of the
hybrid system stays on the switching surface and in addition evolves as smooth as possible
over the switch point. Thus, the principle of sliding mode control is to choose a control
law, such that the solution of the descriptor system is forced to stay on a certain switching
surface. Sliding mode control is widely used in the control theory for ordinary differential
equations, for an introduction to sliding mode control see e.g. [145, 146]. To force the
system state to stay on a switching surface, one must ensure that the system is able to
reach the switching surface from any initial condition and, having reached the switching
surface, that the control action is able to maintain the system state on the switching
surface. In the following, we consider a linear hybrid system H that switches between two
modes [ and k described by the linear time-invariant descriptor systems

E'it = Azt 4+ Blul + bl(t), (5.70)
and
EFi% = AFah 4 BRGF R (1), (5.71)

with z!(t), 2% (t) € R". Here, we have again omitted the output equations as they do not
contribute to the following analysis. We assume that switching occurs along the switching
surface gél (t,2!) = —gﬁ (t,z%) = 0 with j; € J', j, € J*¥ and that a sliding condition is
satisfied. Further, we assume that the descriptor systems (5.70) and (5.71) are regular
and R-controllable as well as R-observable, i.e., the Assumption 5.37 should be satisfied,
and further the transition function 7} should provide a smooth solution. Using a behavior

approach, i.e., by setting
Zz = AR
u

the two systems can be transformed to strangeness-free form, i.e., we can consider equiva-
lent strangeness-free descriptor systems similar as in Theorem 2.34.

Theorem 5.48. Let E,A € R"", B € R** and (E, A) be reqular (i.e. the corresponding
descriptor system is consistent and reqular due to Corollary 5.32). Then, the correspond-
ing descriptor system is equivalent (in the sense that the solution sets are in one-to one
correspondence via a scaling by nonsingular matrices) to a descriptor system of the form

i‘l = 312U2 + bl(t),

5.72
0= To + BQQUQ + bg(t) ( )
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Here, d,, and a, are again the number of differential and algebraic equations.
Proof. See [84, Theorem 7). O

Thus, using Theorem 5.48, without loss of generality we can consider the following two

reduced descriptor systems
= Blyuy + by (t
12ty + by (2), l (5.73)
O—x2+BQ2u2—|—b (t),

and
Ilf = B12u2 + bk( t),
0 = x5 + BYul + bh(t).
Next, we want to determine an equlvalent control u., that forces the solutions of the
two descriptor systems (5.73) and (5.74) onto the switching surface. For convenience, we

assume that the switching function gél is linear in x and already partitioned according to
the reduced form (5.73), i.e

(5.74)

gé-l (t,x") = Clal + Clal, (5.75)

with C! € RY%, CL € RY%. From the equivalent control method introduced in Section
5.5.1 for ordinary differential equations we know that an equivalent control u} ., for system
5.73) can be obtained from the sliding condition via the solution of the system
8 y

d .
dtgﬂ(t 2 =Clil 4+ Clil, =0

Using the differential equation in (5.73) and the derivative of the algebraic equation in
(5.73) we get

uy g = (C1B1,) ' [Cb(t) — CIb} (1)),

assuming that ), is a piecewise constant function, i.e., i}, = 0, and assuming that C! Bl,is
invertible (transversality condition). Then, substituting the equivalent control uéjeq into
(5.73) yields the differential-algebraic system during sliding motion of the form

) = Bl,y(C1Bl,) ' [CLb(t) — CLby (1)] + b (1),

) 5.76
0 = b+ BLy(CLBL) " [CHL() — CUH (6] + BL(1). (576)

Analogously, an equivalent control ul;,eq and a differential-algebraic system in sliding motion
can be derived for the descriptor system (5.74).

Theorem 5.49. Consider the reduced regular descriptor system (5.73). Assume that
g, (t,x") is given by (5.75) and C{Bi, is nonsingular. Then, the differential-algebraic
system (5.76) during sliding is regular and strangeness-free.

Proof. The differential-algebraic system (5.76) consists of an ordinary differential equa-
tion for 2/ and a decoupled algebraic equation for xb. Thus, the system is regular and

strangeness-free. O
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5.7 FUTURE WORK

A number of open questions remain in the analysis and in particular in the control of
general nonlinear hybrid differential-algebraic systems. In the modeling of hybrid systems
an important point is to allow that multiple transition conditions can be satisfied at the
same point in time. Hybrid systems with this property arise frequently in practical appli-
cations, due to the use of modeling tools that implicitly define switching functions for each
model component. Coupling together a number of similar components each having its own
switching function often leads to hybrid models where a number of switching functions
change their values at the same time. Further, we have assumed that the successor mode is
uniquely determined by the mode allocation function. In practical applications this might
be difficult to realize since the successor mode can depend on the system state. Another
problem that arises is that the transition condition that causes the mode switching might
not be fulfilled anymore after the consistent reinitialization. This problem of so-called
discontinuity sticking as well as consistent event location is treated e.g. in [13].

In Section 5.6 we have extended the basic concepts of control theory for linear time-invariant
descriptor systems to the case of hybrid systems. A more detailed investigation of control
theoretical concepts is required considerig time-variant hybrid systems as well as nonlinear
systems. Again, the control theory for linear DAEs with variable coefficients as presented
in [9, 51, 77] and the theory for nonlinear DAEs as presented in [79, 83] can be used to
describe the control theoretical concepts for the system in each mode, such that the results
obtained in Section 5.6 in principle can also be extended to linear time-variant and nonlinear
hybrid systems. Again, the number of characteristic values and therefore also the number
of controls can change at a switch point, such that an investigation of the transitions
at a mode change is required. For hybrid optimal control problems necessary conditions
for optimality have been derived that lead to a sequence of boundary value problems with
additional transversality conditions at the switch points, under the assumption that a fixed
number of switch points occur. The problem to determine an optimal number of switch
points and a corresponding optimal sequence of modes has to be considered for hybrid
optimal control problems. Further, a more detailed investigation of sliding mode control
for differential-algebraic systems with variable coefficients as well as nonlinear differential-
algebraic systems is required considering also more general switching functions.






CHAPTER 6

NUMERICAL METHODS FOR SWITCHED
DIFFERENTIAL-ALGEBRAIC SYSTEMS

The numerical simulation of hybrid differential-algebraic systems requires the efficient treat-
ment of certain aspects in the hybrid system behavior. Besides the robust numerical inte-
gration of the DAEs in each operation mode, the points in time at which a mode change
occur have to be detected accurately and in strict temporal sequence as they influence the
mode switching and the future behavior of the hybrid systems. Thus, the points in time at
which a transition condition changes its logical value have to be detected, which correspond
to roots of the switching functions. These switch points have to be located presicely, as
they are the initial points for the further integration. Further, the system state at the
switch point has to be determined to restart the integration method in the new mode.
Since the switch points will in general not coincide with the points chosen by the stepsize
control, an interpolation method is needed that interpolates the computed solution at the
detected switch point. In the following, we describe how these aspects of hybrid system
simulation can be treated efficiently. At first, in Section 6.1 we review some basic aspects
of polynomial interpolation. Next, in Section 6.2 we present numerical integration meth-
ods for DAEs, namely BDF methods and implicit Runge-Kutta methods, and show how
interpolation between gridpoints can be realized using these methods. In Section 6.3 we
consider the state event location and detection and present a root finding procedure based
on a modified secant method that is used to determine the roots of the switching functions.
Finally, in Section 6.4 we design a mode controller that combines the previously discussed
methods for the numerical solution of hybrid differential-algebraic systems.

6.1 POLYNOMIAL INTERPOLATION

In this section we consider the problem to approximate a function f(t) for which function
values f; at discrete points t; are given. The most frequently used method to approximate
the function f(t) is polynomial interpolation. The proofs of the following results are given
e.g. in [134, Chapter 3].

Let (n + 1) discrete, pairwise disjoint nodes tg, ..., ¢, and corresponding values fo, ..., fu
be given. Further, let II,, denote the space of polynomials of maximal degree n, i.e.,

k
I, = {p:R—>R|p(t):Zaiti, a; € R, k < n}. (6.1)

1=0

197
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The aim of polynomial interpolation is to find a polynomial p, € II, of degree n which
satisfies the interpolation condition

pu(t;) = fi, fori=0,... n. (6.2)

The existence and uniqueness of polynomial interpolation is the basis for the following
observations.

Theorem 6.1. Consider (n+1) arbitrary points (t;, f;), i = 0,...,n with pairwise disjoint
nodes t; # t; for alli # j. Then, there exists a unique interpolation polynomial p,(t) € 11,
such that p,(t;) = f; for alli=0,... n.

There are different possibilities to represent the interpolation polynomial. On the one hand,
the Lagrange interpolation formula can be used. For given nodes t, ..., t, we consider the
Lagrange interpolation polynomials

n

t—t,
Li(t):Ht'_t{, i=0,...,n. (6.3)
j=0 "
i

These polynomials of degree n have the property
1, ifi=k,
0, ifi#k

and the polynomial defined by
pa(t) ==Y fiLi(t) (6.4)

fulfills the interpolation condition (6.2). The explicit computation of the Lagrange polyno-
mials is too expensive for the calculate of an interpolation polynomial, but the Lagrange
interpolation formula (6.4) allows to derive formulas for numerical differentiations.

Theorem 6.2. Let f € C"([to,t,],R). Then, there exists an & € (to,t,) such that

f(n):”!Zfth.itﬁ
i=0 0" J

3=0
J#i

The error in the polynomial interpolation depends on the degree of the interpolation poly-
nomial.

Theorem 6.3. Let f € C"([tg, t,],R) and consider an interpolation polynomial p, € 11,
with pairwise disjoint nodes (to, fo), - .., (tn, fn). Then for each t € [to,t,] we have

(n+1) i
0 | (S

1=0

f@ _pn(ﬂ =
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On the other hand, the Newton interpolation formula can be used for the formulation of
the interpolation polynomial.

Definition 6.4 (Divided difference). For a given number of nodes (¢;, f;), 7 =0,...,n
the recursion

f[tj] = fj,
f[t], . 7tj+k:] — f[thrl; e ,t];rj]:]_k—_ft[jj, e ’t]'Jrkfl]

for j=0,...,n,k=0,...,n—j, defines the k-th divided difference of (to, fo),. .., (tn, fn)-

Y

Using divided differences, the polynomial p,(t) of degree n that interpolates (¢;, f;) for

1 =20,...,n can be expressed by the Newton interpolation formula
n j—1
pa(t) = Tt =t flto, - - 1] (6.5)
§=0 1=0

The Newton interpolation formula (6.5) allows to simply add further nodes and thus in-
crease the degree of the interpolation polynomial successively.

6.2 DAE INTEGRATION METHODS

In the numerical integration of DAEs, it is known for some time that applying standard
discretization schemes for ordinary differential equations directly to differential-algebraic
equations may lead to many difficulties due to the algebraic and hidden constraints, see
e.g. [17, 59]. It may happen that the solution of the discretized equation is not uniquely
solvable, while the original problem has a unique solution, or the numerical solution may
drift-off from the analytical solution due to discretization errors. Further, many differential-
algebraic systems behave like stiff differential equations which forces one to use methods
with good stability properties. Therefore, not all numerical methods that are suitable for
ordinary differential equations are also suitable for the numerical treatment of differential-
algebraic equations. Further, the consistency of the approximate solution plays an im-
portant role in the accuracy and stability of numerical algorithms. In the following, we
will use implicit Runge-Kutta methods and BDF methods for the numerical integration of
differential-algebraic equations. We restrict to BDF and collocation Runge-Kutta methods
since they have the great advantage to provide continuous solution representations which
enable an efficient interpolation at switch points and since they are well suited for the
numerical integration of DAEs.

In the following, we consider an initial value problem for nonlinear DAEs of the form (2.3)
with initial value (2.4) in an interval I = [t, t7], and we assume that the system has a unique
solution provided that the initial value is consistent, i.e., the system is regular. As described
in Section 2.2.2, we can transform a higher index problem (2.3) to a strangeness-free system
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with the same solution. Therefore, in the following, we restrict our considerations to regular
strangeness-free DAEs of the form

Fl(t,l’,l'):o, (6 6)
Fy(t,x) =0, ’

i.e., instead of the direct discretization of a higher index differential-algebraic equation
(2.3), we discretize the equivalent strangeness-free formulation (6.6). The advantage of
this equivalent strangeness-free formulation is that a parameterization of the constraint
manifold is explicitly available, such that the numerical solution can be forced to lie on
this manifold. In the following, let ty < t; <ty < --- < tx = t; be the gridpoints in the
interval I with ¢; = t;,_1 + h and stepsize h, and we denote by x; the approximations to
the solution x(t;) at time t;, for ¢ = 1,..., N. Here, we concentrate on a fixed stepsize
h = % in order to present the main results. A discretization method for the solution of
(6.6) is given by an iteration

X1 = O(t;, X, h), (6.7)
where &; € R" is an approximation to the solution at ¢;, and X'(¢;) € R™ represents the
actual solution at ;.

Definition 6.5 (Consistency of a discretization method). A discretization method
(6.7) is said to be consistent of order p if

X (tir1) — (L, X (i), h)|| < ChPH,
for a constant C' independent of h.

Definition 6.6 (Stability of a discretization method). A discretization method (6.7)
is said to be stable if there exists a vector norm ||.|| such that

[ (L, X (L), h) — @(t;, 4, h)|| < (L+ hE)||X(E:) — X
in this vector norm, with a constant K independent of h.

Definition 6.7 (Convergence of a discretization method). A discretization method
(6.7) is said to be convergent of order p if

|X(ty) — Xn| < CRP,
with a constant C' independent of h, provided that

1X (to) — Xl < CRP,
with a constant C' independent of h.

Theorem 6.8. If the discretization method (6.7) is stable and consistent of order p, then
it 1s convergent of order p.

Proof. See [82, Theorem 5.4]. O

In the following we consider two types of discretization methods (6.7), namely Runge-Kutta
methods and BDF methods.
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6.2.1 Runge-Kutta Methods

In this section we consider the discretization of the strangeness-free DAE (6.6) via Runge-
Kutta methods. An s-stage Runge-Kutta method for the computation of numerical approx-
imations x; to the values z(t;) of a solution = of (6.6) has the form

Tiy1 = Tj + hz ﬁszpj, (6.8a)
j=1
where for j = 1,..., s the values XZ-J are given as solutions of the nonlinear system
1 | i 3r Xij) (6.8b)
FQ(t'L + ,}/]h?X’L,]) = 07
and the so-called internal stages X; ; are given by
Xi,j ZZEi—f-hZOéleiJ, ] = 1,...,8. (68C)

=1

The coefficients aj;, 5; and «; determine a particular Runge-Kutta method. In general,
the coefficients are assumed to satisfy the condition

S
v = E aj;, t=1,...,s,
=1

and the remaining freedom in the coefficients is used to obtain a certain order of consistency.
Setting X; = z;, X(t;) = z(t;), and ®(¢t;, X;,h) = x; + thzl B, X, the Runge-Kutta
method (6.8) can be seen as a general discretization method (6.7).

Theorem 6.9. If the coefficients o, B; and v; of the Runge-Kutta method given by (6.8)
satisfy the conditions

: o1
B<p) Zﬁjf}/gk 12%7 k?:l,...,p,
=1
s B 1 ‘
C(q) : Zaﬂfylk 1:E’y§“, j=1,...,8, k=1,...,q, (6.9)
=1
- _ 1
D(T’)I Zﬁjjf 1ajl:Eﬁl(1_7lk)v lzl,...,S, kzlv"'ara
j=1

withp < g+7r+1 and p < 2q+ 2, then the method is consistent and convergent of order p.
Proof. See e.g. [58, p. 208]. O
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An important class of Runge-Kutta methods for differential-algebraic equations are the
so-called stiffly accurate Runge-Kutta methods, see e.g. [59]. These are defined to satisfy

Bj=ag forallj=1,...,s. (6.10)

From (6.10) it follows that the numerical solution z;,; coincides with the last stage X ;.
Therefore, it can be guaranteed that the numerical solution obtained by a stiffly accurate
Runge-Kutta method is consistent with the strangeness-free DAE (6.6).

Another important class of Runge-Kutta methods are the so-called collocation Runge-Kutta
methods. Starting with parameters 7;, j = 1,..., s, that satisfy

O<m < <=1, (6.11)

and setting 79 = 0, we can define the Lagrange interpolation polynomials corresponding to
the parameters v;

k k
= s §— Ym
L) =TT2=2 i) = , 6.12
(&) H0 S Ll mHﬂl — (6.12)
i#l #l
and the coefficients
Y L

an= [ L. 5= [ Lo qt=1...s (6.13)

0 0

This choice fixes a Runge-Kutta method with 8; = «,; for 7 = 1,...,s, and thus the
collocation methods are stiffly accurate. The stage values X;;, [ =1,...,s, together with
Xio = x; define a polynomial 7, € II, via

() = gX“LZ (t ;t) : (6.14)

and the derivative of 7y at the internal stages is given by

. 1< : ,
Xi,j :Ws(ti+’}/jh) = EZXi’lLl(’yj), ] = 1’.__’5.
=0

Thus, in order to fix the new approximation z;11 = m4(t;41) = X, we require that the
polynomial 7, given by (6.14) satisfies the strangeness-free system (6.6) at the so-called
collocation points t;; = t; +vy;h, g =1,...,s.

Theorem 6.10. The collocation Runge-Kutta methods defined by (6.8) and z;41 = X; 4
with coefficients (6.13) and collocation points as in (6.11) are convergent of order p = s.

Proof. See [82, Theorem 5.17]. O
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A special class of Runge-Kutta methods that are covered by Theorem 6.10 are the so-called
Radau IIa methods defined by the conditions B(2s—1), C(s), and D(s—1) of (6.9) together
with v, = 1.

Theorem 6.11. Choosing the nodes v;, j =1,...,s, in (6.11) and the coefficient oj; and
B; such that B(2s — 1), C(s), and D(s — 1) of (6.9) are satisfied, then the corresponding
collocation Runge-Kutta method defined by (6.8) and x;11 = X, is convergent of order
p=2s—1.

Proof. See [82, Theorem 5.18]. O

Due to the special choice of the nodes, the order of the Radau Ila methods is higher than
suggested by Theorem 6.10. This effect is also called superconvergence. Therefore, Radau
ITa methods have a large number of advantages as a high convergence rate and excellent
stability properties, see also [59].

Further, Radau ITa methods are stiffly accurate by construction such that the consistency
of the approximation z; obtained from a Radau Ila method applied to strangeness-free
DAEs of the form (6.6) follows from the consistency of the stages. These facts make the
Radau ITa methods excellent candidates for the numerical integration of initial value prob-
lems for strangeness-free differential-algebraic equations of the form (6.6). All presented
convergence results are based on the assumption that we use a constant stepsize. In the
case of regular strangeness-free problems it is possible to use the same stepsize selection
techniques as in the case of ordinary differential equations, see, e.g., [58]. Thus, the easy
development of a suitable and efficient stepsize control, see e.g. [59], is a further advantage
of Radau Ila methods. On the other hand, the discretization and the implementation of
implicit Runge-Kutta methods is very technical and the solution of the nonlinear systems
(6.8b) arising in every integration step is expensive.

6.2.2 BDF Methods

Besides one-step methods as the Runge-Kutta methods presented in the previous section
also multi-step methods are frequently used for the numerical integration of DAEs. The
general idea of a multi-step method is to use several previous approximations x;, . .., T; g1
for the computation of the approximation ;1 to the solution value z(¢;;1). In the context
of differential-algebraic equations, the most popular linear multi-step methods are the
so-called BDF methods, where the abbreviation BDF stands for backward differentiation
formulae. For the numerical solution of a regular strangeness-free differential-algebraic
equation of the form (6.6) a BDF discretization is given by

Fi(tiv1, iy, Dpisr)

—0,
. (6.15)
Fy(tiv1,zi41) =0,
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ap_; |1=0 1=1 [=2 =3 =4 [=5 [=6
k=1 1 —1
_ 3 1
k=2| ¢ -2 1
_ 11 3 1
k=31 % =3 5 -3
_ 25 4 1
k=4 B2 4 3 -1 1
_ 137 10 5 1
k=5 % > 5 -3 i 3
_ 147 15 20 15 6 1
k=6 & 6 % -3 T  “5 3§
Table 6.1: Coefficients for BDF methods
where
Lk
Dyxip = 7 Z Q1T 1-1, (6.16)
1=0

with coefficients ay—; given in Table 6.1 for the simplest BDF methods. By the implicit
function theorem Fy(t;11, z;11, Dpxii1) = 0 can be locally solved for x;41 by

Tiv1 = S(tig1, Ty -, Tickg1, h).
Then, by setting
x; x(t;) S(tiv1, T, Ticks1, D)
Ti-1 z(ti-1) T
Xi - . 3 X<tz) - . 3 @(t“Xl,h> = 3
Tiky1 T(tips1) Ti—kt2

the BDF method (6.16) can also be seen as a general discretization method (6.7). Note
that we must provide xg,...,x;_1 to initialize the iteration. These starting values are
usually generated via appropriate one-step methods or within a combined order and stepsize
control.

The basic idea for the derivation of BDF methods is to differentiate a polynomial 7, €

[Ty, which interpolates values x; jy1,...,z;41 of x. We assume that the approximations
Ti—g+1,---,%; to the exact solution x(t) at ¢;_41,...,t; are known and we consider the
polynomial 7y (¢) of order k, which interpolates these values , i.e.,

Te(tijr) = 2ijp1, J=0,... k. (6.17)

By Newton’s interpolation formula (6.5) this polynomial can be expressed in terms of
backward differences, see e.g. [59], as

k
mr(t) = m(ti + sh) =Y (=17 (7)) VWi, (6.18)

J
J=0

where the backward differences are defined as follows.
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Definition 6.12 (Backward difference). Let z,,,z,_1,...,2,_j_1 € R" be given. Then
the j-th backward difference V'z, is recursively defined by

Voz, = x,,
Vitly, = Vi, — Vi, for j > 0.

The unknown value x;,; will now be determined in such a way that the polynomial 7 (t)
satisfies the differential-algebraic equation at ;.. We have

dmy,(t) 1 ¢ i d (—s+1 j
dt . - EZ(_l)]$ ( J ) s=1 vij_l
t=tit1 j=0
1 k
= E 5jvjxi+1, (619)
7=0

with coeflicients A
5]' = (—1)]% (76’]+1)

Using the definition of the binomial coefficients

s=1

(—1)7 (7)) = %(s— Ds(s+1)...(s+j—2) for j >0

and (_SOH) = 1, the coefficients 9, are given by

1
5020, (Sj:—,fOI'jZL
J

Formula (6.19), therefore, becomes
k
: : 1 1.
Tiv1 = Tg(tip1) = 7 Z EVJSUz’Hy
j=1

and expressing this formula in terms of x; 11, for { =0,... &k gives (6.16).
In contrast to Runge-Kutta methods, the stability properties of BDF methods are some-
what restricted.

Theorem 6.13. The k-step BDF method (6.16) is stable for 1 < k < 6, and unstable for
k>T7.

Proof. See, e.g. [58, p. 381]. O

Theorem 6.14. The BDF discretization (6.15) of (6.6) is convergent of order p =k for
1 < k <6 provided that the initial values xq, . .., x,_1 are consistent.

Proof. See [82, Theorem 5.27]. O
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A nice property of BDF methods is that all numerical approximations x;; satisfy the
algebraic constraints if the starting values xy, ...,z satisfy the algebraic constraints as
well, which follows immediately from (6.15), such that consistency of the numerical solution
is guaranteed.

The BDF-formulas (6.16) can be extended in a natural way to variable stepsizes h; =
ti — ti—1. In this case, the polynomial m;(t) of degree k that interpolates (¢;,z;) for j =

i+1,i,...,i—k+ 1 can be expressed by Newton’s interpolation formula (6.5) as
koj-1
t)=> Tt - tii—t)altivr, . - tizjsa)- (6.20)
§=0 1=0

The variable stepsize BDF method is then given by

ki1

Dhile = Z H(ti-l-l — ti+1_l)l’[ti+1, . 7ti—j+1]~ (621)

j=11=1

Note, that the coefficients of the BDF method now depend on the past and current stepsizes.
In the same way as for Runge-Kutta methods, there are no difficulties to supply BDF
methods with a stepsize and order control if we restrict to regular strangeness-free problems
of the form (6.6), see also [17] for more details.

Altogether, BDF methods provide an easy discretization and implementation for the nu-
merical integration of DAEs and the solution of the nonlinear systems (6.15) arising in
every integration step is relatively cheap. On the other hand, the development of a step-
size control is complicated and it is not very flexible in the choice of the stepsizes, see
48, 49]. A further disadvantage of BDF methods is that they are not stable for k& > 6.

6.2.3 Interpolation

During the numerical solution of a hybrid system, the state of the system at the switch
points is required. In addition, in order to evaluate the switching functions in the root-
finding process, the numerical solution is required between gridpoints. Therefore, we need
a continuous representation of the solution that enables an efficient interpolation of the
approximate solution between gridpoints.

In standard applications a continuous representation of the solution is used only for output
purpose, such that it is sufficient to require that the order ¢ of the interpolation is such
that the error in the interpolated values is of the size of the global error of the method.
Thus, for a discretization method of order p it is sufficient to require that ¢ = p — 1. But,
in the case of hybrid system simulation the interpolated values are used for continuing the
integration, such that we should require that ¢ = p. Further, the interpolation error is
propagated as it influences the determination of the switch points and the computation of
the initial values used to restart the integration method. Thus, we need an error controlled
continuous representation of the solution to ensure that the interpolation error is controlled.
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For discretization methods based on a polynomial representation of the solution or its
derivatives, like BDF methods or Runge-Kutta methods based on collocation, the construc-
tion of a continuous solution representation is straightforward as it is given by construction
of the method. In the case of collocation Runge-Kutta methods the collocation polynomi-
als 7y € Il as in (6.14) can be used for the continuous representation of the solution, and
for BDF methods the polynomials 74 € I, as in (6.20) can be used.

Theorem 6.15. The continuous representation based on a collocation polynomial s of an
s-stage Runge-Kutta method is of order ¢ = s, i.e., for allt; <t <t; + h we have

l2(f) — 7 (B)]] < ChH.
Moreover, for the derivatives of my we have
|0 () — O ()] < R+, =0, s

Proof. Setting 74(to + v;h) = k;, then from the Lagrange interpolation formula (6.4) we
have

7:('5('[5() + th) = Z kij(t)v
=1

with L, as in (6.12). Then, integration from 0 to ~; yields

Ws(to + ’)/zh) == 7Ts<t0) + h /% i ]{?ij (t)dt (622)

j=1

The exact solution x(t) satisfies the strangeness-free system (6.6) everywhere, hence also
at the collocation points ¢y + v;h. We can apply the Lagrange interpolation formula (6.4)
also to Z(t) to get

i’(to + th) = i x(to + ’}/]h)Lj@) + hSR<t, h),

j=1

where the rest term R(¢, h) is a smooth function. Integration from 0 to v; yields

(to + k) = 2(ty) + h / ! Z #(to + 1 h) Ly (1) dt + h / " hR( )t (6.23)

=1 0

and subtracting (6.22) from (6.23) with v; = ¢ yields

s ¢ t
x(to + th) — ms(to + th) = hz A; / Lj()dr + h*t! / R(r, h)dr, (6.24)
j=1 0 0
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with A; = @(tg + v;h) — 7s(to + vjh). The k-th derivative of (6.24) with respect to t is
given by

S 3 akfl
(2 ®) (b + th) — 7P (to +th)) = B> ALYV () + Bt St it h),
j=1
such that
S k:—l
120 (to + th) — 7l (to + th)[| < B F Y- ALFTV (@) + A '“H R ).
ot

Jj=1

Because of C'(s) the exact solution satisfies

f(to + ’)/jh) = $(t0) + h Z ajljf(to + ’Ylh) + O(hs+1)
=1

by Taylor expansion, such that for the internal stages X;; = xo + h > ;_, ayik; we get
z(to +v;h) — Xi; = hZaﬂ @(to +vh) — ki) + O(h*™), forj=1,...,s

Thus, z(ty + v;h) — Xi; = O(h*™) and the result follows from the boundedness of the
derivative of R(t,h) and from A; = O(h*™). See also [58, Theorem 7.10, p. 213]. O

Thus, unfortunately for many collocation methods the order of the continuous representa-
tion is lower that the convergence order of the method, e.g., the continuous representation
of the 5th order Radau Ila method has order ¢ = 3. Alternatively, other interpolation
schemes, as e.g. Hermite interpolation, might be applied if collocation Runge-Kutta meth-
ods are used as integration methods.

Theorem 6.16. The continuous representation based on the collocation polynomial 7y of
a k-step BDF method is of order q =k, i.e., for all t; <t <t; + h we have

l2(f) — ms(B)]| < CREHL,

Moreover, for the derivatives of m, we have

|29(0) — 7P (D) < CHHI, j=0,... k.

Proof. The results can be proved similar as in Theorem 6.15 using the interpolation poly-
nomial 7 given by (6.18) instead of 7. O

Thus, for BDF methods the interpolant between t; and ¢;,; is of the same order k as the
method that was used to advance the solution from t; to ¢;;;. Note that for integration
methods based on a polynomial representation as the presented BDF or Runge-Kutta
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methods the interpolation error is automatically error controlled by the error control of the
numerical solution. The interpolant is continuous, but it has a discontinuous derivative
at t, and t,,;. It is also possible to define a continuously differentiable interpolant, see
[15, 148], which leads to a more robust code for root finding. Further, note that in general,
the algebraic constraints for DAEs are not automatically satisfied at interpolated points.
To restart the integration at the interpolated points consistent values need to be computed
since the interpolated values at the switch points are in general not consistent with the
algebraic equations.

6.3 DETECTION AND LOCATION OF EVENTS

A hybrid system H changes between different modes whenever a transition condition
Li(t, 2!, i') is satisfied, i.e., at the occurrence of an event that is implicitly described in
terms of roots of switching functions. During the simulation, the numerical solution must
be advanced speculatively until a transition condition is satisfied and the integration is
stopped. This means that after each integration step from ¢; to ¢;;; changes in the logical
values of the transition conditions Lg (t, 2!, 4!) are detected. Then the exact event time is
determined by a root finding procedure as the root of a switching function in the interval
[ti,tis1] in order to permit a re-initialization at the switch point. In general, during the
numerical integration of a hybrid system all events have to be detected and located in strict
temporal sequence and particularly no event should be missed in order to determine the
correct mode changes. If more than one root is found in an integration interval, then the
earliest event time is required. Note, that due to the assumptions in the Definition 5.3 of
a hybrid system only one transition should be satisfied at a time.

Remark 6.17. In [15] it has been noted that events might be missed during the integration
of a hybrid system, since the stepsize selection is only sensitive to the solution behavior of
the DAE, but not to the behavior of the switching functions. Therefore, it is proposed to
append the switching functions to the system of DAFEs in mode | and introduce additional
variables, the so-called switching variables 2!, such that an augmented system

Fl(t, 2", ") =0,

l l

6.25
gl(t,xl,x'):z ( )

is integrated. In this way, interpolation polynomials are constructed that interpolate 2
with the same accuracy as x'. The drawback of this approach is that adding the switching
functions to the system of DAFEs might result in an increase in the index. For example,

consider the linear DAFE
10 xll _ 10 xll n f{
0 0| | 0 1| | fL

in some mode | of a hybrid system and a switching function g'(t, 2!, #') = i\ — fi(t). Then,
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the augmented system

1 0 0] [4 1 0 0] [ fi
00 0f |4 =10 1 0f [24| + |f
01 0] |2 00 1| |7 f

has strangeness index = 1, while the original system is strangeness-free.

Further, the integration of the augmented system may require more steps because proper-
ties of discontinuity functions may limit the stepsize. However, to locate zero crossings
accurately it is unavoidable to adapt the stepsize to the behavior of the switching functions.
Newvertheless, we prefer a direct adaption of the stepsize selection to the behavior of the
switching functions instead of the numerical integration of an augmented system (6.25).

6.3.1 The Root Finding Procedure

In order to localize an event, i.e., the earliest time ¢* in an integration interval [¢;,¢;11] at
which a transition condition is satisfied, the roots of the corresponding switching functions
must be found with sufficiently high accuracy. In particular, the root finding procedure
must ensure that all events are located precisely and if multiple roots exist in an interval
the earliest event time must be located. Since the exact solution is not known, the roots of
the switching functions are computed for a numerical solution. As the switching functions
are evaluated over the whole integration interval, the system state has to be interpolated
between meshpoints. Thus, the root finding procedure depends on interpolation formulas
which are provided by the BDF formulas or by the Runge-Kutta method, see Section
6.2.3. Note, that BDF and Runge-Kutta methods guarantee consistency of differential and
algebraic variables at meshpoints, but not necessarily at interpolated points.

In the following, we describe the procedure used to find the roots of a set of switching
functions

g;-(t,xl,x'l), with j=1,....,nk, leM
in an interval [t;,t;11]. The chosen method is an adapted version of the root finding
procedure of the SUNDIALS code IDA [64] that checks for sign changes of any ¢} (¢, 2!, i')
in [t;,t;11] and then computes the roots with a modified secant method. The basic idea

of the secant method is derived from Newton’s method by approximating the derivatives
using a finite difference approximation

d

a gé‘(tmaxlai:l) —gé,(tm_qujl’jjl)
at? '

tm - tmfl

(tm,xl,i’l) ~

Then, the secant method is defined by the iterative relation

tm - tm—l
gé (tmv xla xl) - gé‘(tmfla xla ml) '

(6.26)

tm—i—l - tm - g;(trm xla xl)
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The iterates {t,, } of the secant method (6.26) converge to a simple root of g}, if the starting
values ty, and t; are sufficiently close to the root t*, and if %gé-(t*,xl,i"l) # 0, as well as

gt € C?. Then, the order of convergence of (6.26) is p = 1+_2\/g’ see e.g. [134, p. 201].

At first, the algorithm checks if ¢! has an exact root at t;. If an exact root of any gé-
is found at time ¢;, then gﬁ- (t; + 0,2',4!) is computed for a small increment § > 0. If
gh(ti+0,2',2') = 0 also has an exact root, then the procedure stops with an error message.
In this way, it is guaranteed that the values of all gé- are nonzero at some past value of ¢;,
beyond which a search for roots is done. In the next step, if no roots at ¢; were found, the
algorithm checks gé- at t;11 for exact zeros and detect sign changes in (¢;,¢;41). If no sign
changes are found, then either a root is reported if some gé- (tiy1, o', @') = 0, or no root is
found in (¢;,%;,41). If one or more sign changes were found, then a loop is entered to locate
the roots within a tolerance TTOL, given by

TTOL = 100U ([tis1] + |R|), (6.27)

where U is the rounding unit of the machine. When sign changes are found in two or more
switching functions gj-, j=1,...,nk, then the one with the largest value of

’g§'<ti+17 xlv xl)‘

|95 (i, 2t @) — gf(ti, ot )]

corresponding to the secant method value closest to t;, is the one where most likely the
sign change occurs first. At each pass through the loop, a new value t,,;4 within the search
interval is set and the values of gé- (tmid, !, Jvl) are checked. The point t,,;4 is computed via

liv1 — t;

tmia = tiv1 — gy(tisr, 2, 3" (6.28)

gj (tiJrlv xla xl) - Ckgé (tla xla xl) 7
where « is a weight parameter. On the first two passes through the loop, « is set to 1,
such that t,,,4 is the classical secant method value. Afterwards, « is reset according to the
side of the subinterval in which the sign change was found in the previous two steps. The
value of t,,,4 is closer to t; when a < 1 and closer to ;11 when a > 1. If the value of
tmig In (6.28) is within TTOL/2 of t; or t;41, it is adjusted inward, such that its distance
from the endpoint relatively to the interval size is between 0.1 and 0.5, with 0.5 being the
midpoint, and the actual distance from the endpoint is at least TT'OL/2. Then, either t;
or t;.q is reset to t,,;4 according to which subinterval is found to have the sign change. If
there is no sign change in (;,%,4), then that root is reported. The loop continues until
|tix1 — t;| < TTOL, and then the reported root location is t;,1.

In general, the root finding procedure is only able to find roots of odd multiplicity that
corresponds to a sign change in one of the switching functions g}(t, z', #'), or exact zeros
at t; or t;y1. If more than one switching function gé- has a root in the given interval or if
multiple roots are found for one switching function, then the one closest to ¢; is returned.
If a switching function has a root of even multiplicity, it will probably be missed. If such a
root is desired, the switching function should be reformulated such that it changes sign at
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the desired root. In general, the switching functions should be chosen as simple as possible,
e.g. linear, and if possible, different switching functions should be used for different mode
transitions.

Remark 6.18. Numerical integration methods for DAFEs require continuity of the solutions
and sometimes also of the derivatives of the solution depending on the order of the method
and the error control. If discontinuities are present in the solution, wrong error estimates
and a failure of stepsize and error control can result. Missing events during the numerical
integration of a hybrid system can lead to inefficient behavior or even to the failure of
integration methods, since large error estimates can cause repeated step rejections and a
drastic reduction of the stepsize until eventually a discontinuity resulting from the event is
passed. Thus, a hybrid system integrator and the root finding procedure should provide a
reliable event detection and location to ensure an efficient integration of hybrid systems.

6.4 A HyYBRID MODE CONTROLLER

In this section we describe the basic ideas for the construction of a hybrid mode controller
for the numerical solution of hybrid differential-algebraic systems. For the numerical inte-
gration of the DAEs in each mode existing integration methods for continuous differential-
algebraic systems can be embedded in the mode controller. These integration methods
are used to proceed the solution in time, while the mode controller determines the switch
points, organizes the mode switching, and provides consistent initial values after mode
switching to restart the integration method at the switch point.

In general, the mode controller can be designed and implemented independently of the
integration method, the index reduction procedure, or the switch point location method.
Ideally, the index reduction technique and the integration method should be chosen accord-
ing to the type of the DAE in the current mode. Otherwise, any integration method suited
for strangeness-free differential-algebraic systems that provides a continuous representation
of the solution, as e.g. the BDF or Runge-Kutta methods introduced in Section 6.2, can
be used for the numerical integration of the DAEs in each mode.

In the following, we assume that the DAEs in each mode are mathematically well-behaved
in a small interval following an event. This assumption is necessary to ensure that the
solution of each DAE is a smooth function over the whole integration step and, in particular,
that a solution of the DAE in mode [ exists until the end of the integration step, such that
the DAE in mode [ is not allowed to have a singularity at the switch point. Using this
assumption we can lock the function evaluation for the DAE solver during an integration
step. This means that the equations evaluated cannot be changed while a time step is
taken even if the transition condition is satisfied (this is sometimes called discontinuity
locking [12]). Once a successful time step from t; to t;;1 has been taken, the integration
routine determines if events have occurred during the time step. If so, then the control
is returned to the mode controller and the exact event time in the integration interval
[ti,ti11] is located. The switch point is determined within a certain tolerance as root of the
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switching functions using a root finding procedure. Then the mode controller backtracks
to the earliest event and performs the required transition. This means that the successor
mode k is determined by the mode allocation function S'(j) = k and the system state at
the switch point, determined by interpolation, is transfered to the initial state of the next
mode k with the help of the transition function T}F defined in (5.6) via

T (a'(73), d'(7)) = [2%,3"].

Before the integration can be restarted in the new mode k the initial value z* has to be
checked for consistency, since x* is not necessarily consistent with the DAE in mode k. If
x* is not consistent, then a consistent initial value z*(7;) at 7; is computed on the basis of
x* in such a way that the solution z* extends the past solution 2! in a physically reasonable
way by fixing the differential variables, see Section 5.4. Note that we may have different
characteristic values for the DAE in the new mode. Then the integration can be restarted
at the switch point 7; in the new mode k with initial value z*(7;). Note that one-step
methods like Runge-Kutta methods can be restarted at any point 7; since no past values
are used. This is different for multi-step method like BDF methods which use past values
to approximate the solution. In this case, changing to a lower order method is necessary if
discontinuities in the solution due to an event occur. If the discontinuity is of order m, i.e.,
the m-th derivative of the solution x exhibit a jump, then the order of the discretization
method has to be reduced in order to meet the smoothness requirements of the method.
For a k-step BDF method we need a (k + 1)-times continuously differentiable solution
such that the order has to be reduced to m — 2. This implies the knowledge of the order
of discontinuity which is usually not known. Therefore, and also for safety reasons, we
always restart the BDF method with £ = 1 and use the information available from last
interval before the discontinuity, e.g., we can use the backward differences to estimate an
appropriate stepsize to restart the integration.

Further, chattering behavior, i.e., repeated switching between modes, is to be detected
during the numerical integration of hybrid systems. If chattering occurs, e.g. if a maximal
allowed number of successive mode switching in a short time period is exceeded or if the
sliding condition (5.42) approximated by (5.43) is fulfilled, then the mode controller should
enable sliding mode simulation. This means that the system behavior is approximated by
the corresponding DAE in sliding mode (5.38) which is alternatively integrated until the
system leaves the sliding region.

Altogether, a hybrid mode controller can be realized as follows:

1. Check if the given initial values are consistent with the DAE in the current mode .
If necessary, determine new consistent initial values.

2. Integration from ¢; to t;;; using an appropriate discretization method:

(a) Index reduction.

(b) Integration of the reduced system.
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(c) Detection of changes in the index or characteristic values. If changes occur, then
stop the integration.

(d) Check whether a transition condition L} is satisfied. If a transition condition is
satisfied, then return to the mode controller (Goto 3.), otherwise continue the
integration for the next time step (Goto 2.).

3. Localization of the switch point t* € [t;,t;41] as root of a switching function gf.

4. Determination of the system state at the switch point #* by interpolation, i.e., z'(t*) =
7(t*), where 7 is an interpolation polynomial.

5. Determination of the successor mode by the mode allocation function S'(j) = k.

6. Check if chattering has occurred. If so, provision of the possibility to switch to sliding
mode.

7. Transfer of the system state to the new initial values in mode & using the transition
function.

8. Set current mode [ := k. Restart of the integration method (Goto 1.).

Remark 6.19. We have assumed that it is possible to extend the solution of the differential-
algebraic equation in the current mode in a small interval beyond the event time. This is
sometimes not possible or not in a unique way, e.g., at impasse points [123], or when
characteristic values change. Sometimes events are employed to switch the DAFE system at
these critical points and thus continue the simulation. However, if the solution cannot be
extended past the event, the proposed event location algorithm does not apply. In principle,
the event can be moved slightly to the left of the critical point, but even this can effect the
error and stepsize control if the integrator attempts to locate a point beyond the event.

Remark 6.20. The concept of the proposed hybrid mode controller is based on the assump-
tion that only one transition condition can be satisfied at the same point in time. Further,
we assume that the successor mode is uniquely determined by the mode allocation function.
In practical applications this might be difficult to realize since the successor mode can de-
pend on the system state and multiple transitions at a switch point occur. It also might
happen that an immediate transition occurs if a transition condition is satisfied directly af-
ter the transfer of the state or the computation of consistent initial values. Another problem
that arises is that the transition condition that causes the mode switching might not be ful-
filled anymore after the consistent reinitialization. This problem of so-called discontinuity
sticking as well as consistent event location is also treated in [135].
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CHAPTER 7

A MobDE CONTROLLER FOR SWITCHED
DIFFERENTIAL-ALGEBRAIC SYSTEMS

In this chapter we describe the hybrid mode controller that has been implemented for
the numerical solution of general nonlinear hybrid DAE systems. The mode controller
is based on the numerical schemes presented in Chapter 6 and has been implemented
in the FORTRAN code GESDA as a solver for GEneral Switched Differential-Algebraic
equations. For the numerical integration of the differential-algebraic systems inside each
mode the differential-algebraic system solvers GELDA [85] and GENDA [87] have been
embedded. In the following, we will describe the procedures used in the solver GESDA
and discuss their features in detail. In Section 7.1.1, we describe the DAE solvers GELDA
and GENDA that are used inside the mode controller for the numerical integration of the
underlying DAEs. In Section 7.1.2, we describe the implementation of the sliding mode
simulation. Finally, in Section 7.2 we present some numerical examples to demonstrate the
applicability of the solver, and in Section 7.3 we give a short overview of further available
DAE and hybrid system solvers.

7.1 THE HYBRID SYSTEM SOLVER GESDA

The solver GESDA is designed for the numerical solution of initial value problems for hy-
brid differential-algebraic systems as introduced in Definition 5.3 that consist of a number
of either nonlinear DAEs of the form (5.3) or linear DAEs of the form (5.7) for each mode
[ € M. Mode switching occurs on the basis of transition conditions and the exact switch
points are determined as the roots of switching functions. The user has to provide the
descriptions of the DAEs in each mode together with a sufficient number of derivatives
of the system depending on the index of the DAE in each mode. For linear DAEs of the
form (5.7) the matrices E', A!, and the right-hand sides ¢’ for all | € M together with the
corresponding derivatives up to a certain order k£ have to be provided in the subroutine
MATSUB. For nonlinear DAE systems of the form (5.3) the functions F' together with
the corresponding derivatives up to order k£ have to be provided in the subroutine FUN,
and the corresponding Jacobians in the subroutine DFUN. Further, the user has to specify
the transition conditions for each mode in the subroutine UINTER and the correspond-
ing switching functions in the subroutine GFUN. The roots of the switching functions
defined in GFUN have to correspond to the points in time where a transition condition
defined in UINTER changes its logical value. The successor modes are determined by the
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mode allocation functions implemented in a user-provided subroutine MCHNG. Finally,
the transition functions have to be provided in the subroutine TRANS that transfer the
state of the system at a switch point to the initial state in the successor mode. For a
detailed description of the user-supplied subroutines see the documentation of the code in
the appendix.

The implemented solver follows the lines of the hybrid mode controller described in Sec-
tion 6.4. After the possible computation of consistent initial conditions in the initial mode,
the DAE in the current mode is numerically integrated according to its structure with an
appropriate DAE solver, e.g. GELDA or GENDA, until an event occurs. After each suc-
cessful time step of the numerical integration in the current mode [ € M, the DAE solver
checks whether a transition condition is satisfied by calls to the user-provided subroutine
UINTER. Further, the DAE solver checks for changes in the index or in the characteristic
values of the current DAE. If a transition condition is satisfied or changes in the character-
istic values occur, then the integration is stopped. Changes in the characteristic values can
only be handled by introducing further mode changes and additional modes, such that each
DAE is well-defined in a small interval following a switch point. Otherwise, if a transition
condition is satisfied, the switch point is localized as the root of a switching function. The
root finding procedure implemented in the subroutine DRTFND uses the modified secant
method described in Section 6.3.1. The default value for the tolerance TTOL used in the
root finding procedure is computed by (6.27). This value can be adapted to a specific prob-
lem by the user. After the computation of the switch point, the state of the system at the
switch point is determined by interpolation. The subroutines DCONTS and DBDTRP pro-
vide interpolation routines for Runge-Kutta and BDF methods, respectively, as described
in Section 6.2.3. Next, the successor mode is determined using the subroutine MCHNG
and the state is transfered to the new mode using the transition functions implemented in
the subroutine TRANS. If the transfered state is consistent with the DAE in the new mode,
then the DAE solver is restarted for the DAE in the new mode. Otherwise, new consistent
values are determined in a least squares sense as described in Section 5.4 and then the
DAE solver is restarted for the DAE in the successor mode. To restart the integration the
order of the BDF method used in the next step is reset to K = 1 and the initial stepsize is
set to the stepsize used in the last successful step in the predecessor mode. If no smooth
transition at a mode change is possible, due to inconsistency of initial values or due to the
user-defined transition functions, the code displays a warning. It might happen that after
a mode switching event an immediate mode change is detected in the new mode. If only
one transition is possible from the new mode, then this transition is carried out and the
integration is resumed. If several transitions are possible, it is not clear which transition
should be carried out, such that the code exits with an error message. If immediate mode
changes occur repeatedly, i.e., if more than a maximal number MAXCGN of successive
mode changes occur, the integration is stuck and the code exits with an error message. In
this case, the transition conditions should be reformulated, e.g., if applicable, hysteresis
can be used. The default value for the maximal number of immediate mode changes is
given by MAXCGN=100, it can be adapted by the user. In addition, the maximal stepsize
is restricted to HMAX in order to avoid stepping over regions. By default HMAX is set to
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Subroutines within GESDA

DGELDA general linear differential-algebraic equation solver
DGENDA general nonlinear differential-algebraic equation solver
DRTFND root finding procedure

DBDTRP computes a solution at a fixed time by backward
differentiation interpolation

DCONTS computes a solution at a fixed time by interpolation
DCKCON checks consistency of initial values and if necessary
computes consistent initial values

User-supplied subroutines

USCAL user-supplied scaling routine

UINTER user-supplied subroutine defining transition conditions
TRANS user-supplied subroutine defining transition functions
MCHNG user-supplied subroutine defining mode allocation functions
GFUN user-supplied subroutine defining switching functions
MATSUB user-supplied subroutine for linear problems

FUN/DFUN | user-supplied subroutines for nonlinear problems

Table 7.1: The subroutines of GESDA and their purposes

HMAX=1.0. Also the maximal stepsize can be adapted by the user.

In Table 7.1 the subroutines of GESDA and their purposes as well as the user-supplied
subroutines are summarized. For a more detailed description of the usage and the imple-
mentation of the code GESDA see the documentation of the code in the appendix.

7.1.1 The Embedded DAFE Solvers

For the numerical integration of the DAEs inside each mode two DAE solvers have been
embedded in the hybrid system solver GESDA. For general linear DAE systems the solver
GELDA is used and for general nonlinear systems we use the solver GENDA. Note, that no
restrictions on the index of the DAEs (5.3) or (5.7) are needed, since both solvers are con-
structed for the solution of DAE systems of arbitrary high index. There are several further
routines for the numerical solution of differential-algebraic systems, which robustly solve
continuous systems, see also Section 7.3, including solvers adapted to special structures
arising e.g. in the equations of motion of multibody systems or in circuit equations. In
general, further DAE solvers can be appended, in particular those suited for specially struc-
tured systems, such that the solution of the DAEs inside each mode can be adapted to the
structure of the equations. Depending on the type of the differential-algebraic equations
in each mode, an appropriate differential-algebraic system solver should be chosen.
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The DAE solver GELDA

The first DAE solver that is embedded in GESDA is the solver GELDA [85] that was
designed for the numerical integration of linear DAEs with variable coefficients of the
form (2.5) with initial values x(ty) = x¢ not necessarily consistent. While most of the
standard integration methods are suitable only for regular strangeness-free DAEs, GELDA
is suitable for the numerical integration of linear DAEs of arbitrary index and also allows
the solution of over- and underdetermined systems. The implementation of GELDA is
based on the combination of an index reduction procedure introduced in [72], that was
shortly presented in Section 2.2.2, which first determines all the local invariants and then
transforms the linear DAE (2.5) into an equivalent strangeness-free DAE (2.24) with the
same solution set, followed by a discretization of the strangeness-free DAE either using
a Runge-Kutta scheme adapted from the code RADAU5 [59] or a BDF method adapted
from DASSL [17, 115]. The user has to provide the necessary number of derivatives of
all system matrices. At each time step t¢; the strangeness index p and the characteristic
quantities d,, a,,u, are computed iteratively using the derivative arrays (M;,N}) as in
(2.22), for I = 0,1,..., p. Then, unitary projections Z,(t;), Z»(t;) and T»(t;), as defined in
Theorem 2.41, are computed via singular value decompositions, that are used to extract
the strangeness-free system. By computing the characteristic values at each time step t;
the code checks if changes in the characteristic values occur, and if so returns control to
the calling program, setting an error flag. Consistent initial conditions are computed via
correction of the given initial values by solving a minimization problem as described in
Remark 5.27. For a detailed description of the code GELDA and of the order and stepsize
control see [85]. Note that the code GELDA can also be used to solve descriptor systems
of the form (5.49) using the behavior approach.

The DAE solver GENDA

The second embedded DAE solver is the solver GENDA [87], a nonlinear version of the
code GELDA, that has been developed for nonlinear square problems of the form (2.3) of
arbitrary index with initial values z(ty) = o not necessarily consistent. The code GENDA
combines the index reduction technique described in Section 2.2.2 with the discretization
of an equivalent strangeness-free formulation (2.19) of the DAE by use of BDF methods
as described in Section 6.2. The user has to provide the necessary number of derivatives
of the whole DAE, in particular, the whole derivative array F; of level [ given in (2.15), as
well as the corresponding Jacobians. In addition, the characteristic quantities have to be
provided by the user. Consistent initial values are computed as described in Section 5.4.
In every integration step a nonlinear system of equations of the form

Fu(ti—l—h,x,x',...,x(“ﬂ)) = 0, (7.1a)
ZYF(t;+ h,z,Dpz) = 0, (7.1b)

is solved, where Z; denotes some approximation to Z; at the desired solution. Equation
(7.1a) ensures that the algebraic constraints are satisfied and (7.1b) is a discretization of
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the differential part of the reduced system (2.19). The solution of the underdetermined sys-
tem of nonlinear equations (7.1a) is computed in a least squares sense using the subroutine
NLSCON [111] which is an implementation of the Gauss-Newton method. In the computa-
tion of consistent initial values the solver enables the user to choose the differential variables
to be kept fixed during the Gauss-Newton iterations. If any of the algebraic variables are
chosen to be kept fixed the code returns an error message. Note, that the Jacobian of (7.1)
is generally nonsquare but has full row rank at every solution (x, &, ..., ##+) of the DAE
(2.3) if Z1 is a sufficiently good approximation to Z; and the stepsize is sufficiently small.
This property extends to a neighborhood of the solution set, thus we get quadratic conver-
gence to a solution and a simplified Gauss-Newton method [113] can be applied by fixing
the Jacobian at any timestep. Before any rank decisions are made during the computation,
the matrix [-N, M,], with M, and N, as in (2.17), is equilibrated to lower its condition
number by computing appropriate row and column scaling vectors. Optionally, the user
can supply a scaling subroutine USCAL if an appropriate scaling method is known. On
the other hand, it is also possible to completely deactivate scaling. Further, the user can
require the code to verify the given characteristic values after consistent initial values have
been computed or after the BDF solver successfully completed an iteration. In this case,
GENDA returns an error message if any changes in the characteristic values are detected.
For details of the integration routine see [87].

7.1.2  Sliding Mode Simulation

The code GESDA enables sliding mode simulation. During the simulation the code detects
chattering, either by checking the sliding condition (5.42) using the approximation (5.43),
or by comparing the distance between the last detected switch points. That means, if
the distance between the last three detected switch points 7,41, 7;, 7;_1 is lower than a
chattering tolerance TOLC), i.e., if 7,41 — 7, < TOLC and 7, — 7,1 < TOLC with 7,44
the last detected switch point, then the code assumes that chattering occurs. The default
value for the chattering tolerance TOLC is given by TOLC = 1073 and the default value
for the parameter § that is used in the approximation of the directional derivatives (5.43)
is given by 6 = 107°. The default values can be adapted to the problem by the user.

Sliding mode simulation is initiated by the user using reverse communication. If chattering
occurs, then the code stops with a warning message. The user can decide to switch to
sliding mode, otherwise, the integration is resumed until a user-defined maximal number
of switchings has occurred and the code stops with an error message. In the case of sliding
mode simulation, the user has to provide the DAE describing the system during sliding
motion that can be defined as in (5.46). Further, the user can completely disable the
detection of chattering and the checking of the sliding condition.
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Mode I | Transition j | Transition condition L} | Successor mode k = S'(j)
1 1 ip < —n 3
2 switch S is closed 4
2 1 vp < —1 4
2 switch S is opened 3
3 1 vp > 1 1
2 switch S is closed 2
4 1 ip < —1 2
2 switch S is opened 1

Table 7.2: Transition conditions for the boost converter

7.2 NUMERICAL EXAMPLES

In this section, we give a number of examples for hybrid differential-algebraic systems that
were solved using the code GESDA. The first example is the boost converter introduced in
Example 5.1. Further canonical examples are stick-slip vibrations of mechanical systems
with dry friction that are considered in Sections 7.2.2 and 7.2.3. Finally, we consider the
model of a bowed string exhibiting slip-stick transition behavior in Section 7.2.4. Note that
throughout the whole section we omit physical units like meters or seconds.

7.2.1 The Boost Converter

As a first example we consider the boost converter that has been introduced in Example 5.1,
consisting of an inductor L, a diode D, a capacitor C, a resistor R, a switch .S, and a voltage
source V;. The system is modeled as a hybrid system with four operation modes according
to Example 5.1. In each mode we have a linear DAE of size m = n = 7, consisting of
the equations (5.1) together with the algebraic constraints (5.2), with characteristic values
given in the following tabular.

Mode [ | Characteristic values (!, dL, aL, UL, uL)
1 (0,2,5,0,0)
2 0,2,5,0,0)
3 (1,1,6,0,0)
4 (1,1,6,0,0)

The transition conditions for the four modes depend on the state of the switch, on the
current through the diode, and on the voltage across the diode. They are given in Table
7.2, where ip and vp denote the current through the diode and the voltage across the
diode, respectively, and 7 is a small tolerance. The hybrid system is solved with the
solver GESDA in the interval [0, 1], using the BDF method of the DAE solver GELDA to
integrate the DAEs in each mode, with the parameters V; =48, R=2, C = 1072, L =1,
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Figure 7.1: Simulation results for the boost converter

and 7 = 1079 the error tolerances RTOL = ATOL = 107® and the initial value vector
10, 10,10, 10, 10, 10, 10]% in the initial mode 1. Note that the code checks the initial values
for consistency and corrects possible inconsistencies in a least squares sense. The results
of the numerical simulation for the voltages v, vp and vg are given in Figure 7.1 together
with the prescribed conducting and blocking time periods for the switch S. The switch
is off for a period of length 0.1 and on for a period of length 0.06. After an initial phase
the voltages adapt a periodic solution depending on the state of the switch. Further, the
numerical error in the computed voltage vp compared with the exact solution is plotted in
Figure 7.2. We can observe higher errors at the switch points, i.e., after each restart of the
numerical integration, due to the computation of the initial values. Altogether, the code
detects 13 switch points during the numerical integration.

7.2.2  Stick-slip Friction Between Rigid Bodies

The second example considers stick-slip friction between two rigid bodies as depicted in
Figure 7.3, see also Example 5.2 and [34]. The equations of motion of the multibody system
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consisting of two masses with dry friction between them are given by

p1 =1,
P2 = U2,
mi01 = fi — pgl|Fiv || sign(vy — va),
mats = fo + pug||Fvl sign(vi — va),

(7.2)

where pq, ps describe the positions of the bodies and vy, v9 are the corresponding velocities.
Further, f; and f, are the applied forces, uy is the coefficient of friction, and Fy is the
normal force on the surface between the two bodies. Thus, the system (7.2) represents a
hybrid system consisting of two modes depending on the direction of the relative velocity
between the bodies, i.e., the system is in mode 1 if sign(v; — v3) = 1 and the system is in
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Figure 7.4: Solution of (7.2) and relative velocities between the two bodies

mode 2 if sign(v; — v9) = —1. Note that the model equations (7.2) cannot be applied if
the relative velocity is v, = v1 — v9 = 0, since sign(0) is not defined. We apply a small
hysteresis band [—¢, €] around zero relative velocity to define the transition conditions

Li(vy, ) = vy — vy < —¢,

L%(Ul,vg) = V] — Uy > E.

The hybrid system (7.2) is solved with the solver GESDA using the BDF method of the
DAE solver GELDA. Since (7.2) is an ordinary differential equation, the characteristic
values in both modes are given by u = 0, d, = 4, a, = v, = u, = 0. The solution is
computed in the interval [0, 10] using my = mo =1, f; =sin(t), fo =0, Fy =1, py = 0.4,
and & = 0.003 with relative and absolute error tolerance ATOL = RTOL = 1078 and initial
values p;(0) = p2(0) = 1, v1(0) = v2(0) = 0 in initial mode 1. The computed solution of
the system and the relative velocity v, between the two bodies are given in Figure 7.4.
We can see that in the beginning both bodies move together, since the applied force is
less than the friction force. If the applied force exceeds the friction force, the velocity of
the first body becomes greater than the velocity of the second body and the bodies slid
over each other until the applied force is again lower than the friction force and the two
bodies stick together once more. The relative velocity between the bodies can be seen to
oscillate around zero during stiction, resulting in a large number of integration steps and
a high computational effort. Altogether, the code requires 8209 integration steps, and 396
mode switches are detected. Physically, these oscillations do not occur, since in the case
of stiction both bodies move together and the relative velocity is zero. Using sliding mode
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Figure 7.5: Solution and relative velocity using sliding mode simulation

simulation we can define the system behavior during stiction for v, = 0 by

p1 = v,
P2 = Vg,
mir = fi — pgl|Fnll + As, (7.3)
Moy = fo + pug||Fn|l — As,
0=wv; — vy,

defining the DAE in sliding mode (mode 3). Now, system (7.3) represents a DAE with
characteristic quantities ¢ = 1,d, = 4, and a, = 1. The system stays in sliding mode
as long as the applied force is less than the friction force. If the applied force exceeds
the friction force, then the system leaves the sliding mode, i.e., if sin (t) — 2us > 0, then
the system switches back to mode 1, and if sin (t) + 2us < 0, then the system switches
back to mode 2. The system is solved with GESDA using sliding mode simulation with
chattering tolerance TOLC = 0.01 and J = 107° used in the approximation of the sliding
condition (5.43). The solution of the system together with the relative velocity v, using
sliding mode simulation whenever chattering is detected by the code is given in Figure
7.5. We can see that the oscillations in the relative velocity during stiction disappear.
Altogether, 12 switch points are detected during the numerical integration using sliding
mode simulation and the number of integration step is reduced to 4737. The switch points
together with the corresponding mode changes are given in Table 7.3. Note that in Figure
7.4 and in Figure 7.5 the solution is plotted only at predefined output points.

7.2.3  Stick-Slip Vibrations

In this example we consider stick-slip vibrations in a single-degree-of-freedom model given
in Figure 7.6, see also [91]. We consider a mass m attached to the inertial space by a spring
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Switch points t* | Mode changes
0.0038 1—2
0.0112 2—1
0.0188 1—3
0.9273 3—1
2.8719 1—2
2.8776 2—1
2.8886 1—3
4.0689 3—2
6.0340 2—3
7.2105 3—1
9.1465 1—2
9.1521 2—3

Table 7.3: Detected switch points in the solution of (7.2) using sliding mode simulation

~

Q7 ©

Figure 7.6: Model of a mass riding on a belt

of stiffness k£ that is riding on a driving belt moving at a constant velocity vg.. Between
mass and belt dry friction occurs, with a friction force I’ depending on the relative velocity
between mass and belt. The equations of motion describing this system are given by

T =,

7.4
mo = —kx — F(v.¢), (74)

where v,y = v — vg. denotes the relative velocity of the mass with respect to the belt and
the friction force F' is given by

F( ) . _,ud”FN” = Wiﬁcﬂ if Upel > Ov
l - .
" pall Fx |l = % if v < 0.

Here, the dynamic friction coefficient p4 is given by

[hs

4=
H 1+ 7|Vl
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Figure 7.7: Solution of system (7.4) and phase portrait

where the positive parameter v measures the rate at which py decreases with an increase
in |v,.¢|, s denotes the constant static friction coefficient, Fyy is the normal force, and Fj
denotes the maximum static friction force given by Fs = u||Fv||. Thus, the system (7.4)
is a hybrid system consisting of two modes depending on the sign of the relative velocity,
i.e., the system is in mode 1 if sign(v,.;) = 1 and the system is in mode 2 if sign(v,¢;) = —1.
The transition conditions for the two modes are given by

Li(v) =v —vg < —e,
Lf(v) =V — Vg > &,

applying a small hysteresis band [—¢, €] around zero relative velocity, where ¢ < vg,. Again,
system (7.4) is an ordinary differential equation with characteristic values p = 0, d,, = 2,
a, = v, = u, = 0. The hybrid system is solved with GESDA using the BDF method of
the DAE solver GENDA in the interval [0, 15] with parameters m = 1,k = 3, F, = 1,vq4, =
0.2,7 = 3.0,& = 107°, with relative and absolute error tolerance RT'OL = ATOL = 1078
and initial values z(0) = 0, v(0) = 1 in initial mode 1. The computed solution of the
system and the phase portrait are given in Figure 7.7. We can see a regular cycle of stick-
slip phases and a stable stick-slip periodic solution of the system. During the numerical
integration chattering occurs in regions of near-zero relative velocity. Altogether, the code
detects 247709 switch points and requires 272864 integration steps to solve the system.
Again, we can use sliding mode simulation to handle the chattering behavior. We define
the system behavior during stiction by

T =,
mv = —kx — (2\ — 1) F, (7.5)

0=v— vy,
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Figure 7.8: Solution of system (7.4) and phase portrait using sliding mode simulation

see also Example 5.30. The system (7.5) represents a DAE with characteristic quantities
w=1,d,=1,a, =2,v, =u, =0. The system is solved with GESDA using sliding mode
simulation with chattering tolerance TOLC = 1072 and 6 = 10~%. The system stays in
sliding mode as long as the applied force is less than the friction force. If the applied force
fa = kx exceeds the friction force, then the system leaves the sliding mode, i.e., if Fy < —f,
the system switches back to mode 1, and if Fy < f,, then the system switches back to mode
2. The computed solution of the system (7.4) with DAE in sliding mode (7.5) together
with the phase portrait using sliding mode simulation whenever chattering is detected
by the code is given in Figure 7.8. Also in this case, the number of integration steps is
reduced drastically to 9276 and only 9 switch points occur. The detected switch points
and the corresponding mode changes are given in Table 7.4. We can see that an immediate
mode transition occurs at the switch point t* = 9.4820. Further, at the beginning of the
integration, an immediate mode change from the initial mode 1 to mode 2 occurs. In both
simulations, i.e., without sliding mode and using sliding mode simulation, the maximal
stepsize is restricted to HM AX = 0.1 in order to avoid stepping over regions.

7.2.4 The Bowed String

In this example we consider a one-dimensional violin string that is scraped by a bow as
depicted in Figure 7.9. We assume an idealized string of length L > 0 and mass mg, which
is clamped at position z = 0 and x = L under tension 7. The string is bowed with a bow
of mass m,, of negligible width at a bowing point z.. This model of a bowed string is also
called the Raman-Model, see also [43, 68, 122]. The motion of the string is governed by
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Switch points t* | Mode changes
0.2676 2—3
1.8000 3—2
4.4263 2—3
6.9000 3—2
9.4819 2—1
9.4820 1—2
9.4820 2—3
11.998 3—2
14.638 2—3

Table 7.4: Detected switch points in the solution of (7.4) using sliding mode simulation

Y
g \\\\\\\\\\ E
= — T
) - v
I /
z=0 r=1L
Figure 7.9: The bowed string
the one-dimensional wave equation
0?u(w,t) O?u(w,t)
—— 2 =T—72 + P(x,t), 7.6a
52 92 (z,1) (7.6a)

where u(z,t) denotes the transversal displacement of the string at position x € [0, L] and
time ¢ € I = [0,%;] and p > 0 is the mass density, which is assumed to be constant p = %=.
Further, P(z,t) denotes the external frictional force exerted by the bow on the string. We
assume that the string is initially at rest in the undeformed configuration, i.e., we have the

boundary conditions
u(0,t) =u(L,t) =0 forallt>0, (7.6b)
and the initial conditions
u(z,0) =0 forall z € [0, L],

0 7.6¢c
a—?(m,O):O for all z € [0, L. (7.6¢)
The partial differential equation (7.6a) is discretized by the method of lines, see e.g. [131],

i.e., we semidiscretize the spatial derivatives by second order central finite differences
Pu(x,t) ulr + Ax,t) — 2u(x,t) + u(z — Az, t)

o A7 + O(Az?),
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to reduce the partial differential equation (7.6a) to a DAE system. Considering an equidis-
tant grid x; = %, 1 =0,...,N for the spatial variable z with spacing Az = %, we get
approximations u;(t) to u(x;,t). Incorporating the zero boundary conditions the semidis-
cretized equations are give by

pUO(t) =T Ax2 + P(x07t)7
1 () = 2u3(t) 4w (¢
pii;(t) = riin) ZZ;) Tunld) P(x;,t), for1<i<N—1, (7.7a)
) —2un(t) + uy_1(t
piin (t) = T2 )Ax;“”v O | play, ).

With the boundary conditions (7.6b) and the initial conditions (7.6¢) we get in addition
the algebraic equations

t) =0,
to(?) (7.7)
UN(t) = O,
as well as the initial conditions
u;(0) =0, 4;(0)=0 fori=0,...,N. (7.7¢)

The external frictional force P(z,t) is of the form

Y

F(v,.q(t for z =z,
Pz, t) = {O et else

since the bow exerts frictional force on the string only at the contact point x., where
F(v,e(t)) is a function depending on the relative velocity between bow and string at the
bowing point x. given by

ou(z,,t)

Urel (t) - ot

— up(t) = te(t) = vp(t),

where z, = %, 1 < ¢ < N —1is defined to be a grid point of the spatial discretization,
and v, denotes the bow velocity. The friction force F(v,¢(t)) is of the form

F if v >0,
F(Urel(t)) _ /“LfH NH . I
—pg|Enll if v <O,

where Fly is the normal bow force acting on the string and 15 is the coefficient of friction.
The equation of motion of the bow is given by

mpfis(t) = fr(t) = F(vra(t)),
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where fi(t) is the excitation of the bow. Altogether, after transformation to first order by
introducing new variables v; = 1; and v, = ¥, for the velocities, the bow-string system can
be modeled as a multibody system of the form

yb = Up,
ys = Vs,
mbbb<t> = fk(t) - F(Urel(t))y (78)
p@s = Ays - GT/\ + GCF(UTEl (t))7
0 = Gys,
with ys = [ug, ..., un]|T € RN v, = [vg,...,on]7 € RVT and A € R?, as well as
[—2 1 0 ... 0]
T 1 =2 1 : Lo 00
_ S N4+1,N+1 _ 2, N+1
A=xgz| 0 L 0] ER ’G[oo...oJeR !
: =2
0 ... 0 1 -2

ee=100...010...07% € RV

where e, is the unit vector with 1 at position ¢ and zeros otherwise, together with the
initial conditions

ys(o) = Oa 'US(O) = 07 yb(o) = 07 Ub(o) = Yo, A(O) = 0. (79)

The characteristic values of the differential-algebraic system (7.8) are given by u = 2,d, =
2N,a, = 6, and v, = u, = 0. Thus, we have a hybrid DAE system with two modes
M = {1,2} corresponding to the states of F(v,¢(t)). The transition conditions are given
by

L%zvc—vbg—g,

2
Li=v.—v, > ¢,

where ¢ is a small constant defining a hysteresis band around zero relative velocity. The
bowed string system (7.8) is solved with GESDA in the interval [0, 6] using the BDF method
of the DAE solver GELDA with error tolerance ATOL = RTOL = 1071, initial values
(7.9) in initial mode 1, and using the parameters given in Table 7.5. The displacement and
the velocity of the bow together with the current mode as well as the phase portrait of the
bow motion are given in Figure 7.10. The displacement of the string at the bowing point
and at an intermediate point on the string together with the current mode of the hybrid
system are given in Figure 7.11. We can see that the motion of the bow results in a stable
periodic solution. Further, fast changing between the two modes in regions of near zero
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L=0.7 length of the string

T =55 tension on the string

p=20.5 mass density of the string

vg = 0.5 initial bow velocity

N=2 frequency of excitation

fr = —voQ2sin(Qt) | sinusoidal excitation

pr=0.4 coefficients of friction

Fy=18 bow pressure

my =1 bow mass

N =100 grid size for spatial discretization
Te = 1—]\?L = 0.07 bowing point

e =0.005 capture and break-away velocity

Table 7.5: Parameters for the bowed string

02 Bow displacement Phase portrait of bow motion
0.15F
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Figure 7.10: Motion of the bow and phase portrait

relative velocity can be observed, i.e., chattering occurs. In the plots of the current mode
overlapping regions point to fast alternating changes between the two modes. Further, the
computed relative velocity between string and bow is given in Figure 7.12. Again, we can
see the oscillations around zero relative velocity. Altogether, the code detects 88 switch
points. In the second case the bow-string system (7.8) is solved with GESDA using sliding
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Figure 7.11: Displacement and velocity of the string

mode simulation. The system during sliding motion is defined by

Yp = U,
Ys = Vs,
mbi]b(?) = fx(t) + )\7:97 (7.10)
pis = Ay, — G" X — ec g,
0= Gys,
0=wv, — v,

with characteristic values p = 2,d, = 2N,a, = 7, and v, = u, = 0. Once chattering is
detected or the sliding condition is fulfilled during the simulation, the system switches to
sliding mode and stays within sliding mode as long as the applied force is less than the
friction force, i.e., as long as

@] < sl Fwl-

The relative velocity between string and bow using sliding mode simulation is given in
Figure 7.13. We can see that the oscillations around zero relative velocity observed in the
previous simulation do not occur. Further, the displacement and the velocity of the bow
and the phase portrait of the bow motion are given in Figure 7.14, and the displacement
of the string at the bowing point and at an intermediate point on the string are given in
Figure 7.15. In the regions of zero relative velocity the system is integrated in the sliding
mode and alternating changes between modes are prevented. During the simulation only
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Figure 7.12:

Figure 7.13:
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Relative velocity between bow and string using sliding mode simulation

8 switch points are detected and the solution of the bow motion exhibit a more regular
periodic cycle as in the previous simulation.

Remark 7.1. The idealized motion of a bowed string was examined experimentally by
Helmholtz. These investigations were extended by Raman [122]. Under ideal bowing condi-
tions, the bow and string interaction results in a motion of the string of a reqular cycle of
stick-slip phases. In the beginning, the shear force causes the string to move under the bow
until the part of the string that is connected with the bow has a velocity equal to that of the
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Figure 7.15: Displacement and velocity of the string using sliding mode simulation
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bow. Then the string will stick for a while to the bow until the tension force on the string
becomes too strong and the string moves back slipping again under the bow, and so on. The
beginning and end of the slip phase are triggered by the arrival of a propagating bend or
so-called Helmholtz corner. This idealized motion of an one-dimensional bowed string is
also called the Helmholtz motion, where the Helmholtz corner is traveling back and forth
on the string under an approximately parabolic envelope.

7.3 FURTHER DAE SOLVERS

There is a wide number of software packages available that have been designed for the
numerical solution of differential-algebraic equations, many of which are specially designed
for DAE systems of a certain application class. In the following, we give an overview over
available and commonly used numerical solvers for the numerical integration of DAEs. In
general, any of the following DAE solvers that enables an interruption of the integration
via a user-supplied subroutine can be embedded in the designed mode controller.

One of the first software packages developed for the numerical solution of DAEs is the
software package DASSL [17, 115] based on backward differentiation formulas with stepsize
and order control that was designed to integrate nonlinear differential-algebraic equations
of the form (2.3) of d-index at most one. This code is widely used in numerous applications
and works efficiently for nonstiff systems. In addition, the solvers DASPK and DASRT
[18], extensions of DASSL, have been designed for large scale DAEs. They are also based
on backward differentiation formulas with stepsize and order control, but in contrast to
DASSL the numerical solution of the arising linear systems is done via iterative methods.
The latest versions of DASPK and DASRT also include a sensitivity analysis and a root
finding procedure.

Another solver for DAEs is the code RADAUS [59] that has been designed for the numerical

integration of differential-algebraic initial value problems of the form
Ei = f(t,x), z(ty) = zo, (7.11)

where F is a constant square and possibly singular matrix. The code RADAUS5 is based
on the 2-stage implicit Runge-Kutta method of Radau Ila type of order 5 and allows
the numerical integration of DAEs of the form (7.11) up to d-index 3. Further solvers
available for the solution of (7.11) are the solvers SDIRK4, a diagonally-implicit Runge-
Kutta method of order 4, and the solver RODAS, a Rosenbrock method of order 4(3), see
[59]. In addition, the package DAESOLVE [121, 125] has been implemented for different
classes of quasilinear problems. Note that in contrast to the solvers GELDA and GENDA,
all the above listed codes have limitations to the index that they can handle, which is
typically a differentiation index of at most three.

There are also many algorithms that have been implemented for special application classes.
For the numerical integration of the equations of motion (1.1) of mechanical multibody sys-
tems a large number of numerical methods have been developed. First, we want to mention
the code ODASSL [34, 44] that uses a backward differences discretization, similar as the
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code DASSL, to solve systems of overdetermined DAEs that stem from the equations of
motions augmented with the time derivatives of the algebraic constraints. Further, the
numerical integrator MEXAX [93] (originally called MEXX) has been designed for the
numerical solution of constrained mechanical systems, including dry friction and external
dynamics. The code is based on coordinate projection and uses relatively expensive but
very accurate extrapolation methods for the integration. Further, the subroutine library
MBSpack [136] provides a collection of numerical integration methods based on explicit
Runge-Kutta methods for the equations of motion (1.1). Recently, the code GEOMS
[137, 138] has been developed for the numerical integration of general equations of motion
of multibody systems that also allows redundant constraints and takes into account pos-
sibly existing information concerning solution invariants. The code GEOMS combines a
stabilization technique with an implicit Runge-Kutta scheme (a Radau ITa method of order
5) as discretization of a strangeness-free formulation of the equations of motion. Further,
commercial software packages for the dynamic analysis of mechanical systems with the
multibody system method are available in packages like SIMPACK [127, 130], ADAMS
[128, 130] or DYMOLA [114]. They comprise the computation of the symbolic equations
of motion or the evaluation of the residuals of the model equations and the simulation of
the dynamical behavior.

Also, for the numerical simulation of electrical circuits a number of software packages
has been developed. The most prominent code is the general purpose electronic circuit
simulator SPICE [109]. Further, the circuit simulator TITAN [38] has been developed.
Usually, circuit simulation programs take a text netlist describing the circuit elements
(transistors, resistors, capacitors, etc.) and their connections, and translate this description
into equations to be solved. The general equations produced are nonlinear differential-
algebraic equations which are solved using implicit integration methods, Newton’s method
and sparse matrix techniques.

For the numerical simulation of switched systems not only the numerical integration but
also the modeling has to be taken into account. There are some, mostly commercial, soft-
ware packages which combine the modeling with the numerical simulation and also allow
the treatment of switched systems. The modeling environment and simulator ABACUSS
IT [29], that was developed for chemical engineering applications, supports hybrid DAE
models. It uses the software library DAEPACK [143] that uses automatic differentiation
to determine the analytical derivatives of the original model to reformulate DAE systems
as ODEs. The simulator ABACUSS II incorporates hybrid discrete/continuous dynamic
simulation with state event location, but it cannot solve DAEs of d-index higher that one
and does not treat chattering behavior. Further, there is the software package DYMOLA
[114], a modeling and simulation environment for integrated and complex systems within a
wide field of applications, based on the object-oriented modeling language Modelica [100],
that allows the convenient modeling of complex physical systems, e.g., systems contain-
ing mechanical, electrical, hydraulic, thermal or control components. Within DYMOLA
the differential-algebraic systems are converted symbolically to state-space form. Graph-
theoretical algorithms are used to determine which variable to solve for in each equation
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and to find minimal systems of equations that have to be solved simultaneously. The
equations are then solved symbolically. DYMOLA also supports instantaneous and discon-
tinuous equations. Next, we want to mention HYBRSIM [108], a modeling and simulation
environment for hybrid systems using hybrid bond graph representations and allowing DAE
models. HYBRSIM performs event detection and location based on a bisectional search,
handles runtime causality changes, including derivative causality, and performs consistent
reinitialization, but it does not support the handling of chattering behavior. The contin-
uous behavior is handled by a simple Forward Euler integration scheme. Further, OmSim
[3], based on the object-oriented modeling language Omola [3], is an environment for the
modeling and simulation of continuous time and discrete event dynamics. Omola supports
behavioral descriptions in terms of differential-algebraic equations. OmSim analyzes and
manipulates the model including elimination of algebraic variables from the dynamic prob-
lem when feasible, to reduce the index of the DAE, that is then solved using the solvers
DASRT and RADAU5. OmSim does not support reinitialization during the integration
or the treatment of chattering. Finally, we want to mention MOSILAB [112], a simu-
lation tool for the modeling and simulation of complex technical systems also based on
the modeling language Modelica, that also supports hybrid models, and SIMULINK the
block diagram based modeling and simulation environment of MathWorks. The treatment
of sliding modes is currently not supported in available simulators, see also [104], but a
sliding mode simulation algorithm has been proposed e.g. in [106]. For an overview of
simulation packages for hybrid systems see also [104].

Remark 7.2. In the numerical simulation of DAFEs essentially two approaches are taken.
The first approach [3, 114, 143] uses a reformulation of the system that solves all the
constraint equations (e.g., via computer algebra packages) and generates an ordinary dif-
ferential equation for the dynamics, for which standard simulation methods are available.
There are several disadvantages of this approach. First of all, the methods are expensive
and the output of the manipulations are often huge formulas that have doubtful numerical
properties. Second, all the constraints are solved in finite precision arithmetic such that the
approximate solution deviates from the constraints leading to physically meaningless results.
Furthermore, the resulting variables are usually non-physical and thus the results are diffi-
cult to interprete. The second approach [34, 82, 137] that we have used in this thesis uses
a reformulation as strangeness-free or low index DAE, while preserving the constraints and
keeping the original variables and their physical meaning. This makes initialization easy
and avoids that the numerical solution drifts off from the solution manifold. On the other
hand, this reformulation is often costly as well and it is frequently necessary to introduce
further variables in this process, which increases the system size. In circuit simulation and
multibody dynamics [7, 8, 36, 137] network based methods have been derived that yields
efficient ways to do this reformulation.
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7.4 FUTURE WORK

The solver GESDA enables the solution of general hybrid differential-algebraic systems
consisting of linear or nonlinear DAEs of arbitrary high index in each mode. Furthermore,
even over- and underdetermined linear differential-algebraic systems can be solved within
GESDA using the DAE solver GELDA. The solver GESDA provides wide freedom in
the definition of the transition conditions as well as in the transition functions. Further,
the consistent reinitialization provides the possibility to fix initial values for differential
components while consistent values for algebraic components are computed, thus providing
a solution as smooth as possible. A particular feature of the solver GESDA is the use of
sliding mode simulation that allows an efficient treatment of chattering behavior during the
numerical simulation and thus provides the possibility to reduce the computational effort
drastically. Nevertheless, not all phenomena in hybrid system behavior can be treated with
GESDA. In particular, the possibility that multiple transitions can occur at the same time
should be included in the solver. In this case, we need to find ways to decide which mode
change should be performed. Further, we have to investigate a stepsize selection strategy to
make sure that the numerical solution is adapted to the behavior of the switching functions
such that in particular no event is missed during the numerical integration. So far, we only
include the possibility to restrict the maximal allowed stepsize in order to avoid stepping
over regions. In addition, further DAE solvers can be embedded in the mode controller,
e.g. solvers for the equations of motion of multibody systems.



CHAPTER 8

CONCLUSION

The numerical simulation of complex dynamical systems described by differential-algebraic
equations plays an important role in technical applications. In this thesis, we have consid-
ered the analysis as well as the numerical solution of structured and switched differential-
algebraic systems. Basically, we have focused on three topics. The achievements of each
topic are summarized in the following.

First, we have considered higher order differential-algebraic systems, in particular second
order DAEs that arise frequently in technical applications. It is known that the classical
order reduction, that is usually used to transform ordinary differential equations of higher
order into first order systems, leads to a number of difficulties when applied to DAEs,
as e.g. an increase in the index of the DAE, see [102]. In [102, 135] condensed forms
for linear higher order DAEs and a stepwise index reduction procedure based on global
equivalence transformations have been derived that allow to transform a linear higher
order DAE into a so-called strangeness-free higher order system. From this strangeness-
free system we can read off which higher order derivatives of variables can be replaced
by new variables to transform the system into a first order system without increasing the
index. Unfortunately, this algebraic approach is not numerically computable as it involves
the derivatives of computed transformation matrices. In this thesis, we have derived a new
index reduction method for second order DAEs based on a derivative array approach using
the condensed forms given in [102]. At first, a characterization of the relationship between
the characteristic values in each step of the index reduction procedure in terms of ranks
of submatrices of the corresponding matrix triple is given in Lemma 3.15. Here, we use a
slightly different index reduction procedure compared to [102, 135] concerning the sequence
of differentiations of equations. This difference also effects the definition of the strangeness
index, see Remark 3.10. Next, we use a derivative array approach to derive an index
reduction method that allows to transform the second order system locally at each point
into a strangeness-free system in a numerical feasible way. In Theorem 3.18 it is shown
that the local characteristic quantities of the inflated system, given by the derivatives of
the original second order system, are invariant under global equivalence transformations
of the original system. In Theorem 3.19 we have shown how the local quantities of the
inflated system are related to the global characteristic quantities of the original system
for differential-algebraic systems of strangeness index p < 2. Using these results we can
determine a number of projections (Theorem 3.21) that allow to extract a reduced second
order system from the enlarged derivative array system locally at each point. This reduced
second order system can be shown to be strangeness-free with the same characteristic

241



242 CONCLUSION

values as the strangeness-free system obtained by the stepwise index reduction procedure
and locally with the same solution as the original system, see Theorem 3.22. In Section
3.2, the derived index reduction method is extended to nonlinear second order system
using linearization along solution trajectories. In particular, linearization of the nonlinear
second order system and differentiation of the system commute, see Theorem 3.25, such
that the results obtained for linear second order systems can also be applied in the nonlinear
case. Hypothesis 3.26 is formulated that is invariant under equivalence transformations of
the original system and that allows to extract locally a reduced nonlinear second order
system that is strangeness-free and has locally the same solution as the original second
order system, see Theorems 3.29 and 3.30. Further, the approach allows the formulation
of a numerically computable trimmed first order system given in Lemma 3.35 that is also
strangeness-free. For linear time-invariant second order systems this trimmed first order
formulation also allows an explicit solution representation in terms of the original matrix-
valued functions. Theorems 3.19 and 3.21 have been proven only for the case that the
strangeness index is u < 2. Nevertheless, the assertions are expected to be also valid for
higher index problems. If a condensed form similar to the form given in [82, Theorem
3.21] could be proved, then we might be able to prove Theorems 3.19 and 3.21 also for
the case that u > 2. With respect to this, Hypothesis 3.26 in the nonlinear case has been
formulated for arbitrary index p. In general, all results obtained in Chapter 3 can also be
extended to arbitrary high order systems in an analogous way, see also Remark 3.24.

The second part of this thesis involves structure preservation for symmetric and self-adjoint
linear differential-algebraic systems that arise e.g. in mechanical systems or in optimal con-
trol problems. Since the structure of a system describes its physical properties, the struc-
ture should be preserved during the numerical solution. Otherwise, physical meaningless
solutions may result as rounding errors obscure the physical properties. In Theorem 4.10
a structure preserving condensed form for symmetric pairs of matrix-valued functions has
been derived. It has emerged that for symmetric time-variant systems strong assumptions
on the coefficient matrices, in particular on the kernel of E(t) given in Assumption 4.8, are
needed in order to be able to obtain a structure preserving condensed form using global
congruence transformations. It does not seem to be possible to lessen these assumptions
while preserving the symmetric structure during the transformation into condensed form
using global congruence transformations. Nevertheless, it has emerged that the self-adjoint
structure is better suited for studying structure preserving condensed forms, since global
congruence transformations preserve the self-adjoint structure of pairs of matrix-valued
functions without further assumptions. A structure preserving condensed form for self-
adjoint pairs of matrix-valued functions is given in Theorem 4.25. We have seen that in
both cases, i.e., for symmetric and self-adjoint linear systems, even under Assumption 4.8, a
structure preserving strangeness-free formulation only exists if the strangeness-index of the
system is lower or equal to 1. Furthermore, an index reduction methods based on minimal
extension of the original system has been derived for self-adjoint systems of strangeness
index p = 1 that allows the formulation of a structure preserving strangeness-free sys-
tem and therefore enables a structure preserving numerical treatment of linear self-adjoint
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DAEs. This approach is also applicable in the case of linear symmetric differential-algebraic
systems of strangeness index p = 1 without the need of Assumption 4.8.

The third part of this thesis involves differential-algebraic systems that switch between
different modes of operation. As a framework for the analysis and numerical solution
we choose the formulation of switched DAE systems as so-called hybrid systems as given
in Definition 5.3, i.e., a combination of DAEs describing the continuous dynamics of the
system and transition conditions describing the discrete mode changes. This formulation
allows to describe a huge number of possible system configurations and a wide scope of
definitions of switching conditions and therefore enables the description of different phe-
nomena in hybrid system behavior. An index reduction for hybrid systems can be realized
in the same way as for general nonlinear DAEs separately in each mode. Since the index
reduction is done locally at each time point, a reduced system can be extracted in each
mode independently of the previous or future system behavior. Further, a strangeness-free
hybrid system with the same solution as the original hybrid system can be obtained, see
Theorem 5.9. Next, the existence and uniqueness of solutions of hybrid systems after mode
switching are considered. Under the assumption that the differential-algebraic system in
each mode is solvable and has a well-defined strangeness index, conditions for the existence
and uniqueness of continuous solutions of a hybrid system are given in Theorem 5.18. Fur-
ther, conditions for the existence and uniqueness of generalized solutions that also allow
jumps or discontinuities in the state vector at the mode switches are given in Theorem 5.21.
In general, in order to ensure the existence of a solution, the transition functions have to
guarantee that the initial values after mode switching are consistent with the DAE in the
new mode. The chosen concept of impulsive smooth distributions allows the treatment of
discontinuities, but it requires that the coefficient matrices are infinitely often continuously
differentiable which is not always guaranteed. Another distributional approach is presented
in [144] that also allows discontinuities in the coefficients. For nonlinear hybrid systems
conditions for the solvability are given in Theorem 5.24.

One of the difficulties in the numerical solution of DAEs is to compute consistent initial
values before starting the integration. In contrast to the numerical solution of standard
DAEs, for switched DAE systems consistent initial values are needed not only at the initial
time to but also at every switch point 7;. Consistent initial values for nonlinear DAEs can
be obtained by solving a nonlinear system of equations arising from the derivative arrays.
In addition, we fix certain components of the initial value vector during the solution of
the nonlinear system in order to find a reasonable continuation of the previous solution,
i.e., if possible, differential variables are continued smoothly over a switch point, whereas
algebraic variables are chosen consistently with the DAE in the current mode.

Another problem in the numerical simulation of switched systems is the occurrence of nu-
merical chattering, i.e., fast changing between different modes of operation. The numerical
solution of a switched system exhibiting chattering behavior requires high computational
costs due to repeated mode switchings and reinitializations and since small stepsizes are
required to restart the integration after each mode change. In the worst case, the numerical
integration breaks down as it does not proceed in time, but chatters between modes. One
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possibility to prevent numerical chattering is the introduction of hysteresis such that the
integration in each mode is done in an interval of a length bounded from below. Another
way to avoid oscillations around switching surfaces is to approximate the system dynamics
along the switching surface in the sliding region. An additional mode, the so-called sliding
mode, can be inserted into the system that represents the dynamics during sliding. For
discontinuous and switched differential-algebraic systems the behavior of the system during
sliding is approximated via a convex combination such that the solution trajectory stays
on the switching surface along which chattering occurs. The corresponding DAE in sliding
motion, that is based on the reduced systems in each mode, is of strangeness index pu =1,
see Theorem 5.29. In this way, high computational costs due to fast oscillations along the
switching surface can be prevented.

Further, we have considered hybrid control problems for linear time-invariant descriptor
systems. In general, classical control concepts for DAEs can be applied to hybrid systems
locally in every mode, but some attention has to be paid to the transitions of the system
state between modes. Choosing a control ! in some mode [ influences the transition condi-
tions and mode changes of the hybrid system as well as the points in time at with switching
occur. Thus, changes in the controls lead to a huge number of possible hybrid mode trajec-
tories and hybrid time trajectories and mode transitions often cause nonsmoothness of the
solution which complicates the minimization problem used in the optimal control theory.
Under the assumption that the descriptor system in each mode is controllable and observ-
able within the reachable set, necessary conditions for the controllability and observability
of a linear hybrid system are given in Theorem 5.42. Further, necessary conditions for
optimality of a hybrid optimal control problem under some transversality conditions are
given in Theorem 5.46.

Finally, a hybrid mode controller has been implemented that enables the numerical solution
of general nonlinear switched DAE systems. For the numerical integration of the DAEs in
each mode the two DAE solvers GELDA and GENDA have been embedded. During the
numerical integration, the solver checks if a transition condition is satisfied, and if so, the
control is returned to the mode controller which organizes the mode switching and restarts
of the integration method as well as the consistent reinitialization. The switch points
are determined as the roots of the switching functions using a modified secant method.
Further, the state of the system at a switch point is determined by interpolation using
the interpolation polynomials given by a Runge-Kutta or BDF method, respectively. In
particular, the code detects if chattering occurs during the simulation and enables the use
of sliding mode simulation. Concluding, we have demonstrated the applicability of the
implemented solver at several examples given in Section 7.2.
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DOCUMENTATION OF THE CODE GESDA

SUBROUTINE DGESDA(INFO, MATSUB, FUN, DFUN, USCAL, UINTER, TRANSF,
MDCHNG, GFUN, MXTRAN, TRAN, SOLVER, METHOD,
M, N, NMAX, T, TOUT, TS, LTS, NSP, X, XPRIME,
CVAL, IPAR, LIPAR, RPAR, IFIX, IDIFCO, SCALC,
SCALR, RTOL, ATOL, MDHIST, IWORK, LIW, RWORK,
LRW, STATS, DWORK, ISMTH, IWARN, IERR)

PURPOSE

DGESDA solves nonlinear hybrid DAEs of the form

F_1(t,x_1(t),x_1°(t)) 0,

f;ﬁ(t,x_2(t),x_2’(t)) 0, x(t0) = xO0,

consisting of n systems of nonlinear DAEs with transition conditions
between the systems, or linear hybrid DAEs of the form

E_1(t)x_1°=A_1(t)x_1 f_1(t),

é;ﬁ(t)x_n’=A_n(t)x_n f_n(t), x(t0) = x0,

consisting of n systems of linear DAEs, for x in a specified range of
the independent variable t.

ARGUMENT LIST
USER-SUPPLIED SUBROUTINES

MATSUB - User supplied SUBROUTINE.
This is a subroutine which the user provides to define the
matrices E_1(t) and A_1(t) and the right hand sides f_1(t) for
each mode 1 as well as their derivatives. It has the form

SUBROUTINE MATSUB(IMAT, M, N, T, IDIF, W, LDW, IPAR, RPAR, IERR).

The subroutine takes as input the number of equations M in the
current mode, the number of unknowns N in the current mode,

the time T and the integer parameters IMAT and IDIF. Further, the
integer and double precision arrays IPAR and RPAR that can be used
for communication between the calling program and the MATSUB
subroutine. Note that IPAR(1) gives the current mode of the hybrid
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system. As output W, the subroutine produces the IDIF-th derivative
of E_1(t) at time T if IMAT=1, the IDIF-th derivative of A_1(t) at
time T if IMAT=2, or the IDIF-th derivative of f_1(t) at time T if
IMAT=3 for the current mode 1 defined in IPAR(1).

In the calling program, MATSUB must be declared as external.

FUN - User supplied SUBROUTINE.
This is a subroutine which the user provides to define the
nonlinear differential-algebraic equations F_1 and its derivatives for
each mode 1. It has the form

SUBROUTINE FUN (T, IDIF, F, X, IPAR, RPAR, IERR).

The subroutine takes as input the time T, the vector X containing an
approximation to the solution x and its first (MXINDX+2) derivatives,
and the integer parameter IDIF. Further, the integer and double
precision arrays IPAR and RPAR that can be used for communication
between the calling program and the FUN subroutine. Note that IPAR(1)
gives the current mode of the hybrid system. As output, the subroutine
produces the IDIF-th derivative of the DAE in the current mode at time
T and state X in the first M elements of the 1-dimensional array F.
In the calling program, FUN must be declared as external.

DFUN - User supplied SUBROUTINE.
This is a subroutine which the user provides to define the
Jacobian of F_1 and its derivatives for each mode 1. It is of the form

SUBROUTINE DFUN (T, IDIF, JAC, LDJAC, X, IPAR, RPAR, IERR).

The subroutine takes as input the time T, the vector X containing an
approximation to the solution x and its first (MXINDX+2) derivatives,
and the integer parameter IDIF. Further, the integer and double
precision arrays IPAR and RPAR that can be used for communication
between the calling program and the DFUN subroutine. Note that IPAR(1)
gives the current mode of the system. As output, the subroutine
produces all partial derivatives of the IDIF-th derivative of the DAE
in the current mode IPAR(1) with respect to all entries of X in the
first M rows and (MXINDX+2)*N columns of the 2-dimensional array JAC.

USCAL - User supplied scaling SUBROUTINE of the form
SUBROUTINE USCAL( MQ, NQ, A, LDA, SCALC, SCALR, IERR).
(See Documentation of GENDA.)
UINTER - User supplied SUBROUTINE.
This is a subroutine which the user provides to define the transition

conditions of the hybrid system. It is of the form

SUBROUTINE UINTER(T,X,XPRIME,RPAR,IPAR,ATOL,IRTRN).
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TRANSF -

MDCHNG -

GFUN -

The subroutine takes as input the time T, the vector X

containing an approximation to the solution x, the vector XPRIME
containing an approximation to the derivative x’, the integer and
double precision arrays IPAR and RPAR used for communication between
the calling program and the UINTER subroutine, and the absolute error
tolerance ATOL. IPAR(1) defines the current mode. The subroutine is
called after each intermediate step in the integration by the solver
GELDA or GENDA to check if a transition conditions is satisfied.

As output the subroutine has to provide an integer value IRTRN that
indicates if a transition condition is satisfied. The integration
process is stopped if IRTRN =-1 and the control is return to GESDA.
If IRTRN=0 the integration is continued.

User supplied SUBROUTINE.
This is a subroutine which the user provides to define the transition
functions of the form

SUBROUTINE TRANSF (XNEW,XO0LD,N,MODNEW,MODOLD, IERR) .

The subroutine takes as input the vector XOLD containing an
approximation to the solution in the old mode, the integer N
containing the size of X, and the integers MODNEW and MODOLD defining
the successor and predecessor modes. As output the subroutine provides
the vector XNEW containing the solution after transfer to the new
mode. If an error occurs IERR should be < 0.

User supplied SUBROUTINE.
This is a subroutine which the user provides to define the mode
allocation functions of the form

SUBROUTINE MDCHNG(MODE, J, NMODE, MXTRAN, NEWMOD, IERR).

As input the subroutine takes the integer MODE defining the current
mode, the integer J providing the active transition, the integer NMODE
providing the number of modes, the integer MXTRAN providing the
maximal number oftransitions. As output the subroutine provides the
integer NEWMOD defining the new mode. If an error occurs

IERR should be < O.

User supplied SUBROUTINE.
This is a subroutine which the user provides to define the switching
functions. It is of the form

SUBROUTINE GFUN(T,IDIF, X, XPRIME, GT, NRTFN, IPAR, RPAR, IERR).

The subroutine takes as input the time T, and integer IDIF, the
vector X containing an approximation to the solution x, the vector
XPRIME containing an approximation to the derivative x’, the integer
and double precision arrays IPAR and RPAR used for communication
between the calling program and the GFUN subroutine, and the integer
NRTFN providing the number of switching functions in the current mode
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defined by IPAR(1). As output the subroutine provides the array GT
containing the values of the switching functions in the current mode
at time T and state X. If an error occurs IERR should be < 0.

ARGUMENTS IN

MAXTRAN- INTEGER.
The maximal number of transition.

TRAN - INTEGER array of DIMENSION NMODE.
The number of possible transitions for each mode.

SOLVER - INTEGER array of DIMENSION NMODE.
Indicates which solver should be used in each mode as follows:
SOLVER(i)=1 the code uses the solver GENDA.
SOLVER(i)=2 the code uses the solver GELDA.

METHOD - INTEGER array of DIMENSION NMODE.
Indicates which integration method should be used in each mode as
follows:
METHOD(i)=1 the code uses the BDF solver.
METHOD(i)=2 the code uses the Runge-Kutta solver.

M - INTEGER array of DIMENSION NMODE.
The number of equations in the DAE system for each mode.
M(i) .GE. 1.

N - INTEGER array of DIMENSION NMODE.

The number of components of x for each mode.
N(i) = M(i) in this version of DGENDA.

NMAX- INTEGER.
The maximal size of the vector X given by MAX[(MXINDX+2)=*N(i)].

T - DOUBLE PRECISION.
The initial point of the integration.
NOTE that this scalar is overwritten.

TOUT - DOUBLE PRECISION.
The point at which a solution is desired. Integration
either forward in T (TOUT > T) or backward in T (TOUT < T)
is allowed.

X - DOUBLE PRECISION array of DIMENSION (NMAX).
If INFO(11)=0, this array can contain a guess for the
initial value. A consistent initial value close (in the
least square sense) to this guess is then computed. If no
guess is available, set all elements of X to zero.
If INFO(11)=1, this array must contain consistent initial
values of the NMAX solution components at the initial point
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T. NOTE that this array is overwritten.

CVAL - INTEGER array of DIMENSION (5,NMODE).
Contains the characteristic values of the DAE in each mode:

CVAL(1,i) contains the strangeness index MU.

CVAL(2,1) contains the number DMU of differential
components.

CVAL(3,i) contains the number AMU of algebraic components.

CVAL(4,i) contains the number UMU of undetermined
components.

CVAL(5,1) contains the number VMU of redundancies.

IPAR - INTEGER array of DIMENSION (LIPAR).
This integer array can be used for communication between
the calling program and the user-provided subroutines.
IPAR needs to contain the following parameters:
IPAR(1) - initial mode,
IPAR(2) - number of modes,
IPAR(3) - sliding mode (if dot defined set =0).

LIPAR - The length of IPAR.

RPAR - DOUBLE PRECISION array of DIMENSION ().
This real array can be used for communication between the
calling program and the user-provided subroutines.

IFIX - INTEGER array of DIMENSION (NMAX).

IDIFCO - INTEGER array of DIMENSION (NMODE+NMAX) .
Contains information of differential components.
By setting IDIFCO(i)=1 the corresponding variables is kept
fixed during the computations of consistent initial values.

RTOL - DOUBLE PRECISION array of DIMENSION (%)
The relative error tolerances which the user provides to
indicate how accurately he wishes the solution to be
computed. (See documentation of GELD/GENDA.)

ATOL - DOUBLE PRECISION array of DIMENSION ()
The absolute error tolerances which the user provides.
(See documentation of GELD/GENDA.)

ARGUMENTS 0OUT
T - DOUBLE PRECISION.
The solution was successfully advanced to the output value

of T.

TS-  DOUBLE PRECISION array of DIMENSION (LTS).
Contains the detected switch points.



250 APPENDIX

LTS- The length of TS.

NSP-  INTEGER.
The number of detected switch points.

X - DOUBLE PRECISION array of DIMENSION (NMAX).
Contains the computed solution approximation at T.

XPRIME - DOUBLE PRECISION array of DIMENSION (NMAX).
Contains the computed first derivative of the solution
approximation at T.

MDHIST - INTEGER array of DIMENSION (LTS+1).
Contains the mode history.

IWORK - INTEGER array of DIMENSION at least (LIW).
(See documentation of GELD/GENDA.)

LIW - The length of IWORK. (See documentation of GELD/GENDA.)
RWORK - DOUBLE PRECISION array of DIMENSION at least (LRW).

LRW - The length of RWORK. (See documentation of GELD/GENDA.)
STATS -  INTEGER array of DIMENSION(5).

The array STATS contains some statistic of the integration:
STATS(1) = number of integration steps so far
STATS(2) = number of calls to MATSUB or FUN so far
STATS(3) = number of factorizations so far
STATS(4) = number of error test failures
STATS(5) = number of convergence test failures

DWORK -  DOUBLE PRECISION array of DIMENSION (4+NNMAX)
providing the workspace used in GESDA.
(See documentation of the INFO array).

DWORK(1) contains the tolerance TTOL used in the root
finding procedure DRTFND.
DWORK(2) contains chattering tolerance.
DWORK(3) contains tolerance delta in the approximation of
the sliding condition.
DWORK(4) contains maximal allowed number of immediate transitions.
DWORK(5) contains the interpolated and transfered solution at
the last detected switch point.

ISMTH - INTEGER.
Integer indicating if nonsmooth transitions occur.

ISMTH = O0: only smooth transitions occur
ISMTH = -1: no smooth transition due to transition function
ISMTH = -2: no smooth transition due to consistent initialization

eNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNONONO NGO NGO NG



251

eNeoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNONONO NGO NGO N

IWARN -

TERR -

INFO -

INTEGER.
Integer containing warnings:
IWARN >=0: the strangeness index has changed and IWARN contains
the new value of the strangeness index.
IWARN =-1: a high number of switch points occur, possible chattering!
IWARN =-2: an immediate mode change occur.

INTEGER.

Error indicator. Unless the code detects an error, IERR
contains a positive value on exit.

(See also documentation of GELDA/GENDA.)

INTEGER array of DIMENSION (27)

The basic task of the code is to solve the system from T
to TOUT and return an answer at TOUT. INFO is an integer
array which is used to communicate exactly how the user
wants this task to be carried out. The simplest use of the
code corresponds to setting all entries of INFO to O.

INFO(1)-INFO(22) are used in the solvers GELDA, GENDA,

see documentation of GELDA and GENDA.

INFO(7) The user can specify a maximum (absolute value of)

stepsize, so that the code will avoid passing over regions.
DO YOU WANT THE CODE TO USE THE DEFAULT MAXIMUM

STEPSIZE HMAX = 1.0DO

Yes - Set INFO(7)=0

No - Set INFO(7)=1

and define HMAX by setting RWORK(2)=HMAX

INFO(23) This parameter determines if a routine UINTER is to be

called after each successful integration step, i.e. if
a switched system is to be solved. UINTER can be used

for checking thresholds or intermediate outputs, etc.

DO YOU WANT CALLS TO UINTER AFTER EACH SUCCESSFUL STEP
Yes - SET INFO(23) =0

No - SET INFO(23) =1

INFO(24) The root finding procedure DRTFND determines the switch

point within a tolerance of TTOL. By default the TTOL
is computed by TTOL = (|THI|+|H|)*UROUND*100
where UROUND is the unit roundof.
DO YOU WANT TO USE THE DEFAULT TOLERANCE ...
Yes - Set INF0(24)=0
No - Set INFO(24)=1
and define TTOL by setting DWORK(1)=TTOL.

INFO(25) The codes detect chattering behavior. by default the

chattering tolerance TOLC is set to TOLC=10"{-5} and
the parameter DELTA used for the approximation of the
sliding condition is DELTA=10"{-5}.

DO YOU WANT TO USE THE DEFAULT TOLERANCES ...
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Yes - Set INFO(25)=0

No - Set INFO(25)=1
and define TOLC and DELTA by setting DWORK(2)=TOLC
and DWORK(3)=DELTA

INFO(26) The codes enables sliding mode simulation. The detection
of chattering can de disabled.
DO YOU WANT THE CODE TO DETECT CHATTERING ...
Yes - Set INF0(26)=0
No - Set INFO(26)=1

INFO(27) The codes allows a maximal number of immediate mode
changes. The default value for the maximal allowed number
of immediate transitions is given by MAXCGN=100.

DO YOU WANT TO USE THE DEFAULT VALUE ...
Yes - Set INF0O(27)=0
No - Set INFO(27)=1
and define MAXCGN by setting DWORK(4)=MAXCGN

ERRORS DETECTED BY THE ROUTINE (See also documentation of GELDA/GENDA.)

IERR = -201 : Some element of INFO vector is not zero or one.
IERR = -202 : NMODE .LE. O.

IERR = -203 : Current mode exceeds NMODE.

IERR = -204 : N(I).LE. 0 OR M(I).LE. O.

IERR = -205 : Mode chattering occur.

IERR = -206 : METHOD(I)>1 not possible for the nonlinear case.
IERR = -207 : Wrong maximal transition.

IERR = -208 : TRAN(I) has an invalid value.

IERR = -209 : TTOL has an invalid value.

IERR = -211 : An error occurred in the subroutine DRTFND.

IERR = -212 : IERR in DMCHNG has a negative value.

TERR = -213 : IERR in DTRANS has a negative value.

IERR = -215 : Chosen solver not implemented yet.

IERR = -216 : Wrong transition function detected.

IERR = -217 : Number of switch points exceeds LTS.

IERR = -218 : Wrong arguments in DWORK array.

IERR = -219 : No root found by DRTFND, but an event was detected by UINTER.
TERR = -220 : Too many immediate mode changes occur.

IERR = -221 : An error occurred in the subroutine DCKCON

IERR = -222 : Invalid value in IDIFCO.

IERR = -223 : An immediate mode change occur and TRAN(i).GT.1.

VERSION : July 1, 2008

AUTHOR : L. Wunderlich (Technische Universitaet Berlin, Germany)
wunder@math.tu-berlin.de

REFERENCES : L. Wunderlich. Analysis and Numerical Solution of Structured
and Switched Differential-Algebraic Systems. PhD Thesis,
TU Berlin, Institut fuer Mathematik, 2008.
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